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Foreword 


Mathematical induction is a method of proof that has been known to 
mathematicians for hundreds of years, with one of the earliest proofs using 
Induction dating back to Francesco Maurolico (1575), when he showed that the 
sum of first n odd positive integers is n*. Nevertheless, it was only formalized 
as an axiom of the nonnegative integers in the 19-th century due to the work 
of Peano and other mathematicians on Set Theory. Nowadays, it has become 
one of the basic tools that any mathematician is familiar with. Induction 
is an important technique used in competitions and its applications permeate 
almost every area of mathematics. Due to its elegance and popularity, we have 
decided to write this book whose main goal is to offer a detailed exposition of 
the method, its subtleties and beautiful applications. The book is designed as 
follows: 


First chapter, entitled A brief overview of Induction offers an introduction 
to the subject. We begin by describing Induction in the context of Set Theory, 
as one of Peano’s axioms and present a few examples of how different properties 
of the nonnegative integers can be derived from it. We then look at some 
classical examples which are solved using Induction and illustrate in detail the 
approach one should follow when writing their proof. After discussing some 
variants of Induction, we move on to presenting one of the most intriguing 
aspects of the method, called the Paradox of Induction. There we look at 
various examples, fully motivating all the steps that lie behind their elegant 
proofs, where we strengthen the original statement to make the solution easier. 
The chapter ends with a section dedicated to Transfinite Induction. 


vi Foreword 


Second chapter, Sums, products, and identities is mainly aimed at those 
who want to familiarize themselves with the basics of applying Induction. 
The nature of the questions presented is similar to the ones that originally 
motivated the use of Induction as an algebraic tool. The chapter also illustrates 
the power of the method, showing how easy it is to use Induction to prove 
identities, rather than using other techniques. 


From the third chapter onwards, we follow a problem solving based ap- 
proach by discussing Induction in various areas of mathematics. Each chapter 
is divided into two sections: Theory with examples and Proposed problems. 
The book is designed so that it is as self-contained as possible. Therefore, each 
chapter starts by introducing the reader to all the notions that are required 
for understanding the examples and tackling the proposed problems. Various 
beautiful examples are then discussed in full detail, explaining the main themes 
that occur in each specific field (see for example Chapters 6 and 7 on Number 
theory and Combinatorics). With the aim of being as comprehensive as pos- 
sible, we explore a total of 10 different areas of mathematics, including topics 
that are not usually discussed in an Olympiad-oriented book on Induction 
(such as Chapter 3 on Functions and functional equations). The second part 
of each chapter consists of a carefully chosen list of proposed problems. These 
add up to more than 200 elegant questions from over 20 worldwide renowned 
Olympiads and mathematical magazines, as well as original problems designed 
by the authors of this book and their collaborators. Fully detailed solutions 
are provided for each problem at the end of the book. 


We truly believe that the book can serve as a very good resource and 
teaching material for anyone who wants to explore the beauty of Induction 
and its applications, from novice mathematicians to Olympiad-driven students 
and professors teaching undergraduate courses. We hope that at the end of 
the journey, every reader will agree with our belief formulated in the title of 
the book, and find that Induction is indeed a powerful and elegant method of 
proof. 


Titu Andreescu Vlad Crişan 
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Chapter 1 


A Brief Overview of Induction 


1.1 Theory and Examples 


1.1.1 Introductory Notions 


What is induction? Is it an axiom or a theorem? What kind of questions 
does it address? What is the largest context where it holds and can be applied? 
These are some of the questions that we will address throughout this chapter 
and in general, throughout this book. 


Let us begin with the following informal discussion. Assume that a certain 
country decides at some point to become a kingdom and they choose their first 
royal family, call it generation 0. For each generation, the first offspring of 
the current royal family will be the successor to the throne. Unfortunately, all 
members of generation 0 suffer from a degenerative disease which is certain to 
be passed to the next generation. How can we prove that all the royal families 
that will rule that country will suffer from the same degenerative disease? 


This seems like an intuitively clear result. Let us denote by P(n) the 
proposition that the n-th generation suffers from the degenerative disease. 
We know that P(0) is true and also that if P(n) is true, then so is P(n + 1). 
We want to prove that P(n) holds for any non-negative integer n. In fact, this 
is what the Principle of Induction says in general: 
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Principle of Induction. If P(n) is a proposition that depends on a non- 
negative integer n such that P(0) is true and P(n) holds implies that P(n+1) 
holds, then P(n) is true for all non-negative integers n. 


From now on, N denotes the set of natural numbers, i.e. non-negative 
integers. Here is one way we could try to prove the Principle of Induction: 


Assume by contradiction that there is a non-negative integer for which 
the proposition P is false. Let us denote by A the non-empty set of all non- 
negative integers for which the proposition does not hold and let a be the 
smallest element of A, i.e. P(a) is false and P(0), P(1),..., P(a — 1) are all 
true. This implies in particular that a > 0 and P(a—1) is true; but then P(a) 
is true, which gives the desired contradiction. The conclusion follows. 


However, the above argument has a gap. The reason is the following: in 
the proof we constructed a non-empty subset A of N. Then we picked a to 
be the smallest element of A. But how do we know that such an a exists? 
Given that there may be very complicated and hard-to-understand subsets of 
N, how do we know that any non-empty subset of N has a least element? This 
might seem like a silly question given the facts that we know about the natural 
numbers. But the convention in mathematics is that we should take only the 
simplest of these “facts” as our axioms. We should use this small set of axioms 
for constructing N. Anything more complicated should be theorems, i.e. facts 
that can be deduced from our axioms. 


The Principle of Induction is usually regarded as the simplest way to say 
something about all natural numbers. Thus it has been chosen as an axiom 
itself and it cannot be proved from other axioms. The fact that any non-empty 
subset of the natural numbers has a least element is seen as a little more 
complicated. We will prove that it follows from the Principle of Induction and 
we will think about the implication in this order and not the other way round. 
The Italian mathematician Giuseppe Peano was the first one to postulate 
rigorously a set of axioms on the natural numbers N. We present them at the 
end of this section as an appendix, together with the proof that the Principle 
of Induction implies that every non-empty subset of the natural numbers has 
a least element. 


Let us now look at a typical example which uses the Principle of Induction: 


1.1. Theory and Examples 3 


Show that for all positive integers n, the following identity holds: 


TEETE E Met’) 
Proof. Let P(n) be the statement 
n(n + 1) 


P(n):1+2+...+n = 5 

We are required to prove that P(n) is true for all positive integers n. We 
start by proving that P(1) holds. This is the base case, i.e. the smallest value 
for which we have to show that our property holds. 

P(1) simply says that 1 = ——, which is clear. 

We now prove that assuming P(n) is true for some n > 1, we obtain that 
P(n + 1) is true. This is called the induction step and the assumption that 
P(n) is true is called the induction hypothesis. 

From our induction hypothesis we know that 

= n(n+1) 


(n+1)(n+4+ 2) 
Z 


So to prove1+2+4+...4¢n4+n4+1= , it suffices to show that 


n(n + 1) (n+ 1)(n+ 2) 
2 2 i 


which follows easily after bringing the left hand side to a common denominator. 
This shows that P(n) = P(n + 1), completing our proof. 


+(n+1)= 


Remark. Notice that the Principle of Induction as originally stated above 
uses the base case n = 0, while we started from n = 1 in the above proof. 
Nevertheless, it follows from the Principle of Induction that if P(no) holds for 
some no € N and P(n) > P(n+1), then P(n) holds for any n > no (hint: let 
Q(n) = P(n+no)). This observation regarding the base case will apply to all 
the variants we are going to present later. 

The solution we have given to the above example illustrates the outline 
that a proof by induction should have. The crucial aspect one has to keep in 
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mind is to always check both the base case(s) and the induction step. To see 
how important this is, consider the following two examples, both of which are 
false: 

a) For any non-negative integer n, n? +n + 41 is prime. 

b) For any non-negative integer n, 3n + 1 is divisible by 3. 

For statement a), one can show that the base cases are true, as in fact 
n? +n + 41 is prime for all n € {0,1,...,39}. However, we cannot prove that 
P(n) > P(n+1). 

In the example b), assuming P(n) was true i.e. 3 | (3n + 1) then 


3(n +1) +1= (3n +1) +3, 


so P(n +1) is also true. But in this situation, we cannot prove that the base 
case holds, as in fact P(0) is false. 


Appendix: Peano’s axioms for N 


Before we state the axioms introduced by Giuseppe Peano, we need to recall 
the following definitions: a function f between two sets A and B (written 
f : A — B) is a correspondence which associates to each element a € A 
precisely one element f(a) € B; the image of f, denoted Im(f), is the set 
Im(f) = {f(a) : a € A} (note that Im(f) C B and this inclusion can be 
strict, depending on the function f); a function is called injective if no two 
distinct elements of A are sent to the same element of B. For more details 
and examples, the reader can refer to Section 3.1 of this book. 

The axioms introduced by Peano are the following: 


1. There exists a special element 0 € N; 


2. There exists an injective function (called the successor function) S : N > 
N such that 0 does not lie in the image of S; 


3. If K CN is a set such that 0 € K and for every natural number n € K 
implies S(n) € K, then K = N (Axiom of Induction). 


At first glance, the Axiom of Induction as stated here does not look quite 
the same as the version we stated informally earlier. Before, we referred to a 
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family of propositions P(n). Now we have just a set K. However, they are 
easily seen to be equivalent if we interpret K as being the set of all n such 
that P(n) is true. 

Peano originally included several other axioms which are now commonly 
regarded as first-order logic axioms and in modern treatments are not included 
as axioms of the natural numbers. It is remarkable how complex a system can 
become even when it is founded only on a handful of axioms! The universe 
we live in seems to be governed by just four laws, namely the gravitational 
force, the electromagnetic force, the strong and the weak nuclear forces. And 
just look what is out there! Look at the complexity, the intricacy, the splen- 
dour! Also, the above three laws for the set of natural numbers which were 
postulated by Peano govern the whole universe of Number Theory and ex- 
plain anything from operations such as addition and multiplication to modern 
results regarding bounded gaps between primes and arbitrary long arithmetic 
progressions of primes! 

To get a small flavour of these, let us see how one can define the usual 
addition on N from Peano’s axioms and how we can prove some standard 
properties of it. We define a function + : N x N > N inductively by 

a) For all a € N, we define a+ 0 =a; 

b) Having defined a + b for some b € N, we define a + S(b) = S(a + b). 


Lemma. The operation + defined above is commutative. 


Proof. We will prove the result in three steps. We start by showing that 
n+0=0+n for any n € N. We do this by induction on n. Let P(n) be the 
proposition 
P(n):n+0=0+n. 

By a), we have 0 + 0 = 0, so P(0) holds. 

Assume now that P(n) is true for some n € N and we deduce that P(S(n)) 
is true: 

0+ Sin) 2 S0 +n) E Sin +0) 2 Sin) 2 Sin) +0. 

Therefore, by the Axiom of Induction, P(n) holds for all n € N. 

We now prove that S(a) +n = S(a + n), for any a,n € N. For a fixed 
a € N, let P(n) be the proposition 


P(n): Sla) +n = Sla +n). 
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When n = 0, we have S(a) + 0 2) S(a) 2 S(a + 0), so P(0) is true. 
Assume now that P(n) holds for some n € N, and we prove that P(S(n)) 
also holds. We have 


S(a) + Sn) 2 S(Sla) +n) E s(S(a+n)) 2 Sla + S(n)). 


Thus P(S(n)) is true. Hence, by the Axiom of Induction, we have that 
P(n) is true for all n € N. 

As a was arbitrary, the property S(a) +n = S(a + n) holds for any a and 
n in N. 

Finally, we prove that a+ n = n +a for any a,n € N. We do so by 
induction on a, for some fixed n. As before, we let P(a) be the corresponding 
Proposition. 

We have 0 +n = n + 0 from the first step, so P(0) holds. 

Assuming P(a), we have from the second step 


Sotas sara) l omata nisa: 


This completes the proof of our last step. Since n was arbitrary, we obtain 
that a+ n = n +a, for any a,n € N, showing that + is commutative, as we 
wanted. 

From now on, we write S(0) = 1 and S(n) =n +1 = 1+n. The other 
standard properties of addition are proved in a similar manner. With the aid 
of addition, we can define the usual ordering “<” between two elements of N 
as: a < b if there exists c € N such that a + c = b. The properties of < are 
now deduced from those of addition. 

We have established so far what the Principle of Induction is and that it is 
an axiom. Before we move on to discussing other applications, variations and 
generalizations, we give the promised proof that the Principle of Induction 
implies that every non-empty subset A C N has a least element with respect 
to <: 

Let A C N be a subset that has no minimal element with respect to <. 
We would like to prove that A is empty in this case. We set P(n) to be the 
proposition: 

P(n): kg A, forall O<k<n. 
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Certainly P(0) is true, as otherwise we would have 0 € A and this would 
be the minimal element of A (as there is no non-negative integer smaller than 
0). Let us now show that P(n) true for some n > 0 implies P(n + 1) true as 
well: 

If P(n) is true and P(n + 1) is false, then 0,1,2,...n ¢ A, but n+1 € A, 
and then n + 1 is the least element of A. This is a contradiction and we 
conclude that P(n + 1) is true. 

By the Principle of Induction, P(n) is true for every n € N and hence A 
is empty. 

The above argument shows that the only subset of N with no least element 
is the empty set. Therefore, every non-empty subset of N has a least element, 
which proves what we wanted. 


1.1.2 Variants of Induction 


We have seen above what the axiom of Induction is and how a typical proof 
by induction looks. We have also seen that in some applications we could have 
the base case bigger than 0. The next topic to look at is what happens when 
we modify our induction step. We prove the following: 


Theorem. Let k be some fixed positive integer and P(n) be a mathematical 
statement that satisfies the following properties: 

1. All of P(0), P(1),...,P(k — 1) are true; 

2. P(n) = P(n + k), for any n > 0. 

Then P(n) is true for every n € N. 


Proof. When k = 1, the above statement is the Axiom of Induction, so we 
have nothing to prove. So let k > 2 and assume by contradiction that there 
is some n € N for which P(n) does not hold. Then the set S = {ne N: 
P(n) does not hold} is non-empty and so it has a least element, call it m. 
Let r be the remainder when we divide m by k, so that we have m = q-k+r, 
for some q € N and 0 < r < k— 1. From the given hypotheses we know that 
P(r) holds, thus in particular we cannot have q = 0. This implies q > 1, 
hence 0 < (q— 1)-k+r <m. Because m is the least element of S, we 
have that P((q — 1) -k + r) is true and then using the second hypothesis, 
P((q—1)-k+r+k) = P(m) is true, giving a contradiction. 
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Remark. What is important to note when using this variant is that if we 
prove P(n) = P(n+k), we need to check k base cases instead of just one; for 
example, if k = 2, then checking just P(0), together with P(n) > P(n + 2) 
would only imply that P(n) holds when n is an even positive integer! The 
above variant (and hence also the Axiom of Induction obtained for k = 1) 
bears the name of the Weak Principle of Induction. 


Example 1.1. Prove that any square can be divided in n (not necessarily 
congruent) squares (n > 6). 


Solution. The key observation is that given any square, we can partition 
it into four smaller congruent squares, which shows that P(n) > P(n + 3). 
Hence all we need is to check that the statement holds for n = 6,7, 8. 

For n = 6, we can divide the square into 9 congruent squares and then join 
four of them into a larger one. 

For n = 7, we first divide the square into 4 equal squares and then divide 
one of those further into 4 equal squares. 

Finally, for n = 8, divide the square into 16 congruent squares and then 
join 9 of them into a bigger one. 

The next variant is known as the Strong Principle of Induction: 


Theorem. Let P(n) be a statement about n € N. Suppose that 
1. P(O) is true; 
2. Vn EN, if P(k) is true Vk < n then P(n) is true. 
Then P(n) is true for all n € N. 


Proof. Suppose that P(0) is true and for all n € N, if P(0), P(1), ..., P(n—1) 
are all true, then P(n) is true. We want to show that P(n) is true for all n 
using the weak principle. 

Let Q(n) be the statement “P(k) is true Vk < n”. Then Q(0) is true from 
the hypothesis. Suppose that Q(n) is true. Then all of P(0), P(1),..., P(n) 
are true. So P(n + 1) is true. Hence Q(n + 1) is true. By the Weak Principle 
of Induction, Q(n) is true for all n. So P(n) is true for all n. 


1 1 
Example 1.2. Show that if x + — € Z, then z” + — € Z for all positive 
£ £ 


integers n. 


1.1. Theory and Examples 9 


Solution. We begin with the base cases P(1) and P(2). P(1) is true from 
the hypothesis. Since 


ae 1ye 
zt +- = \rt-] 2, 
x £ 


P(2) is also true. 
Assume now that P(n — 1) and P(n) are both true for some n > 2. We 
now observe that 


1 1 1 1 
+1 -_ —l 
aTh a (2 + =) (a" $ = ) == (a” i =) E€ Z, 


because all of P(1), P(n — 1), P(n) hold. Therefore, by the Strong Principle 
of Induction, P(n) is true for all positive integers n, completing the proof. 








Remark. More generally, we can consider the following variant: We have 
a proposition depending on n € N, a non-empty set of natural numbers A 
for which P(a) is true Va € A and a sequence of operations ø which applied 
repeatedly to the elements of A give all elements of a non-empty set K C N. 
If for any such operation o, P(a) true implies P(o(a)) true, then using the 
Principle of Induction, one can show that P(n) is true for all n € K. A good 
example of such a variant is the Cauchy Induction, where usually A = {1} or 
A = {2} and we show P(n) = P(2n) and P(n) = P(n — 1). Another popular 
example is when we have A = {1} and K = {1,...,n}, for some fixed n > 1, 
so we prove that P(k) holds for 1 < k < n. These two examples shall be 
discussed in greater detail in the chapter on Inequalities, where we will make 
intensive use of this technique. 


1.1.3 Paradox of Induction 


We are about to illustrate one of the most intriguing facts about the Prin- 
ciple of Induction, the so called Paradoz of Induction. 
For example, say we want to prove for every positive integer n the propo- 
sition 
1 1 


1 
PS a ee 
dig eee ae 
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denoted by P(n). We easily check that P(1) is true. Then we assume P(n) is 
true and we try to prove P(n +1) i.e. assume 





1 1 1 
1l+-4+-4+...4— <2 1 
e Ngee ela (1) 
and try to prove 
i 1 1 1 9 
eae tetan 
But the only thing we can deduce directly from (1) is that 
1 1 1 1 9 1 
Ta ma AO ona F ont? 


which is not good enough for what we want. At first glance, it may seem that 
this statement is too hard to be proved by induction. Actually, it is too weak! 

The paradox of induction is that sometimes it is easier to prove a stronger 
statement by induction. Let us try to use induction to prove for every natural 
number n the proposition 


1 1 1 1 
EREE E E E 2 
1+ 9 al m ea E an 2 on (2) 
denoted by Q(n). Clearly Q(n) is stronger than P(n). Again, we easily check 
that Q(1) is true. We then assume Q(n) is true and try to prove Q(n+1) i.e. 
assume (2) and try to prove 


1 1 1 1 _9 1 
ap gee Ot epee ~ ontl? 


which is straightforward by adding set to both sides in (2). The conclusion 
follows by the Weak Principle of Induction. 

The paradox of induction is exactly what makes induction so interesting 
to us. Say we want to prove that for every natural number n the proposition 
P(n) holds, but induction does not work. Then we consider for every natural 
number n another proposition Q(n) stronger than P(n) and use induction to 
prove that for every natural number n, the proposition Q(n) is true. The 
idea behind the paradox of induction is quite simple to explain, but there is 
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one key question: how do we choose our stronger statement Q(n)? In most 
situations, the stronger statement is suggested by the induction step that we 
have to perform. Let us look at some further examples which show how we 
apply this idea. 


Example 1.3. Show that for any n > 1, there exist integers an, bn such that 


(244) = mth’ 
2 7 2 l 


Solution. We try to proceed by proving the statement using induction on n. 
For n = 1, the statement is clear by taking a; = 1 and bı = 1. 
Assume now that the result holds for some n > 1, that is 


(5) - an + bn v5 
2 7 2 : 





for some integers an and bn. Then 


a ae 14+ 75 








2 2 2 
_ an ie bn v5 + an V5 + Sbn 
7 4 
n+5bn n+bn 

_ a 5 pa : V5 

a 

5b b 
We would now like to say that we take an41 = See and bn+1 = am =, 





But for these to be integers, we need to know that a, and bn have the same 
parity. This suggests that we could probably prove the following stronger 
statement: 

“For any n > 1, there exist integers an, bn of same parity such that 


(5) =- an + bn V5 i 





2 2 


Notice that if we manage to prove this assertion, we clearly prove the one 
the question asks as well. 
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For n = 1 we had a, = bı = 1 above, so the base case is verified. Now for 
the induction step, we obtain as before that 


(: 4 ay" E ant5bn ie antbn ./5 
2 E 2 : 


Since an and bn have the same parity from the inductive hypothesis, we 


An + Sbn An + bn 





have that an41 = and bn+1 = are both integers. Also, we 


have that ani1 = bn+1 + 2bn, SO Gn+1 and bn+1 have the same parity, proving 
the inductive step. By the Weak Principle of Induction, the proof is complete. 


Example 1.4. Show that for any n > 3, n! can be written as the sum of n 
distinct divisors of itself. 


Solution. We try to prove our statement by induction on n. The base case 
is n = 3, for which we have 3! =1+2+3. 
Assume now that the statement holds for some n, that is 


n! = dı +d2 +... + dn, 


with dı < dz < ... < dn distinct divisors of n!. Using (n + 1)! = n!(n + 1) we 
have that 


(n+ 1)! = (n + 1)di + (n + 1)d2 +... + (n+ 1)dn, 


where (n + 1)dı < (n + 1)d2 < ... < (n + l)dn. 

To make the inductive step work, we need to come up with a sum of n+ 1 
divisors of (n+1)! from the n divisors (n+ 1)dı < (n+ 1)d2 < ... < (n+1)dn. 
One of the most natural things that one could try is to write (n + 1)d, as 
nd, + dı. Then this would create an extra divisor and definitely dı | (n+ 1)!, 
because from the inductive hypothesis we know that dı | n!. The problem 
with this idea is that it might be that even though dı | n!, we might not have 
that nd, | (n+1)! (for example, if dı = n and n is a prime number). However, 
this would not be an issue if we could get some control over d in the inductive 
assumption. For example, if we could always set dı = 1, then clearly nd, is 
always a divisor of (n+1)!. Moreover, when we write (n+1)d,; = dı +nd1, we 
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also get for the inductive step that dı = 1. So let us try to prove the following, 
stronger statement: 

“For any n > 3, n! can be written as the sum of n distinct divisors of itself, 
one of them being equal to 1.” 

We prove this statement by induction on n. We saw above that 3! = 
1+2-+3, so the assertion holds for n = 3. For the inductive step, assume that 


pe da. ced, 


where dy < d3 < ... < dn are distinct divisors of n!, all bigger than 1. We 
have that 


(n+1)!=(n4+1)4+(n+1)dot+...+(n+)d, 
=lt+n+(n4+1)do+...4+(n+1)dp. 


Clearly 1 | (n+ 1)!, n | (n +1)! and since dx | n! for k = 2,...n, we also have 
that (n + 1)d, | (n + 1)!. Also, since n > 3 and do,...,d, are bigger than 1, 
we have that the numbers 1, n, (n+ 1)d2,...,(n + 1)d, are all distinct. This 
completes the inductive step and the proof of our statement. 


Example 1.5. Prove that for all positive integers n > 1, one has 


1 1 1 4: 1 1 P 7 
nm+1 n+2 2n 10 
Solution. First of all, let us see why we should strengthen the inequality. Let 


us denote 

ee ee E 

ntl n+? Qn 

Ideally, we would like to set P(n) to be the mathematical statement £n < {$ 


and prove it by induction. Unfortunately, we have that 


1 1 1 1 
E m+1' m+2 n+l = (2n +1)(2n +2) 





Tn 


So our sequence is increasing and therefore, from £n < i we cannot deduce 
that £tn+1 < b, as we would like for the induction step. So let us sharpen the 
condition to something of the form 


7 
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where f : Z>o — [0,co). This statement clearly implies the one we are in- 
terested in, since f takes non-negative values and therefore x, + f(n) < i 
implies £n < i. 

We now discuss two ideas which are useful in determining what our choice 
for f should be: 

Firstly, notice that the obstruction we had above for applying induction 
directly was that our original sequence was increasing. So if the sequence 
Yn = Ln + f(n) was non-increasing, then clearly Yn < i implies Yn+1 < i, as 
we have 


Yn+1 Ê Yn < T0 
So to make the induction step work, we impose the condition Yn — Yn+1 > 0, 
which gives 

1 


(2n + 1)(2n +2) 


In particular, this shows that f should be a decreasing function. 

This is the key point for this type of questions: we strengthen the result, 
so that we get rid of the obstructions we had in applying induction in the 
first place. On a similar note, if we had an inequality of the form an > c, for 
some constant c, and (an)n>0 was a decreasing sequence, then we would define 
a sequence bn such that bn was non-decreasing and an > bn > c. This isa 
powerful tool which is also often used in Analysis when dealing with limits of 
sequences. 

The second idea we are about to discuss is rather technical and may or 
may not occur in this type of problems: 

We know that the other crucial part of a proof by induction is the validity 
of the base case. If we want the result to hold for n = 1, then this gives 

1 7 1 

pt edt) ee 
However, here we have a technical observation which gives us some flexibility 
in the following sense: 

We know that £n < 5 holds for the first few values of n by hand com- 
putations (for n = 1 we get 5 < $, for n = 2 we get ił + 4 < i etc). We 
also know that yn < i implies £n < 5- Therefore, since Yn is non-increasing, 


fin +1) < f(n) = 
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it could be that even if we let yı > i we obtain yn, < $, for some small 
positive integer no, provided the sequence yn decreases fast enough. 

So instead of asking for the result to hold from n = 1, we could start our 
induction from n = no, where no is some positive integer (in our case it will 
turn out that no = 4) and verify by hand the result for the values from 1 to no. 
To illustrate how this could actually become useful, we return to our question: 

We established so far that f should be a function taking non-negative 
values and which satisfies 


1 


Fn +1) < f(r) — Bayan $3)’ 


for all positive integers n. Notice that the above inequality could be rewritten 


as 
1 


1 
SA a nee 
Now, what is a better candidate for a function that takes non-negative values 
and decreases at a rate comparable to 1 than something of the form x? 
So we let f(n) = k and we determine the suitable value for k. We have 





1 (1 — 4k)n — 2k 


(2n + 1) (2n + 2) = 2n(n + 1)(2n + 1) a 


f(n+1) < f(n) -— 


Since the second inequality must hold for any n > 1, we obtain that k > E, 
Notice that if we choose k = L, we actually have 


Soe ae 
5747 0 


But 
cae oe ae a 
fe ge ee Gg. O 


and since yn is decreasing, the same will be true for any yn with n > 4. Hence, 

we basically provided all the results required for a proof by induction that 

Yn < 5 for all n > 4 and therefore £n < 5 for all n > 4. As x, is increasing, 

we clearly have that the result also holds for n = 1, 2,3, completing the proof. 
We conclude this section by discussing the following example: 
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Example 1.6. Let Fa denote the Fibonacci numbers defined by Fo = Fi = 1 
and Fn+1 = Fn + F,-1 for n > 1. Prove that for any non-negative integer m, 
one has 


Fommy = Fai + Fm 


Solution. It is fair to start by saying that one can actually use Induction 
to prove the question in the given form, though the computations are lengthy 
and messy. We present below a way in which we can generalize the statement 
and make the proof easier. So let us try to prove instead: 

“For any m,n € N, we have Fm+n = Fm+1Fn + FmFn-1.” 
Notice that the above statement implies the original one by taking n = m+ 1. 
For the second statement, we have the following proof: 
For a fixed m, we let P(n) represent the statement that 


Fm+n+1 = Fm4ifn4+1 + Fim Fn. 


Now, 
P(0) : Fm+i = Fim4i; 


P(1): Finge = Fingi + Fin, 


which are trivially true. Now, if P(n) is true for n < k, then: 


Fm+k+1 = FEm+k + Pm+e-1 
= Fmt. ly + EmFk-1 + Em+1Fk-1 + Emtk-2 
= FmyiFk+1 + fmt, 


so P(k + 1) is true as well. Thus, the given relation is always true for any 
m,n. (Notice that our proof of the induction step used P(k) and P(k — 1), so 
it was crucial that we checked two base cases P(0) and P(1).) 


Remark. We will see a different proof of the previous example in the next 
chapter, where we also study several other identities regarding the Fibonacci 
numbers. 
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1.1.4 Well-Ordering and Transfinite Induction 


For a set X, a partial order < on X is a binary relation (i.e. involving 
two elements) satisfying the following properties: 


1. £x < x, Vx € X (reflexivity); 
2. For any x,y € X, if x < y and y < zx, then x = y (antisymmetry); 
3. For any z,y,z € X, if x < y and y < z, then z < z (transitivity). 


Example. As mentioned in the first section, we can prove starting from 
Peano’s axioms that the usual ordering < on the natural numbers is a partial 
order. Another example of partial order on N is a < b if a | b (check!). 

A partial order under which every pair of elements is comparable is called 
a total order. In the above examples, one can easily check that the usual 
ordering on N is a total order while the partial ordering given by a < b ifa | b 
is not. 

A subset Y C X for which every pair of elements is comparable is called a 
chain. A total order under which every non-empty subset Y C X has a least 
element is called a well-order. 


Example. N with the usual order is well-ordered, while Z is not well-ordered, 
since the set of even integers has no minimum. The positive rationals are also 
not well-ordered under the usual order. 

We have seen in the first section that once we have defined the three axioms 
as postulated by Peano, we can prove that the natural numbers N satisfy 
the nice property of being a well-ordered set (the well-ordering principle). 
However, we saw that the problem when we tried to prove that the Principle 
of Induction holds was that we needed to assume that N with the usual order 
relation was a well-ordered set. So the natural question one can ask is why do 
we not simply take the well-ordering principle as our axiom and deduce the 
other axioms, including the principle of induction from it? 

It turns out that assuming the well-ordering of N we can deduce the first 
two axioms that Peano postulated, but not the Axiom of Induction. Part of 
the reason for this is that we actually used the Axiom of Induction in the 
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process of defining the usual order < on N. We can prove that taking the well- 
ordering principle as our axiom is not good enough as follows: let N now be a 
general set and < be a well-order on N, such that N does not have an upper 
bound with respect to < (i.e. there is no x € N such that y E N > y < 2). 
The special element 0 € N can be defined as the least element of the non- 
empty subset N C N; for any n € N, the successor of n, S(n), can be defined 
as the least element of the non-empty subset A = {y > n} C N; Indeed, the 
successor function S : N — N is injective and 0 ¢ Im(S). But how do we 
know that if K C N is any set such that 0 € K and for every natural number 
n, ifn € K then S(n) € K, then K = N? We do not know! But how could 
we guarantee that we do not know? 


Surprisingly, the answer is in any dictionary or phone book! Consider 
the set N with the usual well-order < and consider the set X = N x N with 
the lexicographic well-order < i.e. (a 1,61) < (ag, b2) if ay < ag or ay = ag 
and bı < bg. Then (0,0) is the smallest element of X with respect to < 
and the successor function S : X — X satisfies S((a,b)) = (a,b + 1). Let 
K = {(0,a) : a c N} c X. Then (0,0) € K and for every x € X, if 
x = (0,a) € K, then S(x) = (0,a+ 1) € K. However, K is a proper subset of 
X. Notice that actually we cheated a bit as we assumed the existence of the 
set of natural numbers as postulated by Peano. So actually we know for sure 
we do not know, given that we still know something... Therefore, if we take 
“N with usual order < is well-ordered” as an axiom, this axiom does NOT 
define the natural numbers. 


Up to this stage, we have only discussed induction in the context of the 
natural numbers. But what happens if we consider a general set X? Is there 
an equivalent notion of induction as the one we defined for N? 


Notice that if we look at a very large set, like R (the reals), we do not have 
an equivalent notion of successor function as we had for N, as between any two 
reals, there are infinitely many others. Thus, we cannot simply take the three 
axioms of Peano and generalize them to any set. However, we saw that once 
we have established what the natural numbers are, we can define the notion of 
induction on N if we assumed that N is well-ordered. So what happens if we 
postulate the axiom that any set X admits a well-order <? Then a universe 
is born. Strangely enough, this axiom is equivalent to the following axiom: 
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given an index set X and a family of sets F = {A;: i E€ X}, then there exists 
a choice function f : X > U A;, such that for any 1 € X we have f(t) € Aj. 


Usually, the latter is galled. The Axiom of Choice and the former is called The 
well-ordering theorem. 

How can we imagine a well-ordered set X, especially a big one? We have 
to imagine fractals; a fractal is an object with the property that no matter 
how much we zoom in or out we still see the same thing. Imagine the elements 
of X as points on a line. If we sit very close to X at the beginning of X, we 
see a copy of N of points. From far away, the copy of N appears as a single 
point and we see a copy of N of these single points each of which is actually a 
copy of N. From really far away, this copy of N appears as a single point and 
we see a copy of N of these single points each of which is actually a copy of N 
copies of N. The trip to a fractal is the most boring trip ever as the landscape 
never changes. 


Theorem. (Transfinite Induction) Let X be a set with a well-order <, 
and P(x) a proposition for every element x € X which satisfies the following 


property: 


(*) If x € X and for every y < x, P(y) is true, then P(x) is true (y < x 
means y x x and y Æ x). 


Then P(x) is true for all z € X. 


Proof. Assume for the sake of contradiction that the set K = {x € X : 
P(x) is false} is non-empty and let x be the least element of K. Then for 
every y < x, P(y) is true. It follows from the hypothesis that P(x) is true, a 
contradiction. Therefore, we conclude that P(x) is true for all x. 

Given a well-ordered set S of indices, a transfinite construction on S means 
to construct a family of sets K(i) for each i € S as follows: say that for all 
i € S, given all the sets K(j) with j < i, we can construct a specific set K (i). 
Then by the above theorem, we know that we can construct K(i) for alli € S. 
Let us look at a very beautiful example which uses this ideas: 


Example 1.7. (Sierpinski) Is there a set X of points in the plane such that 
every possible line in the plane contains exactly two points from our set? 
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The answer to the question is, quite remarkably, affirmative. Before we 
present the solution to the problem, we need to present some facts from Set 
Theory. The reader who is not familiarized with some the terms we are about 
to use or would like to see some further details can consult any standard text 
book on Set Theory. 


We say two sets X,Y have the same cardinality and we write |X| = |Y| if 
there is a bijection between them. If there is an injective function f : X >Y, 
then we define |X| < |Y|. The Cantor-Schréder-Bernstein theorem says that 
if |X| < |Y| and |Y| < |X|, then |X| = |Y], so cardinality behaves like the 
usual notion of size. This allows us to extend the notion of two sets being the 
same size or one being larger than the other to infinite sets. A set with the 
same cardinality as a subset of N is said to be countable and a set with the 
same cardinality as N is said to be countably infinite. Examples of countably 
infinite sets include N, Z, and Q. There are many more countable sets than 
you might at first suppose. If A is a countable set then so is A x A. In fact any 
union of countably many countable sets is still countable. A set with the same 
cardinality as R is said to have the cardinality of the continuum. A famous 
theorem of Cantor shows that R is not countable (is uncountable), and hence 
R is “bigger” than N in this sense. 


The Continuum hypothesis asserts that there is no cardinal bigger than 
N and smaller than R. For the solution which we present below we shall assume 
the Continuum hypothesis, though there are solutions which do not require 
this. More precisely, we will need the following statement, which is equivalent 
to the Continuum hypothesis: “We can well-order R such that for every real 
r € R, if we look at the set of points a < r, this set is countable.” 


Let us quickly see that the two statements are indeed equivalent. Assume 
first the Continuum hypothesis. Choose an arbitrary well-order < on R. If 
this satisfies what we want, we are done. Otherwise, for each r € R, we look at 
the set of elements less than r with respect to x. This set is either countable 
or has the same cardinality as R. Choose the minimal r with the property 
that the set S = {x E R: x < r} is uncountable. So there must be a bijection 
f :R- S. Notice that S is well-ordered with respect to <. Now we can 
reorder R via x < y if f(x) < f(y). One can check immediately that this 
defines a well-order on R which satisfies the condition we want. Proving the 
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converse statement is immediate and we leave it for the reader. 

The second fact which we will need is that R? and R have the same car- 
dinality. To see this, notice that we have an injection (0,1) x (0,1) — (0,1) 
given by (0.a1a2a3 . .. ,0.b1b2b3 ...) —> 0.a1b1a2b2 . .. (we discard here the infi- 
nite sequences of 9’s, e.g. 0.099999... = 0.1) and (0,1) is in bijection with R 
(check!). 

We are now ready to give the solution to our problem. Let us denote the 
set of all possible lines in the plane by L. Clearly |R| < |L| < |R?|, so by 
the remarks we made above, L has the same cardinality as R. Assuming the 
Continuum hypothesis, we can choose a well-order < on L so that for each 
l € L we have that the set {x € L: x < l} is countable. We now use a 
transfinite construction on L to construct our set X. Namely, for each l; € L, 
we construct a set of points K (l;) C R? such that: K(l;) is countable, no three 
points of K(l;) are collinear, each line l € L with l < l; contains exactly two 
points from K(l;), and if la < l, then K(la) C K(ly). Let lı be the least 
element of L with respect to <. We construct K(l,) by choosing two random 
points on l4. 

Let now l; be some element in L and assume we have constructed the sets 
K(l;) for all 1; < l;i. Consider the set S = U K(l;). By construction, there 

iN 


are no three collinear points in any K(l,;) for any lj < l;i, hence there are no 
three collinear points in S. Also by construction each of the sets K(l;) is 
countable, hence so is S. If l; already contains two points from S, we take 
K(l;) = S and this satisfies all our conditions. Otherwise we need to add one 
or two points to S (depending on whether l; already passes through one or 
zero points of S). These points must lie on l; and must not be collinear with 
any two other points of S. Since S is countable, so is the set of lines they 
determined by points in S (since A countable implies A x A countable). On 
the other hand, the set of points on l; is uncountable, so we can pick either 
one or two points on l; with the required properties. Then we let K(l;) be S 
union with these points. 
We now let X = U K(l) and we are done. 
leL 
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1.2 Proposed Problems 


Problem 1.1. Prove that for all n > 1: 
1 3 2n—1 1 


2 4 2n Aen 


Problem 1.2. Show that for every positive integer n > 2 one has 





1 1 1 
pa tag ts tog <l 


Problem 1.3. (China 2004) Prove that every positive integer n, except a 
finite number of them, can be represented as a sum of 2004 positive integers: 
n =a, +a2+---+ 42904, where 1 < aj < ag < --+ < a2004, and a; | a4, for 
all 1 < i < 2003. 


Problem 1.4. The sequence (an )n>1 is defined by 


1 _ 2n-1 


a= 2’ i= 2n +2 





An: 


Prove that aj +a9+...+a, <1 for alln > 1. 


Problem 1.5. Consider S the set of all binary sequences of length n. It is 
partitioned into two sets A and B, each having 2”! elements. Two sequences, 
one from A and one from B, form a tentacle if they differ in only one position. 
Prove that there are at least 2”! tentacles. 


Problem 1.6. Let S be a set of points in the plane (not necessarily finite) 
and consider a complete graph G which has the points in S as its nodes. We 
color the edges of this graph with two colors. It is known (for example from 
Ramsey Theory) that if S has the same cardinality as N, then we will be able 
to find a monochromatic complete subgraph whose vertex set also has the 
cardinality of N. Is it true that if S has same cardinality as R we will find a 
monochromatic subgraph whose vertex set also has the cardinality of R? 


Chapter 2 


Sums, Products, and 
Identities 


2.1 Theory and Examples 


The first mathematical statements proved by induction were related to 
sum identities, to the extent where nowadays it is very common to write S(n) 
(where S stands for sum) for the mathematical statement depending on n 
that we would like to prove. These are perhaps the easiest applications of 
induction, since in order to prove such an identity we usually employ only 
basic algebraic manipulations such as expanding the parentheses or taking 
common denominators. We also mainly require only the Weak Principle of 
Induction for such problems. 

We recall the following standard facts which we shall require later in this 
chapter: 


n 
For a positive integer n and an integer 0 < k < n, we denote by ( n) the 


number of ways in which one can choose a set of k elements from a given set 
with n elements. We have the well-known formula: 
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When k < 0 or k > n, we set (7) = 0. Using the above formula, one can 
prove the following relation, called Pascal’s identity: 


n+1 n n 
= <k<n. 
(2) ()4 (0), te hss 


Let us look at some examples: 
Example 2.1. Prove that for any positive integer n, one has 


n(n + 1)(n + 2)(n + 3) 


1-2-342-3-4+...4+n-(n+1)-(n+2)= I 


Solution. We begin our solution by setting the propositional statement which 
we will prove by induction: 

Let 

1 2 3 

P(n):1-2-342-3-44+...4n-(n4+1)-(n+2) = ee eee 

The base case is the least value of n which the question addresses and since 
we are asked to prove that the identity holds for all positive integers n, the 
smallest value is n = 1. 

For n = 1 we need to check that 


which is true. Therefore P(1) holds. 
Assume now that P(n) holds for some n > 1, that is 
n(n + 1)(n + 2)(n + 3) 


LAS kaAi aa Se) 


We need to prove that P(n + 1) is true, namely 


1-2-3+2-3-4+...+(n+1) (n+2) (n+3)= e 
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To derive this, we add (n+ 1): (n + 2) - (n + 3) to both sides of (1) and we 
obtain 


1-2-34+...4+(n41)-(n+2)-(n+3) 

_ n(n + 1)(n + 2)(n + 3) A 
4 

= (n+ 1)(n+2)(n+3) (2+1) 


_ (n+ 1)(n+ 2)(n+3)(n+ 4) 
———— 


(n+1)-(n+2)-(n+3) 


This shows that P(n+1) is true and by the Weak Principle of Induction, P(n) 
is true for all n > 1, which is what we wanted to show. 


Example 2.2. Show that for any positive integer n, we have 


Solution. We prove the result by induction on n. For n = 1, we get 0 = 0, 
and for n = 2, we get s . 5 = 2, Thus the base cases are verified. 
Assume now that the identity holds for some n > 2, i.e. 


(r) (- aap) - aap) = - (1) 


We need to prove it for n+ 1, that is 


G-r) (> wae) (> aap) 


To derive this, we multiply both sides of (1) by 


(aig) ar) Oia) 
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Note that to avoid dividing by zero, we must have n > 1 here, and this is why 
we included n = 2 as a base case. We obtain 


ETE 
=j 
-G-a (art) 6-8 








= 2(n—1) (2n-1)(2n4+1) 4n(n+1) n? 

~ m-1 4n?  (2n+1)? (n—1)(n+1) 
oà 2n 

= n+ 

7 1 

= Onde 1 


as we wanted. 
Example 2.3. Prove that for any positive integer n we have 


1)(2 1 
Pa a A 


Solution. Let P(n) : 12 +22? +... +n? = mint (2041). 
P(1) says that 1? = 123 which is clearly true. 


For the inductive step, we assume that P(n) holds and we derive from this 
that P(n + 1) holds. 


n(n + nen +1) + (n+ 1)? 


n(2n + 1) 


17 42°+...+n7+(n4+1)?= 


= (n+ 1) +(n+1) 


=e aa 


= (n+ 1)(n+4+ 2)(2n + 3) 
6 ? 
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which shows that P(n+1) is true. Hence, by the Weak Principle of Induction, 
P(n) is true for all n > 1. 


Remark. On a similar note, one can prove several other standard identities, 
like 
n(n +1) 
9) ? 
1+3+...+(2n-— 1) = 


2 
1 
P+ 2+. tn = (MEE) | 


1+2+...¢n= 


2 


to mention just a few. For such identities, induction turns out to be a very 
powerful tool whenever we know what the result should be, as for example 
proving 
n(n + 1)(2n + 1) 

6 
without using induction becomes significantly more involved. One downside 
for proving such statements by induction is that it does not give the reader 
a proper intuition of the phenomenon behind the problem (in this case, Faul- 
haber’s formula using the theory of Bernoulli numbers). 


12? +22 +... +n? = 


Example 2.4. (Binomial Theorem) Prove that for any positive integer n, 
the following formula holds: 


(£z +y)" = 5 (;) i aaa Te 


k=0 


Solution. We prove the formula by induction on n. For n = 1, 


(+y) =a+y 


ORO 
EQ 
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Assume now that the result holds for some n > 1 and consider (x + y)”*?: 


atu = (a+y)\(e+y)” 


(EC) 


| 
S 
+ 
«e 


Se 


z 


gree ae 


Il 
Me 
M= 

ie 
3 
S 
8 
3 
` 
Q, 
E 


ost 


ro 
I 
© 

Q. 
I 
© 


| 
Me 
w z3 
z 
+ 
i 
z~“ 
e 
D 
+ 
Me 
re. aN 
= 
+ 
ou 
| 
NLA 
om 
3 
+ 
La 
| 
T 
+ 
= 
eng 
Qo. 
+ 
j= 


> ( j=0 
n n n+l n 

— ` (; grti-kyk 1 ae gh tik yk 
k=0 k=1 T 
n+1 

= M)\ ntl—k, k _ n 0, n+1 
D (Cet) - (arajet 
n+1 oe n 

i (( ye j ) N ( Jetty 
4 \\k-1 al 
z] 


| 
+ iM 
= © 


do AN 
y 8 
D A 
+ 
"NS 
oS 
| 3 
oo hoy 
Nau 
8 
z 
J 
i 
D 
Ka 
= 


| 
os 
Il + ll 
(on) 
oy 
= + 
_ 
Ny 
& 
3 
+ 
i 
z~ 
S 


where the last equality follows from Pascal’s identity. This establishes the 
result for n+ 1 and completes our proof. 


Example 2.5. Prove that 
S~ (" + *) l on 
ok ——. é 
= k }2 


Solution. We prove the result by induction on n. For n = 1 we have to show 
that 1 + 1 = 2, which is clear. Assume now that the identity holds for some 
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positive integer n > 1 and let 


Using Pascal’s identity, we have 


fary- E ("th +h los 14 (tt) arid a 


k=0 


7 ae (iar fo 
0 


1 n+1 


f(n+1) + fin), 


e 


hence f(n + 1) = 2f(n), which is what we wanted. 


Example 2.6. Let n be a positive integer. Prove that 


n\ n\n i n n+l E po 

0 1 njo ~ NL 2 n+1ij` 
Solution. The proof is by induction on n. Denote the left hand side by an, 
and the right hand side by bn. The base case is clear and we only need to 


show that an and 6, satisfy the same recurrence. 
A recurrence for bp is simple: 





n+l 








So we only need to prove that 
n+1 
2n 


We have 





n+1f/n-1 “* (n+ 1)il(n-i-1)! 
2n ( i ) 7 2(n!) 
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To express this in terms of binomial coefficients of base n, we write n+ 1 as 
(i+ 1) + (n — i) and conclude that 


EET) Cet) a) 


By summing these relations and using the fact that (5) = (p) = 1, we conclude 
— ntl 1 
An a7 An- + L. 





Example 2.7. Prove that for any n > 1 we have 


al + fa) +---+ A 

2 Be S 2 Ae 

Solution. We prove the result by induction on n. For n = 1, the statement 
holds since [5 | = 5 | [2] = 0. Also, for n = 2 we have that 


U oe 5 
Bl+: and |; z| = $ 
so the identity also holds in this case. 

Now assume that the identity holds for some n > 1, i.e. 


l+ La) +--+ [5] lal I. 

Adding [24+] + [242] to both sides we get 
drite erR hS 
Gere Fl + l= Gl Al | 
=((31 +) (5 
Ee 


Hence the conclusion also holds for n + 1, so we are done. 
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Example 2.8. Prove that for any n > 1 we have 


(—1)*!/n B 1 1 
|.) Stes eee 


Pd 
i Mea 
1 


Solution. We prove the identity by induction on n. For n = 1, we get 1 = 1, 
so the base case is verified. 
Assume now the result for some n > 1. To prove it for n + 1, it suffices to 











show that 
1 ey oer) _— a(t) 
n+1 = k k a k k 
But 
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We now use Pascal’s identity: 
n+1 (ny _ n 
k k) \k-1) 
n t- 1 n+l 
k-1Jk nt+i1\ k J’ 


so the equality to prove becomes 
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But now (—1)*—! = (—1)**"+, so using the Binomial Theorem we have 
“.(n+1 = 
5 ( : Jen 1) k 14 + (— Dg 


-(-("F ‘) 4 C 7 er cay ("* 7 m (=n) 
= (-1)*( we ele yr) 
= - (0-9-1) =1, 


as we wanted. 

We conclude this chapter by establishing some identities regarding the 
Fibonacci numbers. Let (Fn)n>0 be the Fibonacci sequence defined by Fo = 
0, Fi = 1 and Fn+1 = Fn + Fn-1 for n > 1. We shall also require the following 
facts about 2 x 2 matrices: If 


A= (3 ne aaa B= (8 ‘oF 
a21 Q29 boi b22 


aii +b11 a12 + b12 
A+B= 
+b21 a22 + a 


we have 


and 


— (11611 + aiı2b21 11012 + a12b22 
A- B= l 
a21b11 + a22b21 21012 + a22b22 


For A= (: Al we also define its determinant by det(A) = ad — bc. 

An easy check shows that for two 2 x 2 matrices A and B one has det(AB) = 
det(A) det(B). For more details, the interested reader can consult any stan- 
dard textbook on Linear Algebra. 


Pa Aa 1 1\" 
Example 2.9. Prove that for any n > 1 one has = : 
Fy Fnsi 1 0 
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Solution. The base case n = 1 is clear. 


Assume now that 
Fai Fy \ A 1\" 
Fa Faa) M OJ ’ 


1 1 n+1 
(io) 


for some n > 1. 
Then 


Fai Fi\f1 1 
By Finzi 1 0 
Fasi t+ Fn Frat 
Fn + Fa-1 Fn 


ts Fr4i 
Frnt Fn i 


Remark. The above identity allows us to prove several other useful results 


as required. 


1 07’ 


Fn+1 Fn 
= A”. 
( En A 


about the Fibonacci numbers. Let A = (; 5) so that the above identity 


reads 


Then: 


1. By taking determinants of both sides in the equality 


Fn+1 Fn 
— A” 
( Fn aA 
we obtain Fh+1Fn-1 — F2 = (-1)". 


2. Using the fact that A™+t”-1 = A™. A”! (which holds for any square 
matrix) we deduce that Fm+n = Fm+1Fn + FmFn-1. This is also known 
as Cassini’s identity. A similar identity for Fm+n+p is obtained by 
exploiting the condition A™+t”+P-1 = A™. A”. Ape}, 
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3. From T: = A”, we obtain that A” = F,,- A + Fn-1: I2. For 
n n—1 


n = 2, this reads A? = A+ Io, which further implies A”t? = AP” +t! + A”. 
Now 


Aen == (A2)” ee (A a In)” = 5 HE (*) 


k=0 


By identifying the corresponding entries in the above relation, we derive 
the identities 


n n 
Femy. (p) Foi =). (o) Fk+1- 


By multiplying both sides of (*) by A™ (m a positive integer) and iden- 
tifying the corresponding elements on the (1,2) entry, we find 


—{n 
Fon+m = ` (p) em 


k=0 


4. From A? = A+ h we obtain A? — A = I». Thus 


n 


(A? Ay = D (p) Eee = D (FY (aban 


k=0 k=0 


At the same time, (A? — A)” = I} = h, so combining this with the 
above relation and looking at the (1,2) entry, we get 


3 (o) (-1) Fn- = Fo =0. 


k=0 


Generalizing this in the same manner as above, we obtain the more 


general result 
n 


» 4 (—1)*" Fon_-kim = Fm. 


k=0 
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5. From A” = F,-A+ Fn-1 : I, one gets 


m 


A™ = (FA + Fani)” = X (‘") iia ire as 
k=0 


which by componentwise identification gives further 


m 


n= 1, ae kpk ifm- k: 


k=0 


Example 2.10. Let (Fn)n>0 be the Fibonacci sequence defined as before. 
Prove that for any N > 1 we have the identity: 


> Fon 
== Fon l 


n=0 





Solution. We do induction on N. The base case is N = 1 which gives 


1 1 F, 
ee a a 
ra as 


so P(1) is true. 
Assume now that the result holds for some N > 1. Then 


N+1 N 
1 1 1 
— = pae + 
ds Fr 2 Fon)" Fait 











n=0 
sais Fon _y 1 
Fon Fon+ı 
= Pon _jFon+i — Fon 
Fon Fon41 


Fon; Fon+1 T Fon eh: Fon _1 Fon (Fon 44 + Fon) ==, Fon 


Fon Fon+i Fon Fon+i 


by applying the Cassini’s identity to Fon+ı. 
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Further, 


Fon _1 Fon (Fon 41 + Fyn _1) = Fon T Fon_yPon 44 ng Fn =d 
Fon Fonsi E Fon+ı 
2 2 
Pon + fon _y 


Fonsi 


by the determinant identity above. 
Finally, 
Fen F Fey, E Pon+i_y 


Fonsi Fon+ı 


by applying Cassini’s identity to Fon+ı—1. This establishes the induction step 
and hence the result. 
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2.2 Proposed Problems 


Problem 2.1. (GMB 1997) Determine the sequence aj, a2,..., of positive 
reals, such that for all positive integers k, one has 











k(k+1 
ay + 2-02 +3? ag +... tk? a= EED (a tagt... +04). 
Problem 2.2. Prove that for all positive integers n, 
et a ee e ee E E E- 
2 3 4 ` m-1 Rn ntl nt+2 © 2q 
Problem 2.3. Prove that for any positive integer n one has 
112 212 ni? 
= 1 ee Se a 
PPSL ger ye ori ea cceag 


Problem 2.4. Prove that: 
~ [n-k+1 
` ( k =F N+2) 
k=0 
for any non-negative integer n. 
Problem 2.5. Show that for any positive integer n, we have 


Hoa 


r=) rl 





Problem 2.6. The Bernoulli numbers (B,)n>o are given by the following 
recurrence: 


ák 1 
Bo=1 and ae ) Bi =o, for m >Q. 
i=0 i 

Prove that 
1 &/k+1 | 
1% ok tes sT ee, B.. k+1—i 
+28 +...+(n-1) TPA D L l 


for all non-negative integers n and k. 
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Problem 2.7. Let n be a positive integer. Prove that 

n dn 

Son (7)ë =o 

1 

~=0 


for allO << k<n-1. 


Chapter 3 


Functions and Functional 
Equations 


3.1 Theory and Examples 


Let A and B be two (not necessarily finite) sets. A function f : A > B 
is a correspondence between A and B which associates to each element of A 
precisely one element of B. The set A is called the domain of the function 
and B is called the range. The image of the function f, denoted by Im(f) 
is the set Im(f) = {f(a) : a € A}. For example, f : N > Z, f(x) = —a has 
domain N, range Z and image Z<o. 

If f: A— B is a function and C C B a subset, we define the preimage 
of C, denoted by f~!(C) by 


fC) = {a € A: f(a) € C}. 


For example, when f : R —> R, f(x) = 2’, one has f~+({1,4}) = 
{—2, —1, 1,2}, while f—1(—2) = @. 

A function f : A > B is called injective if whenever a and b are distinct 
elements of A, f(a) and f(b) are distinct elements of B. A function f : A > B 
is called surjective if for any element y € B there is an element x € A such 
that f(x) = y. A function f : A > B is bijective if it is both injective and 
surjective. 
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Let us look at a few examples: 


1. Let A = {1,2,3}, B = {2,3}. The function f : A — B given by 
f(1) = 2, f(2) = 3, f(3) = 2 is surjective, but not injective, because 
both f(1) and f(3) are assigned the same value in B, namely 2. 


2. Let A = B = N, where N stands for the non-negative integers. Then the 
function f : A > B given by f(n) = n + 1, for any n € N is injective, 
but not surjective, since there is no element x in A for which f(x) = 0. 
However, if we considered A = B = Z with f(n) =n +1, then one can 
check that f is both injective and surjective, hence bijective. 


3. For A= B = R and f : A > B given by f(z) = x7, f is not injective, 
since for example f(—1) = f(1) = 1, nor surjective, because we cannot 
have f(x) = —1 for any x € A. 


f :A-— B is invertible if and only if there is a function g : B — A such 
that g(f(a)) = a,Va € A and f(g(b)) = b,Vb € B. When f is invertible, we 
denote its inverse by f—'. It can be proved that a function f : A > B is 
invertible if and only if it is bijective. 

A function f : R > R is even if f(z) = f(—z) for all x € R. f:R-Ris 
an odd function if f(—x) = — f(x) for any <z ER. 

A function f is an increasing function if whenever x < y we have f(z) < 
f(y). It is strictly increasing if x < y implies f(x) < f(y). Similarly, a function 
f is a decreasing function if z < y implies f(x) > f(y). It is called strictly 
decreasing if x < y implies f(x) > f(y). 

There are several strategies one has to keep in mind when it comes to 
solving functional equations. We shall focus on this chapter on those types 
whose solution relies heavily on induction. The simplest examples are when 
we are asked to prove (or we can easily spot) what the function should be. 
Let us consider a few such questions to start with: 


Example 3.1. Let f : N* — Z be a function with the following properties: 
1) f(2) = 2; 
2) f(mn) = f(m)f (n) for all m and n; 
3) f(m) > f(n) whenever m > n. 

Prove that f(n) =n, for all n € N*. 
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Solution. We will prove the result by induction on n > 1. Setting m = 1, 
n = 2 in condition 2) gives f(2) = f(1)- f(2), which combined with condition 
1) shows that f(1) = 1. Setting m = n = 2 we find that f(4) = 4 and since 
f(2) < f(3) < f(4), from condition 3) we get 2 < f(3) < 4, which implies 
f(3) = 3. This shows that the result holds for the few first values of n. 

Assume now that the result is true for all k € N* with k < 2n, some n > 2. 
By 2), we have 


f(Qn+ 2) = f(2(n4+1)) = f(2)f(n +1) = 2n +2. 


Also, f(2n) < f(2n+1) < f(2n+ 2), therefore 2n < f(2n +1) < 2n +2. 
Hence, f (2n +1) = 2n + 1. This completes the induction step and our proof. 

Things can get more complicated if we do not work over the positive inte- 
gers and we may need to get more creative about the way we choose to proceed 
with our induction. A good example which illustrates some ideas to bear in 
mind is the following: 


Example 3.2. Let f : Qt — QF be a function which satisfies 


l f(x) + f (4) =]. 
f(2x) = 2f(f(z)) 


2012 \ — 2012 


Solution. The only such function is f(x) = 7z. It is easy to check that this 
function satisfies the conditions above. We want to prove by induction that 
it is unique. Any positive rational x can be written uniquely as x = p/q for 
coprime positive integers p, q. Define the complexity of x to be p+q. We will 
prove uniqueness by induction on the complexity of x. 

For the base case p +q = 2, i.e. x = 1, notice that plugging x = 1 into the 
first condition gives 2f(1) = 1 or f(1) = 1/2, as desired. 

Now suppose we have proved the uniqueness for all rational numbers with 
complexity less than n. We will need to analyze two cases. 

First, suppose n > 4 is even and x = p/q with p, q coprime and p+q =n. 
Since n > 4, we cannot have p = q. If p < q, then notice that p/(q — p) 
and 2p/(q — p) have complexity less than n. The first of these clearly has 


42 Chapter 8. Functions and Functional Equations 


complexity at most p + (q — p) =q < n. For the second the numerator and 
denominator are both even, hence the complexity is at most p+ 45" = pra <n. 
(We say “at most” here because one might imagine further cancellation. This 
cannot actually occur since any further cancellation would mean p and q have 
a common factor, but “at most” is good enough for us.) Thus applying the 
second condition to p/(q — p) and using the induction hypothesis we get 


ae = f(2p/(q- p)) = 2F(f(p/(@— P))) = 2F (p/a), 


x 


or f(x) = f(p/q) = rae = fz. Ifp >q, then we apply the first condition 
and the result just proven to get 





q p T 
f(z) = f(p/aq) =1—-fla/p) =1 (eo ae ET 
This completes this case. 
Now suppose n > 3 is odd and x = p/q with p, q coprime and p+ q =n. 
In this case p/(q — p) still has complexity less than n, but q — p is odd so 
2p/(q—p) has complexity n. Thus from the second condition and the induction 
hypothesis, we only get 


f(2p/(q — p)) = 2f (p/a). 


The first condition gives f(p/q) + f(¢/p) = 1 and clearly q/p also has com- 
plexity n. Thus instead of being able to immediately solve for f(x) we get a 
collection of linear equations relating f(r) for various rational numbers r all 
of the same complexity. We need to show that this collection has a unique 
solution. We give one method for this. 

Pick a rational number zo = ts with complexity n and even numerator. 


Hence we get A ; 
fæ) = (a) =2f (5) 


If k is even, define zı = — so that f(xo) = 2f(x1). Otherwise n — k is 


-k 
even and we define zı = nek Hence using the first condition we find that 


f(xo) = 2(1 — f(xz1)). Thus we can relate f(zo) to the value of f at another 








33 
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rational zı with complexity n and even numerator. Iterating this construction 
we can build a chain zo, £1, £2,... of such rationals with f(x,) = cht2f (p11) 
for some integer cy. There are only finitely many possibilities for x;, hence 
this chain must eventually cycle. Further, we can compute z; from 2;4, (if 
Lia, < 1, then x; = k TA and if x;4; > 1, then qz; = Ieee Thus the cycle 
must begin with xo. Hence there is some least integer r > 0 such that £r = £o 
and iterating our formulas we find 





(to) =C EFt) ]C +2 fro) 


for some integer C and some choice of sign. Thus we can uniquely solve for 
f(xo). Since we gga saw above that f(z) = 74; is a solution, we must 
have f(%o) = zf; This also holds for z with even denominator by using the 
first condition Fa) + f(1/xr) = 1. 


This completes our induction. In particular, we have 


f (2) = 2012 _ 2012 
2013 2012 +2013 4025. 


Unlike the above two questions, for most examples we would be asked to 
determine the value for the function ourselves. For such questions, it is good 
to be familiar with a series of standard functions (e.g. f(x) = 2, f(z) = 2? 
f(x) = sin(x), f(x) = e”, etc.) and their properties, so that we are able to 
spot if the given function resembles any of those. This can make our detective 
work easier. Let us look at a rather easier example first: 


Example 3.3. Find all functions f : N* — N* such that for every n € N* we 
have 


f(f(n)) + f(n) = 2n. 


Solution. We naturally expect to have f(n) = n as the only solution. Let 
E(n) denote the relation f(f(n)) + f(n) = 2n, valid for all n € N*. 

We shall prove by strong induction that f(n) =n for all n € N*. 

For n = 1, E(1) reads f(f(1))+f(1) = 2. Since f(f(1)) > 1, f(1) > 1, and 
we achieve the minimum, we must have f(1) = 1, f(f(1)) = 1, establishing 
the base case. 
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Now assume that f(n) = n for all n < k, some k > 2. For n =k, E(k) 
reads f(f(k))+ f(k) = 2k. If f(k) < k, then f(f(k)) = f(k) by the induction 
hypothesis, and so f(f(k)) + f(k) = 2f(k) < 2k, which is a contradiction. If 
f(k) > k, then f(f(k)) = 2k—f(k) < k, and so E(f(k)) gives us f(f(f(k))) + 


f(F(k)) = 2f (k). Since f(f(k)) < k, we have f(f(f(k))) = f(f(k)) < k from 
the induction hypothesis, so the left hand side is less than 2k. But f(k) > k, so 


the right hand side is greater than 2k, which is a contradiction. Thus f(k) = k. 
This completes the induction and therefore the solution to our question. 


Example 3.4. (Canada MO 2015) Find all functions f : N* — N* such 
that 


(n—1)? < f(n)f(f(n))<n?+n, forall ne N*. 


Solution. We prove by induction on n that f(n) = n. The base case is n = 1, 
for which we get by substituting in the condition from the hypothesis that 
0< f(1)f(f()) < 2. This necessarily implies f(1) = 1, so the base case is 
proved. 

Assume now that f(k) = k for all k < n (some n > 2) and assume by 
contradiction that f(n) Æ n. We distinguish two cases: 


Case 1. If f(n) <n—1, then f(f(n)) = f(n) from the induction hypothesis 
and f(n)f(f(n)) = f(n)? < (n — 1), contradicting the condition from the 
hypothesis. 


Case 2. If f(n) = M >n-+1, then 
(n+1)f(M) < f(n)f(f(n)) <n +n. 
Thus f(M) <n and hence f(f(M)) = f(M) and 
f(M)f(f(M)) = f(M)? < n? < (M - 1%, 
which is also a contradiction. This completes the induction and our proof. 
If things are a bit more complicated and we cannot tell what the function 


should be straight away, a good idea is to start by computing the first few 
values (whenever possible) and see if we can spot a pattern from that. 
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Example 3.5. (AoPS) Find all functions f : Z —> R such that f(1) = 3 and 
for any m,n € Z we have 


fim) f(n) = f(m+ n) + f(m- n). 


Solution. We can compute the first few values for f to find f(0) = 2, f(1) = 
2.5, f(2) = 4.25 and f(3) = 8.125. This suggests that our function is f(n) = 
2” +27”, Notice that it will suffice to show this for n > 0, since setting m = 0 
gives 2f(n) = f(n) + f(—n), so our function is even. Therefore, we proceed 
to proving by induction that f(n) = 2” +27” for all n > 0. 

The first few base cases were proved above. 

Assume now that the result holds for all positive integers up to some n > 1. 
To show it for n, plug m = n — 1, n = 1 to get 


f(n— VFO) = f(n) + fin- 2). 


All values are known from the induction hypothesis, except for f(n). Sub- 
stituting f(n — 1) = 2771 + 27-0), f(1) = 2 and f(n — 2) = 27-72 + re) 
gives us f(n) = 2" +27”, as required. This completes our proof. 

For some problems, even if we are able to spot what the function should 
be, we need to exploit several properties of the function which are given in the 
hypothesis before we are able to prove that our guess is correct by induction. 
A rather famous example is the following: 


Example 3.6. (IMO 2009) Determine all functions f : N* — N* which 
satisfy the property that for all positive integers a and b, there exists a non- 
degenerate triangle with sides of lengths 


a, f(b) and f(b + f(a) — 1). 
(A triangle is non-degenerate if its vertices are not collinear.) 


Solution. First notice that if a triangle has sides of lengths 1, a, b with a, b 
positive integers, then by the triangle inequality we must have that a = b. 
For a = 1, the above remark tells us that f(b) = f(b+ f(1) — 1). 
Notice that f(1) = 1, as otherwise f(1) — 1 > 0, which from the above 
relation means that f repeats itself every f(1) — 1 numbers. This means that 
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f can take only finitely many values, so if we take a sufficiently large, a, f(b), 

f(b+ f(a) —1) cannot be a triangle, because a — f(b) > f(b+ f(a) — 1). 
Now, setting b = 1, we obtain that a,1, f(f(a)) must be the sides of a 

triangle. This implies that f(f(a)) = a by one of the previous remarks. 


Claim. f(n) = (n — 1)f(2) — (n — 2), for n > 3. 


Proof. From f(f(a)) =a, f is bijective, so we now know that a, b, f(f(a) + 
f(b) — 1) can be the side lengths of a triangle. This implies that 


f(f(a) + f(b) -1)<a+b. 


If we take a=b=2 we then obtain that f(2f(2)—1)< 4, ie. f(2f(2)—1) € 
1123k 

The value 1 is not possible, as we would have 2f(2)— 1 = 1, ie. f(2) = 1, 
contradicting the bijectivity of f. The value 2 is also not possible, since we 
would get 2f(2) —1 = f(2), ie. f(2) = 1, which is again a contradiction. 
Therefore, we must have 2f (2) — 1 = f(3), proving the base case n = 3. 

For the induction step we use a similar argument, by taking a = 2, b= n, 
and arguing that f(f(2)+ f(n) —1)=n+1. 

We have thus the result f(n) = (n — 1)f(2) — (n — 2). In particular, this 
tells us that f is strictly increasing. Since we already saw that f is bijective 
and f(1) = 1, this means we must have f(2) = 2. Hence the claim reads 
f(n) = 2(—1) — (n — 2) = n for all n > 3. This completes our proof, showing 
that f(n) =n is the only solution. 


Example 3.7. (IMO 2008 shortlist) For an integer m, denote by t(m) the 
unique number in {1,2,3} such that m + t(m) is a multiple of 3. A function 
f: Z > Z satisfies f(—1) = 0, f(0) = 1, f(1) = —1 and 


f(2" +m) = f(2”—t(m))— f(m) for all integers m,n>0 with >m. 
Prove that f (3p) > 0 holds for all integers p > 0. 


Solution. The given conditions determine f uniquely on the positive integers 
The signs of f (1), f(2),... seem to change quite erratically. However, values of 
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the form f(2” — t(m)) are sufficient to compute directly any functional value. 
Indeed, let n > 0 have base 2 representation 


n = 2% 4+2% 4+... +2°F, ao > ai >... > oO, 


and let nj = 297 + 2%3+1 +... +2°k, j =0,...,k. Repeated applications of the 
recurrence from the hypothesis show that f(n) is an alternating sum of the 
quantities f (2% — t(nj+1)) plus (—1)*t! (we do not need to know the exact 
formula for our proof). 
Hence we shall focus on looking at the values f(2” — 1), f(2"” — 2) and 

f(2” — 3). There are six cases, namely 

t(27* 3) =2, +¢(2°* 2) =1, 

HOP —1)=3, AO —3)=1, 

£(22F+1 92) —3, +¢(2?4t1 1) = 2. 


Claim. For all integers k > 0 the following equalities hold: 

FQ? = 3) Z 0, TO _ 2) = 3K 

JOrn - 1) bs 3", f Qe = 3) EE 

fre? E 2) ze —3F FQ _ 1) SLT Qk. 
Proof. We proceed by induction on k. The base case k = 0 comes down to 
checking that f(2) = —1 and f(3) = 2; the given values f(—1) =0, f(0) = 
f(1) = —1 are also needed. Suppose that the claim holds for k — 1 for some 


k > 1. For f(2"*1—t(m)), the recurrence formula and the induction hypothesis 
yield 

TOTE 3) = Joa Ka = 3)) 
f 92k _ = {2 = 3) = —3k-1 4 gk—1 = 0: 


fl 
( 
f(27Ft* — 2) = f(2* + 2" — 2) 
( 
( 
( 


f 92k 7 1) ~ JO 2) = 2, 3k—1 ng gk—1 = 3F: 
TO a 1) = f 92k 4 QO = 1)) 
f 92k _ 3) — fo" = 1) as —3k-1 -o gk—l = _ 3k 
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For f(2?F+2 — t(m)), we use the three equalities we have just established: 


fo _ 3) = fo 4 (2AT = 3)) 
= Cai 2 1) _ Foote D 3) = _3k is 38. 
O 2) = JO $ Ca 2)) 
— f(22h+1 _ 3) — f(g? — 2) 93k — 3%. 
TO 1) = aou" (2 1)) 
SO rE Dy fgets et 1) = gk 4 gk ae. gk 


So we have established the claim. 

A closer look at the six cases shows that f(2"—t(m)) > 3079/2 if 2 —t(m) 
is divisible by 3, and f(2” — t(m)) < 0 otherwise. On the other hand, note 
that 2” — t(m) is divisible by 3 if and only if 2” + m is. Therefore, for all 
non-negative integers m and n, 

i) f(2" —t(m)) > 3%-2)/2 if 2” + m is divisible by 3; 

ii) f(2" —t(m)) < 0 if 2” + m is not divisible by 3. 

One more (direct) consequence of the claim is that 


-37/2 for all m,n > 0. 


QW] bo 


|f(2" — t(m))| < 


The last inequality enables us to find an upper bound for | f(m)| for m less 
than a given power of 2. We prove by induction on n that |f(m)| < 3”/2 holds 
true for all integers m,n > 0 with 2” > m. 

The base case n = 0 is clear as f(0) = 1. For the inductive step from 
n to n +1, let m and n satisfy 2"t! > m. If m < 2”, we are done by the 
inductive hypothesis. If m > 2”, then m = 2” + k, where 2” > k > 0. Now, 
by |f(2" — t(k))| < £- 3”/2 and the inductive assumption, 


If(m)| = |f(2" — t(k)) — F(R) < |F" — t(k))| + If (k) 


Ze: 37/2 4 3n/2 < 3(ntt)/2. 


et) 


The induction is complete. 
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We proceed to prove that f(3p) > 0 for all integers p > 0. Since 3p is not 
a power of 2, its binary expansion contains at least two summands. Hence, 
one can write 3p = 2° + 2? + c, where a > b and 22 > c > 0. Applying the 
recurrence formula twice yields, 


f (3p) = f(2° +2? +c) = f (2° k= EE: 


Since 2% + 2° + c is divisible by 3, we have f(2% — t(2? + c)) > 3070/2 
by i). Since 2° + is not divisible by 3, we have f(2° — t(c)) < 0 by ii). 
Finally, |f(c)| < 3°/?, as 2° > c > 0, so that f(c) > —3°/*. Therefore, 
f (3p) > 3(¢-D/? — 3/2. which is non-negative, because a > b. 

So far we have mostly looked at examples where we ended up finding the 
function explicitly. However, the universe of problems which involve func- 
tions and their properties goes way beyond that. We conclude this section 
by presenting a few beautiful miscellaneous examples and the nice tools their 
solutions employ. 


Example 3.8. (Canada MO 1990) Let f : N* — R be a function which 
satisfies the following properties: 

1) f0) =1, f(2) = 2; 

2) f(n +2) = f(n+2— f(n +1) + f(n+1— f(n). 
Show that 0 < f(n+1)—f(n) <1. 


Solution. The first important observation is that since the domain of f is N*, 
from 2) we have that f(n+1-— f(n)) is defined for all n € N, so n+1-— f(n) >1 
and thus f(n) < n, for all n € N*. Moreover, n+ 1 — f(n) € N* implies 
f(n) € Z, for all n € N*. 

We now show that f(n) > 0 for all natural n by strong induction. 

For the base case we have f(1) = 1, f(2) = 2 and from 2) we immediately 
deduce that f(3) =2 > 0. 

Now assume that f(n) > 0 for all n < k (where k > 3). Then 


f(kK+1) = f(k+1- f(k)) + f(k- fik- 1)), 
but 1< k+1-—f(k)< kand 1< k-—f(k-—1)< k- 1, so 


f(kK+1-f(k))>0, f(k-f(k-1) >0 = f(k+1)>0, 
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which completes the induction. 

Hence, f(n) > 0 for all n, and since f(n) is an integer, we conclude that 
f(n) € N*, for all natural n € N*. 

Notice that since f(n) € N* for all n, the statement 0 < f(n+1)—f(n) <1 
(for all n) is equivalent to the statement f(n +1) € {f(n), f(n)+ 1} (for all 
n). We prove the latter by induction: 

By above we have that f(2) = f(1)+ 1 and f(3) = f (2), so the base cases 
are verified. 

Now suppose that the statement is true for all n < k. We have two cases: 


Case 1. If f(k) = f(k— 1) then we also have that f(k — 2) € {f(k), f(k) —1}. 
If we let a = k — f (k) < k, then 


fik+1)= fik+1-— f(k))+ f(k- f(k- 1)) 
= f(k — f(k) +1) + f(k fH) 
= f(a + 1) + f(a). 


Also, 


F= SE =S= USL k2) 
= f(a) + f(k -1 -— f(k — 2)) € {f(a) + fla — 1),2f(a)}. 


If f(k) = 2f (a), then f(k +1) — f(k) = f(at+1) — f(a) < 1, and we are 
done. If f(k) = f(a) + f(a — 1) (which happens when f(k — 2) = f(k)), then 
f(k+1)—-—f(k) = f(a+1) — f(a—1) < 2, but if f(a+1) — f(a—1) = 2, then 
f(a—1) = f(a)— 1 and f(a+1) = f(a) +1, so 
f(k) = f(k—1) = f(k- 2) = 2f(a) 1. 

But in this case we have 

f(k-1)=f(k-—1— f(k—2)) + f(k—2— f(k—3)), 
so 2f(a)— 1 = f(a—1)4+ f(k — 2 — f(k —3)), which implies 


f(k—2— f(k—3)) = fla), 
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but f(k — 2 -— f(k — 3)) is either f(a — 1) = f(a) —1 or f(a— 2) < f(a—1). 
This is a contradiction. 
So 0 < f(a+1)— f(a—1) <1, and this case is proved. 


Case 2. If f(k) = f(k —1) +1, then we if we let a= k — f(k) < k, we obtain 


f(k +1) = f(k+1— f(k)) + f(k- f(k—-1)) = 2f(a+)), 


and 


f(k) = f(k— f(k- 1))+ f(k-1— f(k- 2)) 
= flat+1)+f(kK-1—f(k—2)) € {f(a+1) + f(a), 2f(a+ 1)}, 


so f(k+1) — f(k) € {f(a+1) — f(a), 0}, and O < f(a+1) — f(a) < 1. This 
completes the proof of the second case as well. 
This completes the induction, so 0 < f(n + 1) — f(n) < 1, for all natural n. 


Example 3.9. (AMM) Given a positive integer number k, define the function 
f :N* > N* by 


fn) = P in<k+1; 
NFER AFG fmni), ia. 


Show that for every n € N*, the preimage f—!(n) is a finite non-empty set of 
consecutive positive integers. 


Solution. We first prove by induction on n that f(n) — f(n—1) € {0,1}, for 
all n € N*. The base cases n = 1,...,k +1 are given in the hypothesis. 

For the induction step, suppose that the assumption holds for all values 
less than n+ 1, for some n > k+1. Note that this implies f(m) < m for 
2<m<n. 

If f(n) — f(n — 1) = 0, then 


fan +1)-fin)= FFn) + fin+1- fin) Fn- 1))- fan- fin- 1)) 
= f(n — f(n) +1) — f(n— f(n)) € {0,1}. 
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If f(n) — f(n — 1) = 1, we have 


f(n+1)—f(n)= FEN) + f(r +1- f(r) — Fn- 1))- Fn- Fin- 1) 
= f(f(n-1) +1) - f(f(n—1)) € {0, 1}. 


This completes our induction. We are left to prove that the preimage is a 
non-empty set, which is equivalent to showing that f is unbounded. Assume 
the contrary, so there exist a,b € N* such that all of f(a), f(a+1), f(a+2),... 
are equal to b. Setting n = a+ b into the relation in the hypothesis gives us 


f (a+b) = f(f(at+b—-1))+f(a+b—f(at+b—-1))= f(b)+f(a+b—b) = f(b)+b > b, 
which is a contradiction. This completes our proof. 


Example 3.10. (USAMO 2000) Call a real-valued function f very convex 


if 
HID > (EHH) sony 


holds for all real numbers x and y. Prove that no very convex function exists. 


Solution. We prove by induction on n > 0 that the given inequality implies 


f(x) + fy) 


5 -f (=) > Ple -yl forall n >Q. 


This will yield a contradiction, since for fixed x and y, the right hand side gets 
arbitrarily large, while the left hand side remains fixed. The base case n = 0 
holds from the hypothesis. 

Assume now that the result holds for some n > 0. For a,b € R we have 


f(a) + f(a + 26) 


oT > ffab) +2"), 


f(a+b) + f(at 3b) > 2(f(a + 2b) + 2”** |p), 
and 
f(a + 2b) + f(a+ 4b) 


5 > f(a + 3b) + 2”+t]bl. 
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By adding these three inequalities and cancelling common terms we obtain 


f(a) + f(a + 4b) 


; > f(a+ 2b) + 2”"* 9]. 
Now setting x = a, y= a + 4b gives us 


f(x) + f(y) 
9 


A ia 
> f (7#) ore y, 


which completes our induction. 
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3.2 Proposed Problems 


Problem 3.1. Find all functions f : N* — N* which satisfy simultaneously 
the following properties: 
1) f(m) > f(n) for all m > n; 


2) F(F(n)) = 4n +9; 
3) f(f(n) —n) = 2n +9. 


Problem 3.2. (IMO 2007 shortlist) Consider those functions f : N* = N* 
which satisfy the condition 
fim +n) > f(m) + f(Fn))-1, 
for all m,n € N. Find all possible values of f (2007). 
Problem 3.3. Let f : N — N be a function such that f(0) = 1 and 


s = s (13) +4 (51) 
for all n > 1. Prove that 
f(n=1)< f(n) n = 253, forsome k,heEN. 
Problem 3.4. (AMM 10728) Find all functions f : Z > R satisfying 
f(a + + è) = fla)” + f(b)" + FO)”, 
whenever a, b,c € Z. 


Problem 3.5. (APMO 2008) Consider the function f : N — N defined by 
the following conditions : 


i) f(0) = 0; 

ii) f(2n) = 2f(n), for all n € N; 

iii) f(Qn+1)=n+2f(n), for all n EN. 
a) Determine the three sets 


L=jnlf(n) < f(n +1)}, B= {n|f(n) = f(n +1)}, and 
G = {n| f(n) > f(n + 1)}; 


b) For each k > 0, find a formula for ag = max{ f(n): 0 < n < 2*} in 
terms of k. 
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Problem 3.6. (India 2000) Suppose f : Q — {0,1} is a function with the 


property that for z,y € Q, if f(x) = f(y), then f(z) = f((£ + y)/2) = fly). 
If f(0) = 0 and f(1) = 1, show that f(q) = 1 for all rational number q greater 
than or equal to 1. 


Problem 3.7. Find all functions f : Qt — QF, such that 
1 1 
f()+f(=)=1, and f(1+22)= 5f), 


for any x € QF. 


Problem 3.8. Find all functions f : [0, +20) > [0,1], such that for any x > 0, 
y20 


f(a) Fly) = ZUE): 


Problem 3.9. (China 2013) Prove that there exists only one function f : 
N* — N* satisfying the following two conditions: 

i) f(1) = f(2) =1, 

ii) f(n) = f(f(n—1)) + f(n— f(n —1)) for n > 3. 
For each integer m > 2, find the value of f(2”). 


Problem 3.10. (Silk Road MC) Find all functions f : N* — N* which 
satisfy 


2f(mn) > f(m +n’) — f(m)? — f(n)* > 2f(m)f(n). 
Problem 3.11. (Turkey) Find all functions f : QT — QF such that 
z \_ f(z) _ 23 (= i 
(5): Co ae ae i J for all x e QF. 
Problem 3.12. Find all functions f : Z —> Z that satisfy 








f(m+n) + f(mn—1) = f(m) f(n) + 2, 
for all integers m, n. 


Problem 3.13. (Estonia 2000) Find all functions f : N —> N such that 
FEG Cn))) + fF (nm) + fin) = 3n forall nen. 
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Problem 3.14. Prove that there exists a unique function f : QT — Qt 
satisfying all the following conditions: 


a) IfO<q< 4, then f(g) =1+ f (<4); 
b) If 1<q< 2, then flqaq) =1+f(q¢-1); 
c) f(@)f (4) =1 for all q € Qt. 


Chapter 4 


Inequalities 


4.1 Theory and Examples 


Before we illustrate the different approaches one can use to prove an in- 
equality by induction, we need to introduce some basic concepts regarding 
inequalities. To ease some of the following definitions, we regard an inequality 
as a function f in one or more variables which we need to prove that has a 
certain relative position with respect to zero (greater than zero, less than zero, 
etc), when the variables are subject to one ConA ANR 

For example, for the inequality Etc UE 2- AA art >z 2» valid for any positive 
reals a,b,c, we define f(a,b,c) = nie + sta + ak — 3 and we have to prove 
that f(a, b,c) > 0 whenever a,b,c are positive reals. 

A multivariable function f(x1,22,...%n) is called symmetric if for any 


1<1,7 <n we have 


FU oye D eta) 9 Pi ete Pw on) 
i.e. if whenever we swap any two variables we do not change the function. 


Example. f(a, b,c) = a? +b? +c? is symmetric, whereas 
f(a, b,c) = a +0 + eA 


is not symmetric, as f(a, c, b) = a? + ° + b’? Æ f (a,b,c). 
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When we deal with a symmetric inequality, we can choose any particular 
ordering among the variables, i.e. we can assume without loss of generality 
that a < b < c (or any other permutation). This follows from the fact that 
any permutation can be written as product of transpositions. 

A multivariable function f(21,22,...2n) is called cyclic if 


f (£1, Za, vas Cnt en) = F Cas £1, 22; e. Bni): 


Example. f(a,b,c) = $+ ? + £ is cyclic, while f(a,b,c) = —+ $ + ? is not, 
since f(c,a,b) = € + § + $ # f(a,b,c). 

If we are given a cyclic inequality, we can assume that one particular 
variable is the largest or the smallest. However, we cannot choose a certain 
ordering among all the variables, as it was the case when we had a symmetric 
inequality. 

A multivariable function f(z£1,T2,...£n) is called homogeneous if when- 
ever t is areal number, we have f(tx1,tro,...,t%,) = t* f (£1, 22,... £n), where 
k is the degree of f. 


Example. f(a,b,c) = a? +b? + c? — ab — bc — ac is homogeneous, while 
f(a,b) = a? — b is not, since f(ta, tb) Æ t? f (a,b). 
When an inequality f(21,22,...,%n) > 0 is homogeneous of order k, i.e. 


f(tz1, txa, e. tTn) pa t" f (£1, £2, Kauns , En), 


without loss of generality, we can assume that the sum of the variables 
is constant, in order to bring the inequality in a simpler form, easier to 
prove it. In general, we can consider more complicated expressions, like 
g(@1,%2,.-.,2n) = constant, where g(z1,2%2,...,%n) is a homogeneous ex- 
pression of any order, as long as these fit into the framework of the problem. 

Now that we have established these basic notions, let us look at some 
examples where we can solve inequalities using induction: 


Example 4.1. (Bernoulli’s Inequality) For any real x > —1, show that if 
n is a positive integer, then (1+ x)” > 1+nz. 


Solution. We prove the result by induction on n: 
Let P(n): (1 +x)” > 1+ nz, for all x € R, x > -1. 
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(1+z)'=1+4+1-2, so P(1) is true. 
Assume that P(n) is true for some n > 1. We must show that P(n +1) is 
true. 
(1+ 2)" = (142)"-(1+2) >(L+na)(1+2), 


since P(n) was assumed to be true, and 1 + x > 0. Now 
(l+na)(l+2)=14+(n4+l)zt+nz? >14+(n4+1)z, 


which is what we wanted. So P(n+1) is true, thus, by induction, P(n) is true 
for all n > 0. 


Remark. The inequality actually follows from the following, more general: 


Example 4.2. (Bernoulli’s Inequality) Let z;, i = 1,2,...,n be real num- 
bers with the same sign (i.e. all positive or all negative), greater than —1. 
Then we have 


(1+21)(1+22)---(l+¢,) >1+2%1+%2+...+2n. 


Solution. We prove the inequality by induction on n. For n = 1, we have 
l +zı > 1+. 

Suppose now that the inequality holds for n arbitrary real numbers x; > —1 
with the same sign. Now consider n + 1 arbitrary real numbers x; > —1 with 
i = 1,2,...,n + 1 with the same sign. 

Since z1, £2,...,£n+1 have the same sign, we have that 


(ay + z2 +... + En)En+1 = 0. (*) 
Hence 
(1 + z1)(1 + x2): (1 + £n) > (L+a1+224+...+2%n)(14+ 2n41), 
using the assumption that P(n) is true. But now 
(1+ z1 +2z2 +... + £n)(1 + 2n41) 


Sa ep ey ea are ice a a) eat 
ee ros SE Ded 


using (*). 
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Example 4.3. Let n > 3 bea positive integer and let 71, £2, ..., Zn, be positive 
reals. Prove that 


Tı T2 Tn 
+ Tusa <<<? 
£i H+ T2 £2 + T3 In t Ti 








<n-—l. 


Solution. The base case is n = 3 and we have to show that 
x x x 
1 $ OoOo 4 3 
zı +T? atx $%«r®*Wt+22 








< 2, 


which, after multiplying both sides by —1 and adding 3, is equivalent to 
£ £ £ 
ERNE O 1 

titt. If ty -Zi F-Ts3 








p 
The last inequality is true since one has ae pe es and the analogous 
inequalities, which summed give exactly the desired relation. 

Assume now that P(n) holds for some n > 3 and we want to show that 
P(n +1) holds. To make use of the induction hypothesis, one thing we could 





try is to delete one of 71, %2,...,%n41 and prove that the obtained expression 
in n variables decreases by at most 1. The induction hypothesis would then 
do the job. 


If we eliminate xi, we are left with 


Ti 4 Li-1 Li+1 
Tı + T2 Ti—1 + Ti+1  Ti+1 + Ti+2 





Thus the expression would decrease by 


Ti—1 Ti Ti—ı 


Ti—1 Ti TLiş+ı Ti Li—1 + Ti+ı 
So it suffices to prove that 
Ti—1 Ti Li-1 


Se ee ee ea ey | 
Ley FTi  Ti+1ı tM  Ti—1 + i411 








e : Ti— Ti— 
Notice that if £i+ı < zx; (here £n+ı = zı), then ae or < eras and 
“i___ < 1. So by taking x; to be the largest of £1, 22,...,%n411 we ensure 


Li~tLi+1 
the condition we want for our induction to work. This completes our proof. 
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Example 4.4. (Titu’s Lemma) Let aj, a2,...,an, E€ R and bj, bo,...,bn be 
positive reals. Prove that 


a2 a2 2 
1, % EA ere Cee 
F bo bn bı + b2 +... + bn 
Solution. For the proof by induction, the base case n = 1 is clear. Notice 
that for the induction step, it suffices to prove the inequality for n = 2, since 
we then have 


ay a3 4 On (tarts. tan) | ony (a1 +a +... + an)’ 
b boll bi+tb+...+br1 b, by tbot+... +b, 


We are left to prove the case n = 2, that is 


ay (a, + a2)? 
bi ~ bi +b. © 


Multiplying by bıb2(b1 + b2) we have to show 
(a2be + ażb1)(bı + b2) > (ay + a2)*bybo. 
Further, after expanding the parentheses, 
(a? + a%)by bo + a?b2 + a3? > (a? + a%)b1b2 + 2a1b1a2b2, 
which is true since abe + a2b? > 2aıb1a2b2 by completing the square. 
Example 4.5. Let a1,a2,...,a@n E R+ such that aiaz ...an = 1. Prove that 
ai taz +... +0an 2n. 


Solution. We proceed by induction on n. For n = 1, things are clear. Assume 
now that the result holds for n variables and we want to prove it for n+ 1. 
Consider the variables a1,a2,...,a@n+1. Without loss of generality, we can 
assume that an is the smallest of the variables and an+ı is the largest. 
AS @1@2...@nQn41 = 1, this implies that a, < 1 and ani > 1, so that 
(1 — an)(1 — Angi) < 0S an + Gn41 — 1 > anan+ı. We now make use of the 
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case of n variables by considering the variables a 1, a2, ..., Qn—1 and Anan+41. 
These are n variables that have product equal to 1 so we know that 


a1 + a2...An-1 + AnOn4i 2 N. 
But from above, a@n@n41 < Gn + an+ı — 1, which implies 
ai +a@o+...+@n+@n41 z n+l, 


establishing the inequality we wanted to prove. 
Remark. If in the above inequality we set 


T1 Tn oy 
ay = ————_...... ,a, = ——_—_—, for some positive reals z1, ... , £n, 


ATIT... En I/LIT? ... Zn 


we obtain the well-known AM-GM inequality: 


Cr tataas tin 
n 


= ALITI sis En: 


We would now like to prove a very strong result, known as Suranyi’s In- 
equality. Before we do this, we need to introduce a few more concepts: 


Definition. Let aj < a2 < ... < an and bı < b2 < bn be any real numbers. 
We call S(n) = a1b1 + a2b2 + ... anbn the Sorted sum of aj,...an,b1,... bn 
and R(n) = aibn + a2bn—1 +...anb1 the Reversed sum. 

For c1, C2,...,Cn being any permutation of the numbers b1, b2,...,bn, we call 
P(n) = aycy + agcg +... anCn a Permuted sum of aj,...@n,b1,... bn. 


Example 4.6. (Rearrangement Inequality) With the above notations, we 
have 
S(n) > P(n) = R(n). 


Solution. We prove the result by induction on n. 

For n = 1, we get S(1) = P(1) = R(1). 

We now assume S(n) > P(n) for arbitrary reals ay < a2 < ... < an and 
bı < b2 < bn and we prove that S(n +1) > P(n +1) for arbitrary reals 
aı Laz <... < an+1 and bı < bo < bn+1, where n > 1. 
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Since the c1,...Cn41 is just a permutation of b1,...bn41, there is some i 
such that bn+1 = c; and Cp41 = bj. From the ordering a] < ag < ... < an+1 
and by < b2... < bn+1 we have 


(Qn41 — Gi) (bn41 — 6;) 2 0. 
This gives ajbj + Q@n410n41 Z Qibn+1 + an+1b;, hence 
aid; + An419n41 > QiCi + An41Cn41- 


This implies that in the sum P(n+1), if we swap c; and cni1 we obtain a sum 
as least as big as the original one. But once we swapped c; and cni1, we reduce 
the problem to showing S(n) > P(n), which is our inductive assumption. So 
we have established S(n+ 1) > P(n+1), thus S(n) > P(n) for all n. 

The inequality P(n) > R(n) now follows easily from S(n) > P(n) by 
replacing bı < b2 <... < bn by —bn < —bn-1 < ... < —0y. 

We shall also need the following consequence of the Rearrangement in- 
equality: 


Example 4.7. (Chebyshev’s inequality) If aj < a2 < ... < an and bı < 
bə <... < bn are two increasing sequences of real numbers then 


ayo, + a2b2 + ... + anbn ŢȚ 2 taz+t...+an bıitbz+...+0n 


n n n 


Solution. By the Rearrangement inequality 


ajo, + a2b2 + ... + anbn = a1b1 + agbo+...+ anbn 
aibi + a2b2 + ... + anbn > a1b2 + a2b3 + ... + anbi 
a,b, + az2b2 + ... + aAnbn > a1b3 + az2b4 + ... + anb2 


a,b, + a2b2 + ... + anbn > aibn + a2b1 + . .. + anbn—1 


And the result follows by summing up all those and dividing by n?. 
We are now ready to prove the promised result: 
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Example 4.8. (Suranyi’s Inequality) Prove that for any positive numbers 
a1, 42,... Qn, the following inequality holds: 


(n — 1)(af +ag+...a7)+najag...an 
> (aj +az+...+an) (at +a +... +a}. 


Solution. For n = 1 we have nothing to prove. Assume now that the inequal- 
ity is true for n numbers and let us prove it for n+ 1 numbers. 

Due to the symmetry and homogeneity of the inequality, it is enough to 
prove it under the conditions aj > ag >... > an+1 and aı +a2 +... +an = 1. 
We need to prove that: 


n 


n n n 


i=1 i=] i=1 i=1 


From the inductive hypothesis we have 
(n= 1)(a] +a} +... +a?) +naiaz...an > at +a 1H... tant. 


Therefore 


n n 


n 
NAn+1 I] Qi > An+1 bD a — (n — 1)an41 `S a,’ 
i=1 


i=1 i=1 


Using this last inequality, it remains to prove that: 
n n n n 
(Pat — Soa?) = ana (n Yoel — oat] 
i=1 i=1 i=1 i=1 


n 
+an+1 Mi ai + (n — 1)an+1 — art > 0. 


1=1 


Now we will break this inequality into 


n 
An+1 (TI ai + (n — 1)ap+1 — art 20 
i=1 
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and 
n n 
(r ya ae -Jat ) — An41 PS-a) > 0. 
i=1 i=1 i=1 


The first of these two inequalities is easy, since by Bernoulli ’s inequality 


n n 


[] a: = [] (ai — angi + any) 


i=1 i=1 


ZAT andl S (ai — On41) = any — (n — lanss- 
i=l 


For the second inequality, we can rewrite it as 


nod apt! -Yai > any (n Sa! roar), 


(=) i=1 
Since 
n n 
nYa- Ya >0 
i=1 i=1 
(using Chebyshev’s inequality) and an+ı < 2 from Qn41 < ... < ay and 


aj+...+a4, = 1, it is enough to prove that 


n 


n n 
os TER a > E (nXa; — ` am) 
i=1 i=1 i=1 


This inequality now follows from the fact that nart! +4 =a +> 2ai", for all i. 
This establishes our inductive step and eoihpletes the Brook 

We are also going to prove the well-known AM-GM and Cauchy-Schwarz 
inequalities by induction. To do this, we need to introduce a very useful 
variation of the induction principle, called Cauchy induction. The way 
this works is that instead of proving that P(n) = P(n +1), we prove that 
P(n) => P(2n) and that P(n) > P(n—1). It is clear that in this way, starting 
from any base case, we can get to any non-negative integer n, hence proving 
P(n) for all possible values of n. 
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Example 4.9. (Cauchy-Schwarz) Let a1,...,@n, b1,...,bn be any real num- 
bers. Then 


(Qe bce Pat) (Of +t b2) > (aby Hn 4 and; ). 


Solution. We use Cauchy induction. For n = 1 the inequality is clear. Also 
for n = 2 we have to prove that (a? + a3)(b? + b2) > (a,b, + az2b2)?, which 


after expanding the parentheses on both sides and simplification is equivalent 
to ab? + ab? > 2a1a2b1b2 & (a1b2 — a2b1)? > 0. 

Assume now that the inequality holds for some n > 2 and let us prove that 
it holds for 2n. We need to show that 


(a? +... + a2) (b? +...+05,) > (aibi +... + Genben)’. 
Let 2? = a?+. . .+a2 (note that this substitution is possible as a?+. . .+a2 > 0), 
r3 = O24, +... tan, ye =dit...+b%, yf = 024, +...403, 
Then from the base case with two variables, we know that 
(21 + 23)(yt + Y2) 2 (z141 + T292)”. 
P(n) implies further that 
ry = y (a? +... + a2) (b? +...+ 02) > (arb, +... + anbn), 


and similarly 
T2Y2 > (an+1bn+1 + - - - + Ganban). 


Therefore 
(£x1yı + toyo)” > (a,b, +... + Gonbon)”, 


which is what we wanted. 
Now we are left to prove that P(n) = P(n — 1). In other words, assuming 
that for any n variables we have 


(a toetab cabs | abt ab 
we want to prove that for any n — 1 variables 
(a? tata OF +... +21) > (abı +... Pia 
This follows from P(n) by simply setting an = bn = 0. 
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Example 4.10. (AM-GM inequality) Let 21, 22,...2n be non-negative 


reals. Then 
LI + oe + Tn 


2 AP E D O 
Equality holds if and only if the numbers are equal. 


Solution 1. Our base case will be n = 2, for which we need to show that 


Li + £2 


-3 > 4/2122. 


This follows from writing the difference as a perfect square: 


ri + 2X2 af Li KT 2 
=- = /21 x2 — ae 
Equality holds if and only if zı = 9. 
Now assume that the inequality is true for some n > 2. Then we have 


Hy A oo Atos 7 zitten J Zotit Ton 


2N 2 
Ci ess ta T YTn+1 -- - T2n 
2 


> 2n T1 eee Tn. 


Here we used the inequality for n twice and then the inequality for n = 2 
and the numbers {/%...%p and %/%nj41...£2n. Equality holds if and only if 
Ti = ... = Ln, Inti =... = Lon and their geometric means are also equal, 
which implies £1 = £2 =... = Zan. 

Finally, let us assume that the inequality holds for n variables and prove 
that this implies that it holds for n — 1 variables. The idea is to plug in £n as 
the arithmetic mean of the other terms and cancel it out. So set 


IV 


= ty... +n- 
ia n—1 


From AM-GM for n numbers which we assumed to be true we have that 


Ti+... on 
oaea a E 





n 
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This implies that 


Pi Feii et Se | 
n— i1 





Raising this expression to the n-th power yields 


Ti F... +F Tn-1 


a 
n— i1 


n 
) BAA E E 
n—1 


, 


and cancellation yields 


(A e 


n—l1 
) dle oy ee! og 
n— 1 


which implies the desired inequality. 


Remark. A variant of the Cauchy induction is the following: assume we have 
to prove an inequality involving variables z1,..., £n. We start by showing as 
before that the base case holds and that P(n) = P(2n). If the base case was 
n = 1 or n = 2, this would prove the result for the situation when n is a power 
of 2. For a general n, we choose a k sufficiently large such that 2° > n. We 
then use the fact that P(2*) holds and set some convenient particular values 
for the variables %n41,...,2% gk which enable us to derive the result for the 
remaining variables z1,..., £n. To illustrate how this variant works, we use to 
give another proof of the AM — GM inequality: 


Second solution to AM-GM. The first part of the proof which establishes 
the base case n = 2 and the implication P(n) > P(2n) is the same as in the 
first solution. 

Now given n a positive integer, choose k such that 2% > n and set 


— ay r..-An 


| 
Q 
bo 

> 

| 


Qn+1=.-- 


Then using the fact that P(2") is true, we have 





Qi+...+an 
n n 





ay +... tan + (2* — n) Staten > Oh x )2k—n 
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which further simplifies to 1 > a,...an- (tren )—n which is exactly the 
sought inequality. 

Another example for which we use the second form of Cauchy induction is 
the following: 


Example 4.11. (USSR 1990) All coefficients of a quadratic polynomial 
f(x) = ax? + br + c are positive and a+b+c=1. Prove that the inequality 


Fizi)... f(E) 21 


holds for all positive numbers z1,..., £n, satisfying 7, -...- Ln = 1. 


Solution. First observe that if zı = 1, we havef (xı) =a+b+c=1. 
We now prove that for any positive reals x and y we have 


f(x)- f(y) = (f (VE). (1) 
Let z := ,/ry. Then one has 
f(x) f(y) — F@)? = @? (2?y? — 24) +0 (2y- 27) 42-1) 


+ab (a?y + zy’ — 27) +ac (x? +y — 22°) + be(x + y — 22) 


2 2 
= ab (\/2?y — Vay?) + ac(x — y)? + be (Vz — vu) > 0. 
We now prove by induction that whenever n is a power of 2, for all positive 
reals £1,...,2n the following holds: 


f(t1) +--+ (En) 2 (f (Y1. tn)". 


Assume that this is true for n = 2". Then using the inductive hypothesis and 
(1) we obtain 


(f (£241) Sasa (Lor+1)) 


IV IV 
AN oe, 
~ ~ 
oe ee, 
Sr 
= 8 
: x 
s| >S 
bo Ner yr 
> 

iz R 
Na” = 
Ne een 
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and so the statement is also true for n = 2*+!. 


Suppose now that n is arbitrary and 71 -...-%, = 1. Let k be the positive 
integer such that 2k-1 < n < 2%. Let us add, if necessary, 2n41 = n42 = 
... = Tok = l. Since f (n41) = f(Tn4+2) =... = f (£k) = 1, we may write 


FE) f(@n) = F) o Fen) > (F) L 


This completes our proof. 
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4.2 Proposed Problems 


Problem 4.1. There are n > 1 real numbers with non-negative sum written 
on a circle. Prove that one can enumerate them aj, a2,...,a, such that they 
are consecutive on the circle and 


a, > 0, ay tag >0,..., a3 tagt+...+@n_1 > 0, a3 tag+...+ ay, > 0. 
Problem 4.2. Let aj, a2,...,a@n, be positive real numbers. Prove that 
ai a2 On, aj+:+-:'+an 


se ep H i MM 
(lta)? (1+a1 + a2)? (Ltai+---+an)? “l+tart+---+an 
Problem 4.3. Show that 2(vn +1- 1) < meg TALS 

s . /2 eee Vn 


Problem 4.4. Let x be a real number. Prove that for all positive integers n, 


< Wn. 


|sinnz| < n|sin z|. 


Problem 4.5. Let n > 2. Find the least constant k such that for any 
a1,...,@n > 0 with product 1 we have 


a14đ2 a243 Anai 
a eee ee 
(a? + a2)(aZ+a1) (a5 +. a3)(az + a2) (a2 + a1) (az + an) 


Problem 4.6. Let ai, a2,...,@n, be integers, not all zero, such that a, + a2 + 
--»- +a, = 0. Prove that 


k 


2 
lay + 2ag + +2" -1a,| > T 


for some k € {1,2,...n}. 


Problem 4.7. Let n > 2 and aj,a2,...,@n € (0,1) with aiaz...an = A”. 


Show that 
1 1 n 


— +... + —— < ——. 
Lea Gea ae 
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Problem 4.8. (APMO 1999) Let aj,a2,... be a sequence of real numbers 
satisfying aj,; <a; + a; for all i,j =1,2,.... Prove that 


a a a 
a+ ttt ban 
2 3 n 


for each positive integer n. 


Problem 4.9. (Tuymaada 2000) Let n > 2 be a positive integer and 
L1,.-.,2n be real numbers such that 0 < £k < L, for all k = 1,2,... n. 
Prove that 


n 
C a o 
xı tta +... + Tn Zi Ln, 


Problem 4.10. (China) Let aj,...,a, be real numbers. Prove that the 
following two statements are equivalent: 

a) a; +a; > 0 for all i Æ j; 

b) If £1,...,£n are non-negative real numbers whose sum is 1, then 


azı +... + anTn > aIr? +...+anz?. 


Problem 4.11. (USAMO 2000) Let aj, bj, a2, b2, . . . , an, bn be non-negative 
real numbers. Prove that 


n nı 
` min{aja;, bib; } < ` min{a;bj, ajbi}. 
1,j=1 1,j=1 


Problem 4.12. (Romania TST 1981) Let n > 1 be a positive integer and 
let 21, £2,..., £n be real numbers such that 0 < £n < £n-1 < ... << £3 < £2 < 
xı. We consider the sums 


Sn = T1 — T2 + ... + (—1)"£n-1 + (—1)"t1z,; 


OS Ss at 1) ee et) 


Show that s2 < Sj 
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Problem 4.13. Let 1 = zı < z2 < ... < Zn41 be non-negative integers. 
Prove that 


\/XL2 — xf — T 1 1 
SS a 
Problem 4.14. Prove that 

n 

, 3 

S` |sin(2z)| < 1+ Sp, 

i=0 
where n is a non-negative integer. 


Problem 4.15. Prove the following inequality 
Nar ie 1 (ores ait Lea 4 1) > (1 + abc) (a°?! a 1)(p701 of ie + 1), 
where a > 0,0>0, c> 0. 


Problem 4.16. Prove that for any n € Z, n > 14 and any z € (0, =) the 
following inequality holds: 


sin2z sinz sin(n + 1)x 
sing sin2dxc © sin nx 


Problem 4.17. Let A, = 5 + ł +. + L n > 2. Prove that 
efr > Yn! > gAn 


Problem 4.18. Show that if z1, 22,...,2%n € (0,1/2), then 


< 2cotz. 








TIT... Ln Z (Lei Deak LH ey) 
(x1 + z2 +... + £n) T (1-21) +...+(1—2n))” 


Problem 4.19. (ELMO 2013 shortlist) Let n be a fixed positive integer. 
Initially, n 1’s are written on a blackboard. Every minute, David picks two 
numbers x and y written on the blackboard, erases them, and writes the 
number (x + y)* on the blackboard. Show that after n — 1 minutes, the 


An? —4 
3 





number written on the blackboard is at least 2 


Chapter 5 


Sequences and Recurrences 


5.1 Theory and Examples 


When we are given a sequence that satisfies certain properties (such as a 
recurrence relation) and we are asked to find the general term in closed form, 
we can try guessing an = f(n) in several ways and then prove that our guess 
is correct by induction. We list a few key strategies that are helpful in this 
process: 


a) Starting from a,, we may try to calculate the first few terms aj, a2,... 
until we spot a possible formula. 


b) It might be easier to actually calculate the ratios aa lorn = 1,2, 
and then guess a rule which can be proved by induction. 


c) The guess may become easier if we know that our sequence converges to 
some value a. In this case, we can substitute an+ı and an with a in the 
recurrence relation and find the value of a. Then studying the value of 
An — a, we might spot a pattern. 


d) By calculating the first few terms, we may notice some correlation be- 
tween the given sequence and some other famous sequences that we 
know, for example the Fibonacci sequence. 
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e) Guess a functional form for a, with a small number of free parameters 
and try to solve for these parameters. For example, one might guess 
An = P(n) is a polynomial of low degree in n or an exponential a, = Cr”. 


We present below some examples that use some of these ideas. 


Example 5.1. The sequence (an)n>o satisfies 


1 
Opi Cig = 5 (42m +a) forall integers m,n>0O with m>n. 


If aj = 1, find A1995. 


Solution. If we set m = n, we get that 


1 
Gam + ao = 3 (a2m + 42m) => ao = 0. 


Also 


1 
a1+0 + a1~-9 = 5 (a2 + ag) => an = 4. 


We now use strong induction to prove that a, = k? for all k > 0. The base 
cases k = 0,2 are verified above and a; = 1 from hypothesis. 
Setting n = 0, m = k in the recurrence relation, we get 


1 
âk + âk = 5 (02k H 0) => ao, = 4ak 
Setting m = 2k, n = 1 and using the above formula, we obtain 


1 1 
A2k+1 + a2k—-1 = 5 (04k +a) = 5 (402k + ag), 


and hence 
a2k+1 = 202k — A2k—1 + 2. 


Assume now that a; = 4? for all 2 < j < n. If n = 2k is even, we obtain 
an = 4a, = (2k)?, 
and if n = 2k + 1 is odd, we obtain 
On = 2azk — a2k—1 + 2 = 2(2k)* — (2k — 1)? + 2 = (2k +1)". 


Hence an = n? for all n. In particular, aj995 = 19957. 
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Example 5.2. Define the sequence (£n)n>0 by 
1) £n = 0 if and only ifn = 0 and 
2) E Times + (—1)?27 | for all n > 0. 
2 


Find z,, in closed form. 


T 
2 


Solution. Setting n = 0 and n = 1 yields zı = x? and z2 = 2%, hence 
£1 = £2 = 1. From the given condition we obtain 


E 2 ery 2 
Lont1 = Lay + Ly and Lon = Th, — Th- 
Subtracting these relations implies 
ee 2 = 
L2n+1 — L2n = Ln F Tn—i = T2n—l1,; 


hence 
Lont1 = Lon + Lon-1, n= 1. (1) 


We induct on n to prove that 
Lon = Lon—1 + Lan—2, N È 1. (2) 
Indeed, £2 = 41 + Zo and assume that (2) is true up to n. Then 
LIn+2 — L2n = n+? a= Tatl Pia 
© (eng + On)? — 02 — 224, + (Enl — En) 
Sg hat = teh 


as claimed (the equality (*) holds because of (1) and the induction hypothesis). 
From relations (1) and (2) it follows that £n+2 = £n+1 + £n for all n > 0. 
Because zo = 0 and x; = 1, the sequence (£n)n>0 is the Fibonacci sequence, 


hence : : 
(54) -(59)) 


Example 5.3. Define the sequence (an)n>0 by ao = 0, a1 = 1, ag = 2, ag = 6 
and 








An+4 = 2an+3 + An+2 — 2n41 — An, N > O. 


Prove that n divides a,, for all n > 0. 
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Solution. From the hypothesis it follows that ag = 12, a5 = 25 and ag = 48. 

We have ee i üi z 
5 

1 2 8 “A 2 5 a 6 i 


This shows that “ = Fn for all n = 1,...,6, where (Fn)n>1 is the Fibonacci 
sequence. 

We prove by induction that an = nF, for all n. Indeed, assuming that 
ak = kFk for k < n + 3, we have 


an+4 = 2(n+ 3)Fn43 + (n+ 2)Fn42 — 2(n +1) Frai — nFn 
= 2(n + 3)Fn+3 + (n + 2)Fn42 — 2(n + 1)Fn41 — 2( Frag — Fn41) 
= 2(n + 3)Fn+3 + 2Fon+e — (n+ 2)Fn41 
= 2(n + 3)Fn+3 + 2Fon+2 — (n+ 2)(Fni3 — Fn+2) 
= (n T 4) ( Fn+3 + Fn+2) 
= (n + 4)Fn+4, 
as desired. 


Example 5.4. Let (an)n>0 be the sequence defined by apg = 0, aı = 1 and 


An+1 — 3an + Gn-1 a 
mE L es 
9 ( ) ? 


for all integers n > 0. Prove that an is a perfect square for all n > 0. 


Solution. Recall that the Fibonacci sequence is given by F = 1, Fy = 1 and 
Fase = Fn41 + Fn, (n > 1). We claim that a, = F? and we prove this by 
induction on n > 0. 

The base cases are an immediate check: 


ao = f =0, a, = f? =1, ag = ff =1. 


Assume that the statement is true for some n > 2, we will prove it for n+ 1. 
We have 


An41 — 3An + An—1 An — 3An—1 + An—2 


; ; = (—1)" + (~-1)"* =0. 
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Thus Qn41 = 2an — 2an—1 — Gn—2 and it is enough to prove that 
Fiyi = 2Fi + 2Fp-1 — Fy_a, or 
(Fn + Fy-1)* = 2F? + 2F?_, — (Fn — Fn)”, 
which is clearly true after expanding the parentheses on both sides. 
Example 5.5. Consider a, = V2 , a tower of n terms equal to V2. 
Prove that an is increasing and bounded above by 2. 


Solution. We will prove by induction on n that an < 2 and an < Gn41. 


For n = 1, clearly V2 < 2 and Vo > V2. 
Assuming the result for some n > 1, by the induction hypothesis we have 


n 2 
an1 = V2 < V2 i 


Also, 
an an— 
Ont. = V2" >V2" > = an. 


Example 5.6. (USAMO 1997 shortlist) Let a; = a2 = 97 and 


An4+1 = AnGn—1 + y (a2 — 1)(a2_, —1),n > 1. 


Prove that 
a) 2+ 2an is a perfect square; 
b) 2+ /2+ 2a, is a perfect square. 


Solution. The expressions a? — 1 and 2 + 2a ask for the substitution 
5 (+ is) 
=- |b +=). 
PE Tip 
The equality 5 (o? + x) = 97 implies 2+ 2a = (b + "i = 196, hence 


1 
pe a 
T? 
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Setting b = c? yields 2 + V24+2a = (c+ 1)” = 16, thus c+ 1 = 4. Let 
c= 2 + v3. We will prove by induction that 


1 AF., 1 
tn = 5 (e + am) n21, 


where F, is the nt? Fibonacci number. 
Indeed, this is true for n = 1, n = 2 and, assuming that 





1 1 
m= z (thk 




















2 
implies 
l / AF, l 4Fa— 1 
ee (< i an) (e a az) 
1 far, 1 4Fn- 1 
+ A (c = sr) (c om ao) 
== 1 4Fn+1 ) 
= (c F Ama] 
Then 
TE E m4 + E 
G i I 
and 


1 1 \? 
2+ OF Dig = 242% 4 = (c+) R 
C nı Cn 


To finish the question, notice that £m = c™ + 4 is an integer for all positive 


integers m since it satisfies x9 = 2, x1 = 4, and £m = 4£m-1 —Tm-2 for m > 2. 


Example 5.7. Determine the general term of the sequence (an)n>1 given by 


1 
a =l, an= (1+ 4an + VIF 24an) . 
Solution. For this question, we will use the approach where we first prove 
that the sequence converges to some value a, and after we substitute an+1 
and a, with a in the recurrence relation, we find the value of a. Clearly the 
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sequence has only positive terms. We prove that the sequence is decreasing. 
To do this, it suffices to show that 4 < an for all n, since we then have 


z (16an — 1] — 4an — v1 + 24an) 
(12a, — 1 — VI F 24an). 


An — An4+1 = 


aeaa 


~ 16 


Now 12a, — 1 — v1 + 24a, > 0 is equivalent to 12a, — 1 > y1 + 24an. Since 
Gee 7 we can square both sides and we get 


144a2 — 48a, > 0, whichis true, as an > L, 


We show that an > 5 by induction. The base case is verified from the hypoth- 
esis. For the inductive step, we have 


1 1 1 
an+ = Tg (1+ 4an + VI F 24an) > 7 s(a 1 +245) =o 


This completes our induction. So a, is decreasing and bounded below, hence 
convergent to some value a > 0. Substituting a for an+ı and an in the recur- 
rence relation we find that a = 0 or a = L, AS an > Ż for all n, we must have 


that a = Ł, Then 








111 i 4 1 
saa ae a a ES) 
1 1 1 1 1l 1 
B- 375z 3,98) SF a= oa eT 
Now we claim that 
1 1 2 
On = 37 on T 3. qn 


This claim can be proved explicitly by induction. We have already established 
the base cases. Assuming it for n, we have 


1 1 1 2 1 1 2 
ee (1+4(3+m +m) + A tot a). 
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After noting that 





1 1 2 4 \2 
1+2 a eT oes 


and expanding and simplifying the terms accordingly, the above expression 
gives the desired formula for ani1, completing our induction. 


Example 5.8. Consider the sequences (un)n>1, (Un)n>1 defined by uz = 3, 
vy = 2 and Un+1 = 3Un + 4Un, Vn+1 = 2Un + 3Un, Nn > 1. Define rp = Un + Un, 
Yn = Un + 2Un, Nn > 1. Prove that Yn = [znv2I , for all n > 1. 


Solution. We prove by induction that 
u? — w? =1, n>1. (1) 


For n = 1, the claim is true from hypothesis. Assuming that the equality is 
true for some n, we have 


Ue — 20211 = (3un + 40n)* — 2(2un + 3un)* = u2 — 202 = 1, 
hence (1) is true for all n > 1. We now prove that 
2z2 — y2 =1,n > 1. (2) 
Indeed, 
2g — y2 = 2(un + Un)? — (Un + 20n) = u2 — 202 = 1, 
as claimed. It follows that 
(2nV2— yn) (tnV2+ yn) =1, n> 1. 
Notice that £n v2 + Yn > 1, so 
0 < tnV2—yn <1,n>1. 


Hence Yn = ltnv2I, as claimed. 
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Example 5.9. (IMO 2013 shortlist) Let n be a positive integer, and con- 


sider a sequence @j,@2,...,Q@n, of positive integers. Extend it periodically to 
an infinite sequence aj,a2,... by defining a,4; = a; for all 2 > 1. If 
aı Laz L<... Llan ait+n (1) 
and 
ía <n+i-1 for i=1,2,...,n, (2) 
prove that 


E E E E a 


Solution. We provide a solution to this problem by induction on n: 

We begin by verifying the initial case n = 1. For this we get aa, < 1, and 
since for n = 1, the sequence is constant, this implies aj = aa, < 1, so the 
result follows. 

For the general case we first rule out the simple cases when a; = 1 (which 
implies a2,...,@n < n + 1), ay = n (which implies a, < n), or an < n, as 
for these the inequality holds trivially. We also see that if an, then we get 
n < a1 Š Qa, <7, a contradiction. So we may assume a < n < an. 

Now consider the number t with 1 < t < n — 1 such that 


a&i La <.. LULAN y Soon S Gy. 


Since 1 < a, < n and ag, < n by (2), we have a; < t. 
Define the sequence d1,...,dn-1 by 


ct Qi41—-1 ifi<t-l; 
' Qi+1 — 2 if 2 > t, 
and extend it periodically modulo n — 1. One may verify that this sequence 
also satisfies the hypotheses of the problem. The induction hypothesis then 
gives 
dj+...tdn_-1 < (n—1)’, 
which implies that 


n t n 
Sas = a+) (di1+1)+ So (di-1+2) < t+(¢-1)+2(n—-t)+(n-1)? = n’. 
1=1 i=2 i=t+1 
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This completes our induction and hence also the proof of the problem. 


Example 5.10. (Russia 2000) The sequence aj, a2, ..., @2000 of real numbers 
satisfies the condition 


a$ +a +.. ta = arteti for all 1 < n < 2000. 
Prove that every element of the sequence is an integer. 


Solution. We prove by induction on n both that an is an integer and that 
Nn( Nn + 1) 
2 
for a non-negative integer Np. We extend this sum to the case n = 0, for 
which we use No = 0, and this will be the base case of our induction. 
Assume now that the claim holds for some n > 0 and we prove it for n+ 1. 
We are given that 


ai taz +... + an = 


n+1 2 n+1 
i=1 i=1 
which is equivalent to 
Nn(Nn +1 2 (Nn(Nn +1)\? 
(ABD tan) = (FEED) teas 


By expanding and factoring, the above equality becomes 


An41(Q@n41 — (Nn + 1))(@n41 + Nn) = 0. 


Thus an41 € {0, Nn +1,—Nn}, so that an+ı is an integer. 
To finish the induction, we need to determine Nn+1. If an+1 = 0, then we may 
set Nnii = Nn. If angi = Nn +1, then 


= Nn(Nn +1 Nn + 2)(Nn +1 
Soa; tangs = AREY) 5 (ny, 41) CDD, 
i=1 
so we may set Nn+1 = Nn + 1. Finally, if an41 = —Nn, then 
- Nal Nel Nn(Nn— 1 
D rc ae ee 
1=1 


so we set Nn+1 = Nn — 1. This completes the induction step and the proof to 
our problem. 
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5.2 Proposed Problems 


Problem 5.1. The sequence (an )n>1 is defined by a; = 2 and 


2+ An 
1 — 2an” 


Prove that all its terms are nonzero. 


n >i. 





Qn+2 = 


Problem 5.2. Let (an)n>0 and (bn)n>0 be sequences defined by 

Qn43 = Gnt2 + 2an+1 + an, n = 0,1,..., ao = 1, aı = 2, a = 3 
and 

bn+3 = bn+2 + 2bn+1 + bn, n = 0,1,..., bo = 3, bi = 2, bg = 1. 
How many integers do the sequences have in common? 


Problem 5.3. (India 1996) Define a sequence (an)n>1 by a, = 1 and ag = 2 
and an+2 = 2an+1 — an + 2 for n > 1. Prove that for any m > 1, amam+1 is 
also a term in this sequence. 


Problem 5.4. (Russia 2000) Let aj, a2, . .. , an be a sequence of non-negative 
real numbers, not all zero. For 1 < k < n, let 


Qk—-it+1 + Ak-i42 +... + Ak 
Mk = max a. 
1<i<k i 


Prove that for any a > 0, the number of integers k which satisfy Mmk > a is 
less than S14@24--tan 
Q 


Problem 5.5. (USAMO 2003) Let n Æ 0. For every sequence of integers 
A = a0, 41,42,...,âan satisfying O<a;<i, for i=0,...,n, 
define another sequence 
t(A) = t(ag), t(a1), t(a2),...,t(an) 


by setting t(a;) to be the number of terms in the sequence A that precede the 
term a; and are different from a;. Show that, starting from any sequence A as 
above, fewer than n applications of the transformation t lead to a sequence B 
such that t(B) = B. 
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Problem 5.6. (Russia 2000) Let a1, a2,... be a sequence with a; = 1 sat- 
isfying the recursion 


an — 2 if a, —2 ¢ {a1,a2,...,an} and a,—2>0; 
a = 
idis an +3 otherwise. 


Prove that for every positive integer k > 1, we have an = k? = an_1 + 3 for 
some n. 


Problem 5.7. Let (£n)n>ı be defined by the relations zı = 1, and 
Tn 


n 
e = —+—, n>1. 
Nn Tn 


Prove that |x2] = n, for all n > 4. 


Problem 5.8. (Russia 2000) For any odd integer ag > 5, consider the 
sequence ao, @1,a2,..., where 


a2—5 ifan is odd, 
An+1 = ; , 
“at if an is even, 


for all n > 0. Prove that this sequence is not bounded. 


Problem 5.9. (China 1997) Let (an)n>1 be a sequence of non-negative real 
numbers satisfying Qn4m < an + am for all positive integers m, n. Prove that 
ifn > m, then 


n 
An < Ma1 + (= — 1) m: 
m 
Problem 5.10. Let n > 2 be an integer. Show that there exist n+ 1 numbers 
T1, T2,- -n41 E Q \ Z, so that {xf} + {x3} +... + {x3} = {x21}, where 
{x} is the fractional part of zx. 
Problem 5.11. Let (an)n>ı be a sequence of real numbers such that 


a 
ai =@2 =l and An+2 = Anti + gn? for n>1. 


Prove that a, < 2 for any n È> 1. 
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Problem 5.12. (IMO 1995) The positive real numbers x9, £1, ..., 1995 Sat- 
isfy LQ = T1995 and 





1 
Ti—1 + = 22; + —, 
Li-1 Ti 
for i = 1,2,...,1995. Find the maximum value that xo can have. 
Problem 5.13. (INMO 2010) Define a sequence (an)n>0 by ao = 0, a1 = 1 


and 

An = 2an-1+Qn_-2, for n>2. 
a) For every m > 0 and 0 < j < m, prove that 2am divides am+; + (—1) am-—j. 
b) Suppose that 2” divides n for some natural numbers n and k. Prove that 
2k divides an. 


Problem 5.14. (IMO 2013 shortlist) Let n be a positive integer and let 


Q1,...,@n—1 be arbitrary real numbers. Define the sequences uo,..., Un. and 
U0,+++,Un inductively by up = uy = vo = v1 = 1, and 
Uk+1 = Uk + QkUk—-1, Uk+1 = Vk + an-kVk—1 for k = 1,...,n—1. 


Prove that un = Un. 
Problem 5.15. (IMO 2006 shortlist) The sequence of real numbers 
a0, Q1, 42,... is defined recursively by 


n 


ag = —1, y- ek = 0, for n>1. 





Show that a, > 0 for n > 1. 


Problem 5.16. Let (an)n>0 be a sequence defined by 
ao =a, =47 and 2an41 = ananı + y (a2 — 4)(a2_, — 4). 
Prove that an + 2 is a perfect square for any n > 0. 


Problem 5.17. Let ao,a1,a2,... be an increasing sequence of non-negative 
integers such that every non-negative integer can be expressed uniquely in the 
form a; + 2a; + 4ax, where i,j and k are not necessarily distinct. Determine 


21998 - 
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Problem 5.18. A sequence of integers a1, a2,a3,... is defined as follows: 
a, = 1 and for n > 1, aņn+ı is the least integer greater than a, such that 
a; +a; # 3a, for any i,j and k in {1,2,3,...,2+1}, not necessarily distinct. 
Determine Q1998. 


Problem 5.19. Let k be a positive integer. The sequence aj, a2,a3,... is 
defined by aı = k +1, and an41 = a2 — kan + k, n > 1. Prove that am and an 
are coprime (for m Æ n). 


Problem 5.20. (Bulgaria TST 2011) Let (£n)n>ı1 be a sequence defined 
by xı = 2 and 

3Tn + 2 
3p 


Is this sequence eventually periodic? 





Ena = forall n> 1. 


Problem 5.21. (St. Petersburg) Let (£n)n>1 and (yn)n>1 be two sequences 
given by xı = $, yı = t and 


Ln+1 = Tn + r2, Yn+1 = Yn + y2 for n>1. 
Prove that for any positive integers m and n, we cannot have £n = Ym. 


Problem 5.22. (Taiwan 2000) Let f : N* — N be defined recursively by 
f(1) = 0 and 
n) = max + fin i)+ it, 
f(n) ax, FG) f(n—j) +3} 
for all n > 2. Determine f (2000). 


Problem 5.23. (Taiwan 1997) Let n > 2 be an integer. Suppose that 


Q1,02,...,Qn are positive real numbers such that 
Qi—1 + Qi+1 
ki = ——————— 
Qi 


is a positive integer for all i (here ag = an and an+ı = a1). Prove that 


2n < ki + k2 +... + kn < 3n. 
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Problem 5.24. (Zeckendorf) Prove that any positive integer N can be rep- 
resented uniquely as a sum of distinct and non-consecutive terms of the Fi- 
bonacci sequence: 

m 

N= Tor ij -tj-1 > 2. 

j=l 
Problem 5.25. Let a > 1 be a real number which is not an integer. Prove 
that the sequence (an)n>0 defined by 


an = (at) —ala™) 
is not periodic. Here, |x] denotes the integer part of x. 


Problem 5.26. (China 2004) For a given real number a and a positive 
integer n, prove that: 


i) There exists exactly one sequence of real numbers 2%, 2%1,...,2n,2n4+1 
such that 
Lo = Inti =Q, 
1 = Sena i 
sirr ra) = arta Se S] 2 
ii) the sequence %0,2%1,.--,%n,Zn41 in i) satisfies |z;| < |a| where i = 


0,1,...,n +1. 
Problem 5.27. (IMO 2010 Shortlist) A sequence x1, 22,... is defined by 
%1=1 and Tək =—Tk, Tək-1 = (—1)**+2,, for all k>1. 
Prove that for all n > 1, we have 
zı +X%o+...+ 2p, = O. 


Problem 5.28. Let a, be the number of strings of length n which contain 
only the digits O and 1 and such that no two 1’s can be distance two apart. 
Find a formula for a, in closed form. 


Problem 5.29. (IMO 2009 shortlist) Let n be a positive integer. Given 
a sequence €1,..., E€n—1 With c; = 0 or e; = 1 for each i = 1, ..., n—1, the 
sequences do, ..., An and bo, ..., bn are constructed by the following rules: 


ag: = 05: = 1, ay = bi =T, 


90 


re 2a;-1 + 3a;, 
= 3Qi-1 Y Qi, 


2bi—1 + 3b;, 
bi41 = 
36;-1 + bi, 


Prove that an = bn. 
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if Ei = 0, 


TS for each i = 1,...,n — 1, 
U a=, for each i = 1,...,n — 1. 


Problem 5.30. (IMO 2008 shortlist) Let ag, a1, a2, ... be a sequence of 
positive integers such that the greatest common divisor of any two consecutive 
terms is greater than the preceding term; in symbols, gcd(a;,a;41) > aj—1. 
Prove that a, > 2” for all n > 0. 


Chapter 6 


Number Theory 


6.1 Theory and Examples 


We start by giving a comprehensive review some of the basic notions and 
results which we shall employ in this chapter: 

Given a,b € Z, a Æ 0, we say a divides b, a is a factor of b or a | b if 
there exists c € Z such that b = ac. For any b, +1 and +b are always factors 
of b. The other factors are called proper factors. 


The Division Algorithm is a theorem which asserts that given two inte- 
gers a and b with b Æ 0, there exist unique integers q and r such that 


a=qb+r, and 0<r< jbl. 


A common factor of two integers a and b is an integer c € Z such that c | a 
and c | b. The highest common factor or greatest common divisor (gcd 
for short) of two numbers a, b € N is a number d € N such that d is a common 
factor of a and b, and if c is also a common factor, c | d. We will denote the gcd 
of a and b by gcd(a, b) or simply (a,b). It exists and it is uniquely determined 
by a and b. If d = gcd(a,b), then d | (ua + vb), for all u,v € Z (in fact d 
is the smallest positive linear combination of a and b). Bézout’s theorem 
says that if a,b € N and c € Z, then there exist u,v € Z with c = ua + vb 
if and only if (a,b) | c. Euclid’s Algorithm provides an explicit procedure 
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for computing gcd(a, b), namely if we continuously break down a and b by the 
following procedure (stopping when we get a zero remainder): 


a=qb+r, 
b = geri + T2 
Tı = Q3r2 + T3 


Tn—2 = nfn—1, 


then the highest common factor is rnz_;. We say a and b are coprime if 
gcd(a, b) = 1. 

A positive integer p is prime if p > 1 and the only factors of p are +1 
and +p. The Fundamental Theorem of Arithmetic (which we will prove 
shortly) says that every positive integer is expressible as product of primes 
in exactly one way. Euclid proved that there are infinitely many primes and 
Chebyshev’s Theorem says that for any n > 3, there is always a prime 
between n and 2n—2. For a positive integer a and a prime p, we will frequently 
use the notation vp(a) to denote the power of p in the prime factorization of 
a (e.g. v3(18) = 2, v(11) = 0). We can extend this notation to rational 
numbers by defining vp (™) = vp(m) — p(n). 

For two integers a and b and a positive integer n we write a = b (mod n) 
to mean n | (a—b). Standard properties such as a = b (mod n) andc=d 
(mod n) imply ac = bd (mod n) can be proved from the definition. 


Chinese Remainder Theorem. Let (m,n) = 1 and a,b € Z. Then there is 
a unique solution (modulo mn) to the simultaneous congruences 


(k 


i.e. there exists x satisfying both and every other solution is = z (mod mn). 


a (mod m) 
b (mod n) 


] 


Fermat’s Little Theorem. If a is a positive integer and p is a prime, then 
a? =a (mod p). 
We will prove this theorem in the examples below, too. 
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For a given positive integer n, we let ¢(n) denote the cardinality of the set 
{faeEN*:a<n and (a,n) = 1} (ie. the number of positive integers less 
than or equal to n and coprime to n). 


Euler’s Theorem. If a and n are positive integers and (a,n) = 1, then 
a?) =1 (mod n). This generalizes Fermat’s Little Theorem from above. 

For two positive integers a and n with (a,n) = 1, the order of a modulo 
n is the smallest positive integer k such that aë = 1 (mod n). Notice that 
Euler’s Theorem proves that the order always exists and that it divides ¢(n). 

Given a positive integer n, an integer a is called a quadratic residue 
modulo n, if there exists an integer x such that z? = a (mod n). Otherwise, 
a is called a quadratic non-residue. For a prime number p, and an integer 
a one defines the Legendre symbol by 


1 if ais a quadratic residue modulo p; 
a 
(5) = 4 —]1 ifa is a quadratic non-residue modulo p; 
0 if(a,p)>1. 


Standard properties of the Legendre symbol follow from the properties of 
moduli. For more details on this, as well as the applications of the Legendre 
symbol in other areas of Number Theory, we invite the reader to consult any 
standard texts on Elementary Number Theory. 

From the Division Algorithm, we know that for each positive integer n 
and any integer a, there exists a unique integer 0 < b < n — 1 such that 
a = b (mod n). For a given positive integer n, the relation a ~ b given by 
a ~ bifa =b (mod n) is an equivalence relation. By the observation we have 
made, we can choose the equivalence class representatives to be the numbers 
0,1,...,2—1. We let Zn = Z/nZ = {0,1,...,n—1} be the set of these classes. 
If for a € Z we denote by [a] E€ Zn its corresponding equivalence class, we can 
define an additive operation on Z, in the natural way as c+ d = [c+ d], for 
any c,d E Zn (so for example 2+ 3 = 1 in Z4). In a similar manner, if we 
look at the set Z* = (Z/nZ)" = {0 <a <n: gced(a,n) = 1} instead, we can 
define a multiplicative operation on Z* via c-d = [c-d]. In general, we will be 
concerned with the case when n = p is a prime, so that Z, = {0,1,...,p—1}, 
Zp = {1,2,3,...,p—1}, and the operation defined on Zp is addition, while on 
LZ it is the multiplication, as described before. 
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6.1.1 The p and 2 | Technique 

A particularly nice variant of induction which we have not met yet and 
is specific to Number Theory is the following: rather than proving P(0) and 
P(n) = P(n +1), we prove that P(n) is true by induction on the number 
of (prime) factors of n (not necessarily distinct). One of the most famous 
applications of this idea is: 


Example 6.1. (Fundamental Theorem of Arithmetic) Prove that every 
natural number n > 2 is expressible as a product of primes in exactly one way. 
In particular, if 

Pip2---Pk = 4192---; 


where p;, qi are primes, but not necessarily distinct, then k = l and qj,...,q 
are P1,.-.,DPk in some order. 


Solution. For the proof, we will need the following result, which follows from 
Bézout’s theorem and we leave it as an exercise for the reader: if p is a prime 
number and p | ab then p | a or p |b. 

Let us now prove the original question. Assume the contrary. Then (by 
the well-ordering principle) there exists a minimal n that cannot be written 
as a product of primes. 

If n is a prime, then n is a product of primes. Otherwise, write n = ab, 
where 1 < a,b < n. By minimality of n, both a and b are products of primes. 
Hence so is n. Contradiction. 

For the second part, we do induction on k + l, where k and l are the 
number of prime factors in two representations of n, as in the hypothesis. 
When k +1 = 2, we must have k = 1, l = 1 (otherwise we get that product of 
two primes is equal to 1, which is a contradiction). But then we have pı = q, 
which is what we wanted. 

Now let pi---py = @qi-:-q@. We know that pilqi---q. Then 
pilqi(qeq3---q.). Thus pi\q; for some i. Without loss of generality, assume 
i = 1. Then pı = qı since both are primes. Thus pop3---p, = goq3--: qı. 
From the induction hypothesis for l + k — 2, we are done. 


Example 6.2. (OMM 2002) Let n be a positive integer. Does n? have more 
positive divisors of the form 4k + 1 or of the form 4k — 1? 
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Solution. Denote by M(n) the number of positive divisors of n? of the form 
4k — 1 and by P(n) the number of positive divisors of n* of the form 4k + 1. 

We prove by strong induction that M(n) < P(n). For n = 2* we have 
MO") =0 < 1 = P(2"). 

Let p be a prime such that p { n, p = 1 (mod 4). Then every divisor 
of (pln)? = p*n? of the form 4k — 1 is a power of p times a divisor of n? 
of this form and similarly for divisors of the form 4k + 1. Hence M(p%n) = 
(2a+1)M(n) and P(p%n) = (2a + 1)P(n), so M(n) < P(n) forces M(p%n) < 
P(p@n). 

Now consider a prime p such that p { n, p = —1 (mod 4). Then every 
divisor of (p%n)? = p?%n? of the form 4k — 1 is either p?” times a divisor of n? 
of the form 4k — 1 (for some 0 < r < a) or p*”—! times a divisor of n? of the 
form 4k+1 (for some 1 < r < a), and the reverse for divisors of the form 4k+1. 
Thus M(p°n) = (a+ 1)M(n)+ aP(n) and P(p%n) = (a+ 1)P(n)+aM(n), 
so M(n) < P(n) again forces M(p%n) < P(p®n). 

An example where the number of factors of N that we induct on do not 
have to be necessarily prime is the following: 


Example 6.3. (St. Petersburg) The number N equals the product of 200 
different positive integers. Prove that N has at least 19901 different divisors 
(including 1 and the number itself). 


Solution. We show by induction that if N equals the product of k distinct 
positive integers, then N has at least EEI + 1 distinct divisors. The base 
case N = 1 is trivial. 

For the induction step, assume M = qy-...-@g41 = N-dx41. We can assume 
without loss of generality that a,41 is the largest among the a,’s (otherwise, 


we simply reorder them). By the induction hypothesis, the number N = - 





has at least FEI + 1 distinct divisors. Note that x - ak+1 are all divisors of 


M, which are bigger than N, since ak+ı > a; for i = 1,...,k. So we have at 
least k new divisors for a total of at least dm eae = tai + 1 distinct 
divisors. 


We will now prove a beautiful result, called the Erdös-Ginzburg-Ziv theo- 
rem. For this, we need the following auxiliary result, which also uses induction: 
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Example 6.4. (Cauchy-Davenport) Let p > 3 be a prime number. Then 
for any two non-empty subsets A and B of Z/pZ, we have 


|A + B| > min(|A| + |B| — 1,p), 
where A+ B= {a +b: a€ A,beE B}. 


Solution. We will prove the statement using strong induction on |A|. For the 
base case, note that when |A| = 1 we have |A + B| = |B| (since A+ B is just 
a translation of B) and thus there is nothing to prove. 

For the induction step, let A be a set with |A| > 1. Because |A| has at 
least two elements, we can assume without loss of generality that A contains 
0, by translating the set if necessary (notice that this operation does not affect 
the statement of the problem). Let x be one of the other non-zero elements. 
We can also assume that 1 < |B| < p, as otherwise there is not much to prove 
either. Thus, there is an element n such that nz € B but (n+1)z ¢ B. 
Translating by —nz in B, we find that 0 € B and z ¢ B. 

Now note that AUB+ANBCA+B. The key observation here is that 
AN B contains 0 and is not the whole of A because x ¢ B. So we can use the 
induction hypothesis to obtain 


IA+ B) >|AUB+ANB|>min(|ANB|+|AUB|—1,p). 


Using the well-known identity |A N B|+|AU B| = |A| + |B|, we obtain the 
result. 


Example 6.5. (Erd6s-Ginzburg-Ziv) Prove that from any 2n — 1 numbers 
one can choose n whose sum is divisible by n. 


Solution. This problem uses induction on the number of prime divisors of n. 

Firstly, let us prove the simpler part of the question, which is the induction 
step. We prove that if the problem holds for n = a and n = 0, then it also 
holds for n = ab: 

Consider 2ab—1 numbers. We select 2a—1 of them and from the induction 
hypothesis, from these 2a—1 numbers we can select a group of a numbers whose 
sum is divisible by a. Discarding this set of a elements, we have (2b — 1)a — 1 
numbers left. From these, we choose 2a — 1 more numbers producing one 
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more group of a numbers whose sum is divisible by a. In general, if we have 
selected k < 2b — 1 groups of a numbers whose sum is divisible by a, we 
have (2b — k)a > 2a — 1 numbers left, so we can select one more such group. 
Thus, at the end we will have 2b — 1 groups of a numbers whose sum is 
divisible by a. Let these groups be G1, Go,..., Gapy_1 with the corresponding 


sums a$1,a59,...,@59)-1. From the induction hypothesis on b, we can find 
1 <i <... < ia < 2b—1 such that Si + Sia +... + Si is divisible by b. 
Therefore the ab numbers from the groups G;,, Gi,,..., Gi, have the total sum 


divisible by ab, which is what we needed. 

We are now left to prove the base case, namely that for a prime p, given 
any 2p — 1 numbers one can choose p out of them whose sum is divisible by 
p. Since for our sums we are only interested in the residues modulo p, we 
may assume without loss of generality that the 2p — 1 numbers are in the set 
{0,1,...,p— 1}. Let us denote these 2p— 1 numbers by aj < ag < ... < a2p—1- 
If ai = Qi+p—1 for some i < p — 1, then we must have 


Qi + ai+1 +... + 49-1 = pa; =O (mod p). 


Otherwise, let us define A; = {aj,ai:+p-1}, for 1 < i < p— 1. By repeated 
application of the Cauchy-Davenport Lemma, we conclude that 


|JAi + Ag+...+Ap_il = p, 


and hence every element of Zp is a sum of precisely p — 1 of the first 2p — 2 
elements of our sequence. In particular, —a2p—1 is such a sum, which gives us 
the required p-subset whose sum is 0 in Zp. 


6.1.2 Divisibility 


Other typical applications of Induction in Number Theory are the divisi- 
bility problems. We will look at a few ideas that arise in this type of questions. 
We begin with an easy example which involves only algebraic manipulations: 


Example 6.6. Prove that for all n € N we have that 17 | 2°"+? + 5” . 37+, 


Solution. Let P(n): 17 | 29773 4.5". 3772, 
We have 23 + 5° - 32 = 17, so P(0) is true. 
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Assume now that P(n) is true for some n > 0. 
We must show that 17 | (257+8 + 57+1 . 37+3), We perform the following 
algebraic manipulations: 


gont+8 ee gont+3 f 95 Z a 34 = 2) = gont+s3 ay gön+3 ; 2, 


d ae hares is Gia ys Val a ers aa 
Therefore, in order to prove P(n + 1), it suffices to prove that 
17 | gont+3 a) ae pn , gn+2 , 2, 


which follows from the fact that P(n) was assumed to be true. By the Weak 
Principle of Induction, we have the conclusion. 

A rather nice application of Induction concerning divisibility problems is 
the following: 


Example 6.7. (Fermat’s Little Theorem). Let p be a prime number. 
Then p divides n? — n for all positive integers n. 


Solution. We prove the result by induction on n. The base case n = 1 is 
true, as p | (1P? — 1) = 0. 
Assume now that the result holds for some n > 1, i.e. p | (n? — n). Then 


m+- (+= (T). P jeti- an 
p—i 
=P -n+ (7) ne 
i=1 


! 
Now = eee and for 1 < i < p—1, p cannot divide i! or (p — i)!. 
i (p — i)li! 


Hence we conclude that i is divisible by p for 0 < i < p. Now nP” -n 
i 


is divisible by p from the induction hypothesis, so p | ((n+1)? — (n + 1)), 
proving the result. 
Let us look at some more examples: 
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Example 6.8. (Kvant M2277) Prove that the sum 
Sel ey a ee 
is divisible by 2*~1 for all positive integers n and k. 


Solution. If n is odd, then we can rewrite the sum as 
C= COP 140400) 4e HO he amma oa ey ka 


and we can clearly see that S is divisible by 2*~! in this case. 

If n is even, we prove the result by induction on k, with the base case k = 1 
being clear. Assuming the result for some k > 1, we know that a” = (2**+!—a)” 
(mod 2"), hence 


PP cg OP res (yer ay (Oras Ly En 


HRI (OP a) oe OO on a A od 2") 


From the induction hypothesis we know that 1°+2"+...+(2"—1)” is divisible 
by 2*-! thus 1” + 2” +... + (25+! — 1)” must be divisible by 2K. completing 
our proof. 

The following more challenging problem was set by Estonia and got short- 
listed for the 47-th IMO: 


Example 6.9. (IMO 2006 shortlist) For all positive integers n, show that 
there exists a positive integer m such that n divides 2™ + m. 


Solution. We will prove by induction on d > 1 that, for every positive 
integer N, there exist positive integers bo, b1,...,bg—1 such that, for each i = 
0,1,2,...,d — 1 we have b; > N and 


2i + b;=i (mod d). 


Notice that this yields the claim of our question by taking m = bo. 

The base case d = 1 is trivial. For the induction step, take an a > 1 and 
assume that the statement holds for all d < a. Note that as i ranges over N, 
the remainders of 2t modulo a repeat periodically starting with some exponent 
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M. Let k be the length of the period; this means that 2@+* = 2” (mod a) 
holds only for those k’ which are multiples of k. Note further that the period 
cannot contain all the a remainders, since 0 is either missing or it is the only 
number in the period. Thus k < a. 

Let d = gcd(a, k) and let a’ = a/d, k' = k/d. Since 0 < k < a, we also 
have 0 < d < a. By the induction hypothesis, there exist positive integers 
bo, b1,...,0g—-1 such that b; > max{2™”, N} and 


2i + b;=i (mod d), i=0,1,2,...,d—1. (1) 
For each 7 = 0,1,...,d — 1 consider the sequence 
DP BD betas a elk), (2) 


Modulo a, these numbers are congruent to 
2°: + bi, 2" + (bi +k), ...,2°§ + (bi + (a! — 1)k), 


respectively. The d sequences contain a’d = a numbers altogether. We will 
now prove that no two of these numbers are congruent modulo a. 
Suppose that 


2° + (bj + mk) = 2i + (bj +nk) (mod a), (3) 


for some values of i,j € {0,1,...,d—1} and m,n € {0,1,...,a’—1}. Since d 
is a divisor of a, we also have 


2i + (bj + mk) = 2°7 + (bj +nk) (mod d). 


Since d is a divisor of k, using (1), we obtain that i = j (mod d). As i,j € 
{0,1,...,@ — 1}, this simply means that i = j. Substituting this into (3) 
yields mk = nk (mod a). Therefore mk’ = nk’ (mod a); and since a’ and k’ 
are coprime, we get m = n (mod a’). Hence also m = n. 

It follows that the a numbers that make up the d sequences in (2) satisfy all 
the requirements. They are certainly all greater than N because we chose each 
b; > max{2™”, N}. So the statement holds for a, completing the induction. 
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Example 6.10. (TOT 2009) Denote by [n]! the product 


1-11-...-11...1 (n factors in total). 
a 


n ones 
Prove that |n + m]! is divisible by [n]! - [m]!. 
Solution. Define f(n) =11...1 and f(0) = 1, so that [0]! = 1. Also define 
pngna 


n ones 


e-me 
fr0<k<n. 


We use induction on n to prove that H is always a positive integer for 


k 
all n > 1. For n = 0 we have 


o| = mmm =? 


Assume now that the result holds for some n > 0. Then, for n+1, we have 


m+1| _ In + 1]! 
| k |= esa 
— _[n}!f(n +1) 
~ (k]![n +1 — k]! 
[n]! f(n +1—k)-10* In]! f(k) 


~ Min- klat k) * [= 1[n+1— k] 
= 10° Keane 


Both of the above terms are integers, so our induction is complete. This shows 
in particular that for any non-negative integers m and n one has that 





Pals 


is a positive integer, hence |m + n]! is divisible by [m]![n]!, as required. 
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Example 6.11. Let a and b be positive integers such that a — b> 1. Prove 
that there exist infinitely many positive integers n for which 


n? | (a” — b”). 


Solution. We will prove the result by explicitly constructing a sequence 
(nk)k>ı Which consists of infinitely many positive integers satisfying the re- 
quired property: 

We let nı = 1, and for k > 1 we set 


qk — pk 


Nk+1 = 
Uk 


We prove by induction on k > 1 that ny € N and n? | (a — b"*). 
The result is clear when k = 1, as nı = 1 and 1| (a — b). 
For the induction step, assume that the result holds for some k > 1 and we 
prove that it also holds for k + 1. 
By the induction hypothesis n? | (a"r — b"*), so 
Nk _ bk 
Nie = “ "EN and Nk | Nk+1- 

nk 

Let Nnk+1 = Nk Mp, where Mmk € Zyo. Then 


g?kt1 a bkt+1 = gtk ™k = bk Mk 


— (a”F oo br) ((qrk)™me—t a (qa?) Me-2 pM Be casa (bre y™me-1) 
— NEM ((a)™" _ (brr) mei is ((a™)™—2 
— (pM )Mk—2) HM ee my (b™ )™*—*) 
= NkNk41 ( (a"r — BY )e + my (b"* ) Tt) 


mee) 


= NkNk+1(NkNk+1C + Mgb”) = Neri -d, 


where c and d are integers. Hence, it follows that 


2 Nk+1 Nk+1 
nrar | Qo" =D oe, 
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This completes our induction. 
Finally, we show that the sequence (nę) is increasing. Note that 


am — pe (a —b)(ar*~} + a2 +... + HMR) 


Nk+1 = 
nk Nk 
ge Aes A al) 
aa n; 
2 —1+...+1 
> Pre te i me 
k 


where we have used that 39 < 3! < ... < 3"! and that 3%"! > n, for n > 1. 
Therefore, N11 > ng, which completes the solution. 


Example 6.12. (AMM) Let d,k,q be positive integers with k odd. Find the 
2¢.k 
power of 2 in the factorization of ` ni. 
n=1 
Solution. We prove that if q is even or q = 1, then the answer is d — 1, and 
otherwise the answer is 2(d — 1). We will do this by induction on d. When 
q = 1, the result follows immediately by direct computation. Also, if d = 1, 
then one can see that the total sum is odd, showing that the exponent must 
be 0. These are the base cases for our proof by induction. 
Assume now that d > 1. We can rewrite the given sum as 


(2°k) — (2° "kt + So (2h 9)*): 
j=l 


If q is even, we take the sum modulo 2¢ and we find that 


2¢k g2-1k 
`S ni=2 ` n? (mod 2°). 
n=1 n=1 
201k 
From the induction hypothesis, we know that ` nf = 2%? (mod 271), so 
n=l 
2¢k 


D ni =2%1 (mod 2°), 


n=1 
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as we wanted. 
If q > 3 is odd, we have by the binomial theorem that 


n1 + (2fk — n)? = 2%qknt! (mod 2), 


21k 2471k 
SO > nf = 2%gk 5 nI! (mod 274-1). Since q—1 > 2 is even, we can make 


n=l n=1 
use of the result we established above to conclude that 


yams 
` nla (mod 2t; 
n=l 
SO 
21k 
` ni = 224-2 (mod oe), 
n=1 


completing our proof. 


6.1.3 Representations 


Another very popular category of problems from Induction in Number 
Theory are the questions where we are asked to prove that a number or a 
sequence of numbers can be represented in a certain form. We illustrate this 
theme below, starting with the following, slightly easier example: 


Example 6.13. Prove that any number between 1 and n! can be written as 
a sum of at most n distinct divisors of n!. 


Solution. We proceed by induction on n. For n = 3, the claim is true. 

Assume that the hypothesis holds for n — 1. Let 1 < k < n! and let kq 
be the quotient and the remainder when k is divided by n. Hence k = kn+ q, 
0<qg<nand0<k < E<% = (n-—1)!. 

From the inductive hypothesis, there are integers d} < dọ < ... < d,, 
s < n— 1 such that d; | (n= 1)!, i = 1,2,...,s and k = d, 2 Od. 
Hence k = nd, + nd, +... + nd, +q. 

Now, if q = 0, then k = dı + d2 + ... + ds, where di = nd;, i = l2 reggs 
are distinct divisors of n!. 
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If q # 0, then k = dı + d2 +... + 541, where d; = nd,, i = 1,2,...,, 
and ds+1 = q. It is clear that d; | n!, for i = 1,2,...,s and ds4, | nl, 
since q < n. On the other hand, ds+1 < dj < d2 < ... < ds, because 
dar Sgan nd; = dı. Therefore k can be written as a sum of at most n 
distinct divisors of n!, as claimed. 


Example 6.14. A sequence cj, c2,... is called perfect if every natural number 
m with 1 < m < c1 + c2 + ... + Cn can be represented as 


Ci C2 Cn 
m= +2% +... +2, 
ai a2 an 
where @1,@2,...,@n, are natural numbers. Find the maximum possible value 


of cn for a perfect sequence. 


Solution. Let 61,b0,...,b, be a permutation in increasing order of 
C1,C2,---,Cn. We know from hypothesis that by + bk+1 +... + bn can be 
represented as 


n 
bi 
bk + bk+1 +... + bn = —, 
+1 n 3 a; 
We cannot have ak = ak+1 =... = Qn = 1. So let 7 > k be the largest possible 


number such that aj > 2. We deduce that 


b- 
be + beti +... t+ bn < bi tbat... t bj- + + bjt + bn, 
hence b; < 2(b1 + b2 + . .. + bk—1). We get the relation 
bk < 2(b1 + bg +... + bk-1). 


However, bı < 2, as otherwise b1 + b2 + ... + bn — 1 could not be represented 
as b ht... Be, Thus 


bə < 2b; < 4, b3 < 2(b2 + b1) = 12,... 


We prove by induction that bk < 4- gaa for k > 2. The base case is true 
from above. 


106 Chapter 6. Number Theory 


The induction step follows from the fact that 
bk < 2(b1 thot... +bp-1) = 2(2 +44... +4.33) = 4. 3-2, 
Thus c4 < by < 4-3*-?. It remains to prove that the sequence defined by 
a =2, cyp=4-3"* for k>1 


is perfect. 
We prove by induction on k that if m < cj +co+...+cg = 2-3471, then we 
m. 


‘ Ci ; 
can write m as ` —. The base is clear, so we want to prove the statement for 
i 


i=1 
k+1, assuming it for k. If m = 1, we put a; = 2-3571, If 1 < m < 2-3571 +1, 
then we can put az, = ck and use the induction hypothesis with k numbers for 
m-— 1. If 2-3571 +1 <m < 4-3471 then we set a, = 2 and use the induction 
hypothesis for m — 2 - 3571. If 4. 3*-! < m then we set ap = 1 and use the 


induction hypothesis for m — 4- 34571, 


Example 6.15. Prove that every positive rational number r can be written 


as 
1 1 1 
Pee a 
qi %2 dm 
where q1,q2,...,qm are distinct integers. Moreover, if r < 1, then we may 
assume qi | q2, 92 | 93; ---» m—1 | dm- 


Solution. We begin by proving the second assertion (for r < 1). Let r = Ë in 
lowest terms. We prove the statement by induction on p, with the base case 
p = 1 being clear. 

For p > 1, we have by the way we defined r that p{q. Let k = 1 + BE SO 


0< kp—q< p< q. Then by induction hypothesis, k (2 — +) = te-a can be 


represented as A + A +... + a with q;\qj41. Then 
p kp—q 1 1 1 1 


1 
Seek = 4+ 4+ 4 4 
q k kq k kq kæ kam 





and this is the desired representation. 
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For the general part, as the sequence 
1 1 
S(n)=1+=a+...+—- 
(n) Eo er aca 5 


is divergent, we can find an n such that 





EE eae ree EN ee : 
a 2 on n+l 
Therefore, if we let 
r—l : : 
=r enm 
2 n’ 


1 
we have 0 < s < e By applying the result we established in the first part 
n 
for (n + 1)s, we find distinct q1, q2, .. -, qm such that 


1 1 1 
(n+ 1)s = — +> +... + —. 
qi q2 qm 


Hence i.i j 
r=1+-=+54+...4-+——4...4——. 
2° 3 n (n+l) (n + 1)dm 
Clearly all fractions are different. This completes our proof. 


Example 6.16. Show that every positive rational number can be written as 
a quotient of products of factorials of (not necessarily distinct) primes, and 
the representation is unique up to rearranging and cancelling common factors. 


Solution. Given a positive rational number r, we can prove both the existence 
and uniqueness parts by induction on the largest prime p with the property 
V(r) Æ 0. 

The base case is r = 2” for some integer k € Z, in which case r = (2)F. 


For the induction step, if p > 2 and k = 1,(r), then at z is a rational 





number all whose prime divisors are less than p and hence by induction it can 
be written in the required format. This proves the existence. 
Ss 


For the uniqueness, suppose r = [[@;)* for some primes pı < po < 
j=1 
-+» < ps and non-zero integers kj. Then we see that vp,(r) = ks #0. Hence 
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s—l 
Ps = p and k; = vp(r) and by induction I] (p,;!)*3 is the unique representation 
j=l 
r 
for ——\. 
(p!)* 


Example 6.17. (Moscow 2014) Prove that for all positive integers n, there 
exists a positive integer kp such that the decimal expansion of k? starts with 
n digits of 1 and ends with a block of length n which consists only of the digits 
1 and 2. 


Solution. We first prove by induction on n that there exists an integer Mn 
whose decimal expansion ends with 1 and the decimal expansion of m2 ends 
with a block of length n consisting only of 1’s and 2’s. For the base case n = 1, 
simply take mı = 1. 

Assume now that the result holds for some n > 1 and m,, is the desired 
number. Define pg = Mn +a : 10”, for some 1 < a < 9 to be chosen later. 
Notice that the last digit of pg is also 1. We have 


pe = m2 + 2amn 10” + a7102". 


The number m2 ends with a block of length n consisting of 1’s and 2’s, the 
number 2am,,10” ends with n zeros and a7102" ends with 2n zeros. Let the 
(n+1)-st digit (from right to left) of m2 be b. Since my, ends with 1, the (n+1)- 
st digit of 2a- 10” is 2a (mod 10). Therefore, the (n+1)-st digit of p* is b+2a 
(mod 10). If b is odd, we take a such that b+ 2a = 1 (mod 10). Otherwise, 
we take a such that b+ 2a = 2 (mod 10). We complete the induction step by 
taking Mn+1 = Pa- 

Now set 

Cn =11...1-:10% and dn = cn + 10%. 
n 


We have 
dai 104” 104” 


> SS iS 
Vdnt+ Jen Vdn+Jen 2.1087 


Therefore, in the interval (4/Cn, dn) there exists an integer un and its square 
will start with n digits of 1. We now take l larger than the number of digits 


>1 





Vi- Vem = 
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of 2u,M, and m2 and we consider the number kp = un : 10! + Mn. One can 
see that k2 satisfies the required conditions of the problem. 


Example 6.18. (St. Petersburg) Prove that for any n > 1, the number n! 
has the following property: to any divisor of n!, except n!, we can add another 
divisor of n! so that the sum is again a divisor of n!. 


Solution. We proceed by induction on n. The base cases n = 1 and n = 2 
are immediate. 

Let us now perform the induction step from n to n+ 1. If k | (n+ 1)!, then 
we write k = ab, where a | n! and b | n+ 1. If a Æ n!, then by the induction 
hypothesis, there is d with d | n! and (a+d) | n!. Then bd and k+bd = (a+ d)b 
are divisors of (n + 1)!. 

If a = n!, then b Æ n + 1. If n+ 1 is composite, then n + 1 = bc for some 
b,c and we can write k also as k = (n + 1)a’ where a’ = n and for such a 
representation, the above proof works. 

Finally, if n+ 1 is prime, then we must have b = 1 and k = n!. But then 


n! + (n —1)!= (n+ 1)-(n-—1)!. 
This completes our proof. 


Example 6.19. (IMO 1998) For any positive integer n, let T(n) denote the 


number of its positive divisors (including 1 and itself). Determine all positive 
T(n?) _ 
rm) — 1 


Solution. If n = p} p3 ... p; then T(n) = (a1 +1)(ag +1)... (a, +1). Thus, 
the problem asks what integers n can be represented as 
(2a1 ae 1) (2a T 2) ai (2ak F 1) 
(a aF 1) (a2 ++ 1) 5. ek (ak F 1) 





integers m for which there exists a positive integer n such that 


? 


for positive integers @1,a2,..., Qk. 

Firstly, as (2a; +1)(2a2+1)...(2a,% +1) is odd, any such n has to be odd. 
Now let us prove by strong induction on n that every odd n can be represented 
in such a way. The induction step would be done if we found an m, m < n 


such that 
n (24,4+1)(2%2 +1)... (22, + 1) 


m (z1+1)(z2 +1)... (aR +1) 


) 
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because then we could apply the induction hypothesis to m. Now if we choose 
Li41 = 2zi, we get 


(2x1 +1)(2%9 +1)... (22% + 1) ptl 2% +1 


(xı +1)(2a1 + 1)(2z2 + 1)... (2zk-1 +1) w1t+1 2417 





Thus if we can find an odd m < n such that 7 = a for some k € N, the 
induction step is finished. Now as m should be odd we must have t = 2s, so 
it suffices to have sei? E€ N for some s,k € N. So n must have a divisor 
Paar a 
of form FFL As 
Ospi 26+ 1)|2"(2s-+- 1) = (2°*1s 41) = 2" = 1, 
if we set 2s + 1 = (2m + 1)(2* — 1) or s = 2*-1(2m4+1) — m — 1 then 


2k+tls +1 oahi 


— _ ok 


This is the desired breakthrough, because if we write n + 1 = 2*(2m+41) then 
2F(2m + 1) — 1 = n and because of our reasoning above we can perform the 
induction step. Explicitly, 


7 18 tl 8st 2f+tls 4] 
= 2s+14s+1° 2ks+l 








(2m + 1), 


where s = 2*-!(2m+1)—m-—1 for m, k such that n+ 1 = 2*(2m+1). Thus 
applying the induction hypothesis for 2m + 1 we get the claim. 
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6.2 Proposed Problems 


Problem 6.1. Show that for any positive integer n, 3” divides 11...11. 
Sa ee 


3” ones 


Problem 6.2. Prove that for any two positive integers a and m , the sequence 


is eventually constant modulo m. 


Problem 6.3. (Poland 1998) Let z, y be real numbers such that the numbers 
ety, T? +y2, £3 +y’, and zt + yf are all integers. Prove that for all positive 
integers n, the number x” + y” is an integer. 


Problem 6.4. (Ibero American 2012) Let a,b,c,d be integers such that 
the number a — b + c — d is odd and it divides the number a? — b? + c? — d?. 
Show that for every positive integer n, a — b + c — d divides a” — b” +c” — d”. 


Problem 6.5. (AoPS) Let m and n be positive integers with gcd(m,n) = 1. 
Compute 
ged(5™ + 7,5" +7”). 


Problem 6.6. Let n be a non-negative integer. Prove that the numbers 
0,1,2,...,n can be rearranged into a sequence ao, @j1,...,@, such that a; +72 
is a perfect square for all0 <i<n. 


Problem 6.7. We call a positive n triangular if it can be written as 


a 
n +1) 
2 
for some positive integer a. Show that 11...lọg is triangular, where the sub- 
script denotes the fact that 11...1 is written in base 9. 


Problem 6.8. Let a,b, m be positive integers such that gcd(b,m) = 1. Prove 
that the set {a% + bn : n = 1,2,...,m?} contains a complete set of residues 
modulo m. 
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Problem 6.9. (Komal) Let a and n be two positive integers such that a” — 1 
is divisible by n. Prove that the numbers a+1, a? +2, ..., a” +n are distinct - 
modulo n. 


Problem 6.10. Let f : R — R be given by f(x) = ax? + br + c, where a, b,c 
are positive integers. Let n be some given positive integer. Prove that for 
any positive integer m, there exist n consecutive integers @1,Q2,...,Qn, such 
that each of the numbers f(a), f(a2),..., f(@n) has at least m distinct prime 
factors. 


Problem 6.11. (Iran 2005) Find all f : N* — N* such that for every 
m,n E€ N*, 
f(m) + f(n) | m+n. 


Problem 6.12. (Kvant M2252) Prove that 
IES ED a OSH 1)o Sm (mod 2"), . for aS? 


Problem 6.13. (GMA 2013) Prove that for any positive integer n and any 
prime p, the sum 


[| E 
Sn = D (o) 


[ashy 


is divisible by p 


Problem 6.14. (Bulgaria 1996) Let k > 3 be an integer. Show that there 
exist odd positive integers x and y with 2% = 7z? + y?. 


Problem 6.15. (USAMO 1998) Prove that for each n > 2, there is a set S 
of n integers such that (a — b)? divides ab for every distinct a,b € S. 


Problem 6.16. (Brazil 2011) Prove that there exist positive integers a, < 
a2 < ... < a2011 such that for all 1 < i < j < 2011 we have gcd(a;,a;) = 
aj — Qj. 

Problem 6.17. (Bulgaria TST) Let a,m > 2 and let ord’, = k (ie. af = 
(mod m) and af 41 (mod m) for any 0 < s < k). Prove that if t is an odd 
number such that every prime that divides t also divides m and gcd (t, a1) = 
1, then ordf = kt. 


m 
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Problem 6.18. (China TST) Prove that for all positive integers m,n there 
exists an integer k such that 2* — m has at least n distinct prime divisors. 


Problem 6.19. (Serbia) Prove that for all positive integers m there exists a 
positive integer k > 2 such that 3% — 2" — k is divisible by m. 


Problem 6.20. Let k be a positive integer. Prove that for all non-negative 
integers m there exists a positive integer n with at least m prime factors (not 
necessarily distinct) such that gkn® 4 3kn* is divisible by n°. 


Problem 6.21. Prove that for all positive integers k there exists an integer 
n which has exactly k prime divisors and n3 | (2™ + 1). 


Problem 6.22. (Polish Training Camp) Let k be a positive integer. The 
sequence (@n)n>1 is given by 


X dag = k”, forall n>1. 
d|n 


Prove that every term of the sequence is an integer. 


Problem 6.23. Prove that there is a permutation (aj,@2,...,@n) of 
(1,2,3,...,) such that none of the numbers aj, a;+4a2,...,@1+@2+...+@n-1 
is a perfect square. 


Problem 6.24. Prove that any integer can be represented in infinitely many 
ways as +17+27+37+...+41t?, for a convenient t and a suitable choice of 
the signs + and —. 


Problem 6.25. (Romania TST 2013) Find all positive integers n that can 
be written as 
(a? + a1 — 1)(a3 + a2 — 1)--- (a? + ax — 1) 


Y= “(e+ by — (B+ bp —1)--- (Be +b, — 1)’ 


for some positive integers a;,b; E€ N* and some k € N*. 
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Problem 6.26. (USA TST 2006) Let n be a positive integer. Find, with 
proof, the least positive integer dn which cannot be expressed in the form 


n 


S par 


i=1 
where a; and b; are non-negative integers for each i. 


Problem 6.27. (USAMO 2003) Prove that for every positive integer n 
there exists an n-digit number divisible by 5”, all of whose digits are odd. 


Problem 6.28. (IMO 2004) We call a positive integer alternating if every 
two consecutive digits in its decimal representation are of different parity. Find 
all positive integers n such that n has a multiple which is alternating. 


Problem 6.29. (IMO shortlist 2000) Does there exist a positive integer n 
such that n has exactly 2000 prime divisors and n divides 2” + 1? 


Problem 6.30. (IMO shortlist 2002) Let p1, p2,..., Pn be distinct primes 
greater than 3. Show that 2P1P2" Pn + 1 has at least 4” divisors. 


2 b2 





Problem 6.31. (IMO 1988) Show that if a,b and q = r i 


are non- 
negative integers, then q = gcd(a, b)’. 
Problem 6.32. (IMO 1999 shortlist) Prove that there exist two strictly 


increasing sequences (an) and (bn) such that an(an +1) divides b2 +1 for every 
natural n. 


Problem 6.33. Prove that for any two positive integers n and m, we have 
gcd (Fn, Fm) = Fgcd(n,m)- 


Problem 6.34. Let n be a positive integer which is not divisible by 3. Show 
that 2°+y° = z” has at least one solution (x,y,z) with x, y, z positive integers. 


Problem 6.35. Let n be a positive integer. What is the largest number of 
elements that one can choose from the set A = {1,2,...,2n} such that the 
sum any two chosen numbers is composite? 
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Problem 6.36. (Bulgaria 1999) Find the number of positive integers n, 
A<n< Qe— 1, whose binary representations do not contain three equal 
consecutive digits. 


Problem 6.37. Prove that every positive integer is a sum of one or more 
numbers of the form 273°, where r and s are non-negative integers and no 
summand divides another (for example, 23 = 9+ 8 + 6). 


Problem 6.38. Let p > 3 be a prime and let aj,a2,...,@p)-2 be a sequence 
of positive integers such that p does not divide either az or ak — 1 for all 
k =1,2,...,p—2. Prove that the product of some elements of the sequence 
is congruent to 2 modulo p. 


Problem 6.39. Let n be a positive integer. Prove that the number of ordered 
pairs (a,b) of relatively prime positive divisors of n is equal to the number of 
divisors of nĉ. 

Problem 6.40. Prove that for each integer n > 3, there are n pairwise distinct 
positive integers such that each of them divides the sum of the remaining n—1. 


Problem 6.41. (USAMO 2008) Show that for all positive integers n we 
can find distinct positive integers a1, a2, ...an such that a,-a2---a;,—1 is the 
product of two consecutive integers. 


Problem 6.42. We begin with a triple (a,b,c) of positive reals a,b,c, such 
that a < b < c. Starting with the given triple, at each step, we perform the 
transformation 


(x,y, 2) > (|e — yl, ly — zl, |z — z|). 
Prove that we can eventually reach a 0 in one of the triples if and only if there 
exist positive integers n > k > 0 such that and 


nb = ka + (n — k)c. 


Problem 6.43. (Poland 2000) A sequence pj, po,... of prime numbers sat- 
isfies the following condition: for n > 3, Pn is the greatest prime divisor of 
Dn—1 + Pn—2 + 2000. Prove that the sequence is bounded. 
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Problem 6.44. Prove that for all positive integers m, there exists an integer 
n such that ¢(n) = ml. 


Problem 6.45. (Bulgaria 2012) Let p be an odd prime and let aj,..., a2p—1 
be distinct integers lying in the interval [1, p?] such that their sum is divisible 
by p. Prove that there exist positive integers bı, ...,b2p—1 none of which is 
divisible by p, such that their representation in base p contains only 1 and 0 


2p—1 
and such that S* a,b; is divisible by p?°!?. 
al 


Problem 6.46. (Poland 2010) Prove that there exists a set A consisting of 
2010 positive integers such that for any nonempty subset B C A, the sum of 
the elements in B is a perfect power greater than 1. 


Problem 6.47. (AMM) For a positive integer m, we let o(m) be the sum 


o(m) = ` d. 


l<d<m 
d|m 


Prove that for every integer t > 1 there exists an m such that 
m <a(m) <a(a(m)) <... < (m), 
where of =gogo0...00. 
N 
k terms 


Problem 6.48. (Moscow 2013) For a positive integer m, we denote by S(m) 
the sum of digits of m. Prove that for any positive integer n, there exists an 
integer k such that 


S(k)=n, S(k?)=n?, S(k’)= nè. 


Problem 6.49. Establish whether there exist positive integers aj < ag < 
... < an < ... such that every number in the sequence 


2 2 2 
ay, Be as E OG, ae ee 
is the square of a positive integer. 


Problem 6.50. For which pairs (a,b) of positive integers do there exist only 
finitely many positive integers n such that n? | a” + b”? 


Chapter 7 


Combinatorics 


7.1 Theory and Examples 


Combinatorics is among the most popular topics when it comes to math- 
ematical contests. Hence, it is no surprise that lots of the olympiad problems 
that are solved using induction are combinatorics questions. To illustrate bet- 
ter some of the major themes that occur in combinatorics and use induction, 
we divided this chapter into three separate sections: Partitions and configu- 
rations, Graph Theory and Combinatorial Geometry. 


7.1.1 Partitions and Configurations 


Let us recall some of the basic definitions that occur when we look at 
partitions of objects: 


A permutation of order n is a bijective function from the set {1,2,...,n} 
onto itself. The number of permutations of order n is nl. 
A combination of order n over k is a k-element subset of {1,2,...,n}. 


For 0 < k <n, the number of such combinations is given by the formula 


(i) = eae 


Let us prove by induction the following well-known theorem, known as the 
Pigeonhole Principle: 
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Example 7.1. (Pigeonhole Principle) Let n and k be positive integers. 
If a set of nk + 1 different elements is partitioned into n mutually disjoint 
subsets, then there is at least one set which contains at least k + 1 elements. 


Solution. We will prove this by induction on n > 1. For the base case n = 1, 
everything is clear, as we only have one set containing k + 1 elements. 

Assume now that the result holds for some n > 1, and consider (n+1)k+1 
elements which are distributed among n+ 1 mutually disjoint subsets. Let us 
call these subsets Ai, Ao2,...,Anii. If An41 contains at least k + 1 elements, 
then we are done. Otherwise, there are at most k elements in Án+1, so the 
subsets A;, Ao,...,An contain at least (n + 1)k + 1 — k = nk + 1 elements. 
By the induction hypothesis, at least one of A1, A2,..., An must contain k +1 
elements, so we are done. 


Remark. There is also an alternative direct proof of the above theorem, 
which uses only proof by contradiction. 

Another theorem which is among first results one learns while studying 
partitions of sets is the following: 


Example 7.2. (The Inclusion-Exclusion Principle) If A1, A2,..., An are 
some sets, then 
n 
JA,UAQU...UAn| = |Al- Sd > [AN A+... 


==] 1<i<j<n 


H 5 (Ay Ag NA E A eA: 
1<ii<i2<...<ik <n 


Solution. Let P(n) be the statement: “For any sets A1 ... An, we have 


JA1U-+-UAn| = X Ai] — ALAN Alt AN ANN Anl”. 


i<j 
P(1) is trivially true. P(2) is also true, since 
|A U Ag| = |Ai| + |A2| — [Ar N A2], 


by basic properties of sets. 
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Assume now that the result holds for all positive integers less than or equal 
to some n > 2. Now given A,...Anii, let B; = Ai N Anyi for 1 <2 <n. 
Observe that B; N Bj = A; N Aj N An4i. Likewise, B; N Bj N By = Ai N A; N 
Akg N An+1. By the induction hypothesis applied for 2 and n sets, respectively, 
we have 


|A] UAgU...U Angi] = |A1 U... U Ap} + [Angi] — [(A1 U... U An) N Anal 
= |A U... U Anl + lAn+1l — |B1U --. U Bnl 
=X) |4] $ [Ai Ag] +... + [Anda 


i<n i<j<n 
-Š |Bil+ d> [Bin Bj|-... (1) 
i<n i<j<n 


Notice that 5. fen S ` JA; O An+1|. Hence 


i<n i<n 


> IAINAI+ > Blis $, [Ain Ay, 


1<j<n i<n t<j<ntl 


and similarly for higher order intersections. 
Substituting this back into (1), we obtain that 


JA, U Ag U -+ U Angl = a |A;| — ` A: Nn Aj|+..., 


i<n+1 i<j<n+l 


which shows that P(n +1) holds. This completes the induction step and the 
proof of the result. 

A common theme in Combinatorics is that each problem comes with its 
own universe. Therefore, the best method through which one can master the 
subject is to simply see lots of different problems with various ideas behind 
them. In the following, we will present a series of such examples, of different 
levels of difficulty: 


Example 7.3. (St. Petersburg) We have a 100 x 100 grid of points in 
the plane. We can draw lines that cover all the points in the grid, except 
the bottom left point. What is the minimum number of such lines that are 
needed? 


120 Chapter 7. Combinatorics 


Solution. The answer is 198. We can take 99 vertical lines and 99 horizontal 
ones, covering all rows and columns not containing the bottom left point. 

We prove more generally that for an m x n grid we need m+ n — 2 lines. 
We do this by induction as follows: 

The base case is when m or n is 1, and in this case we have n — 1 collinear 
points to cover, but we are not allowed to draw a line containing any two of 
them, since it will contain the forbidden point. So the minimum is n — 1. 

Now if m > 1 and n > 1, assume that the result is true for all grids 
smaller than m x n. Consider the border of non-forbidden points. There are 
2m + 2n — 5 points on it. If some line contains one full side of this border, 
then the result is easy by induction, removing that line (side) (i.e. m => m— 1 
orn — n — 1). Otherwise, any line intersects at most 2 points on this border, 
so we must have at least eee +1=m-+n-—2 lines. This completes our 
proof. 


Example 7.4. Let n be an integer greater than 1. Find the least number of 
rooks such that no matter how we place them on an n x n chessboard, there 
will be two rooks that do not attack each other, but at the same time they 
will be under attack by a third rook. 


Solution. We show that the least number of rooks is 2n — 1. We label the 
squares of the n x n chess board so that the bottom left one is a1 and the 
top right one is an n. First notice that by placing the rooks on aj, a1,3,..., 
Qin, 42,1, 43,1;--+, An,1, we see that 2n — 2 rooks are not sufficient. 

We will prove by induction on n that 2n—1 rooks are sufficient. For n = 2, 
the result is clear. 

We now suppose that the result is true forn = k > 1. By placing the 2k+1 
rooks on the (k +1) x (k +1) chessboard, there is at least one row containing 
one rook or no rooks. Otherwise, the total number of rooks is greater than 
or equal to 2k + 2, which is not true. Similarly there is at least one column 
containing one rook or no rooks. Select any such row and any such column 
and delete them from the (k + 1) x (k +1) chessboard. 

We combine the undeleted parts of the (k + 1) x (k + 1) chessboard to 
obtain a k x k chessboard which contains at least 2k — 1 rooks. Select any 
2k — 1 rooks. By the induction assumption, they are sufficient. It follows that 
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2k + 1 rooks are sufficient for the (k +1) x (k +1) chessboard. This completes 
the solution. 


Example 7.5. On a circular route, there are n identical cars. Together they 
have enough gas for one car to make a complete tour. Prove that there is 
a car that can make a complete tour by taking gas from all the cars that it 
encounters. 


Solution. We will prove this by induction on n. It is clearly true for n = 1. 

Now assume for n and prove for n +1. Consider n + 1 cars. Clearly, one 
of them, say A, has enough gas to get to the next one, say B. 

Now consider a new configuration in which all cars are in the same position 
and have the same amount of gas, except B, which is removed, and A which 
is left in the same position, but it is also given the gas of B. 

By the induction hypothesis, there exists a car which can do the complete 
tour. We claim that it can do the complete tour also in the configuration with 
n + 1 cars. 

Indeed, it will have the same amount of gas in both configurations in all 
places except between A and B. But we have chosen A such that it has enough 
gas to reach B, so the car will not stop between A and B. This concludes the 
proof. 


Example 7.6. (TOT 2002) There is a large pile of cards. On each card, one 
of the numbers 1,2,...,n is written. It is known that the sum of all numbers 
of all the cards is equal to k- n! for some integer k. Prove that it is possible to 
arrange cards into k stacks so that the sum of numbers written on the cards 
in each stack is equal to n!. 


Solution. We begin by proving a little lemma: 


Lemma. From any set {a1,..., an} of n integers, one can choose a number 
or several numbers with their sum divisible by n. 


Proof. Let us assume that none of the numbers is divisible by n. Now consider 
the numbers bı = aj, b2 = ay + a2,..., bn = a1 t+ag+...+a,. If none of 
them is divisible by n, then at least two numbers b; and b; (k < l) have the 
same remainders. Then their difference aj, + ...+ a is divisible by n. 
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We now prove our questions using induction on n. If n = 1, then the only 
number is 1 and it is written on each card, hence every card forms the required 
group with sum 1! on its own. 

Assume now that we established the result for some n > 1, i.e. if the sum 
of the numbers on all cards is k- n!, then the cards could be arranged into k 
stacks with the sum of the numbers in each stack equal to n!. 


We call a supercard any group of cards with sum /-(n+1),1=1,...,n. 
We also call l a supercard value. Any card with the number n+ 1 on it is a 
supercard of value 1. From the rest of the cards with numbers 1,...,n we 


form supercards as follows: we choose any n + 1 cards; then using the above 
lemma, we can choose several of them with the sum divisible by n + 1; these 
will form a supercard by definition. The algorithm stops when we are left with: 
less that n+ 1 cards. But now, the sum of the leftovers must also be divisible 
by n+1, since the total sum and the sum on each supercard are both divisible 
by n+1. This means that they form themselves a supercard, whose sum does 
not exceed n(n + 1). | 

So we have a pile of supercards with values 1,...,n and the total sum of 
the values is equal to aaa ! = k-n!. Now using the induction hypothesis, we 
can split the supercards into k stacks with the sum of the values in each being 
equal to n!. Hence the sum of the cards in each stack is n!-(n +1) = (n+ 1)!, 
as we wanted. 





Example 7.7. (St. Petersburg) Santa Claus has n > 2 different presents 
and several identical bags. Each bag contains exactly two objects: either two 
bags, or a bag and a present, or two presents. In particular, the big bag of 
presents Santa Claus has contains two objects. How many ways are there to 
split the presents into bags? 


Solution. We show by induction on n that the number of ways is 
(2n — 3)! :=1-3-5-...-(2n- 3) 


and also that the number of needed bags is n — 1. 

For the induction step, assume that we have n+ 1 presents. 

The (n+1)-st present lies in some bag, together with either another bag or 
another present. If we remove the (n+1)-st present and the bag it lies in (only 
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the bag, not the content), then the remaining “setup” is a valid distribution of 
presents. Conversely, given a valid distribution of n presents, to obtain a valid 
distribution of n + 1 presents, it suffices to “add” (concatenate) the (n + 1)-st 
present to any of the existing objects (the object can be a bag or a present), 
and encompass both in a new bag. 

By induction, for n presents we use 2n — 1 objects: n presents and n — 1 
bags, so to add a new object we have 2n — 1 choices for the existing object. It 
is easy to see that different configurations for n presents (which can be done 
in (2n — 3)!! ways by the induction hypothesis), and different choices of the 
2n — 1 objects which we will concatenate the new object to - correspond to 
different configurations for n + 1 objects, so for n + 1 presents the answer is 
(2n — 1)!!. 


Example 7.8. Consider an m x n grid with all its entries being integers, 
where m > 1 and n > 1 are positive integers. We know that if the difference 
of two integers of the same row is greater than 1, then the same row contains 
a number which is bigger than one of the two numbers and smaller than the 
other one. Prove that there is an integer which appears in every row or in 
every column of the grid. 


Solution. We begin by proving the following result: 


Lemma. Consider a finite sequence of integers such that, if the difference of 
two of its elements is greater than 1, then there is some integer greater than 
one of those numbers and smaller than the other one which is also an element 
of the sequence. Then any integer greater than one of those numbers and 
smaller than the other one is an element of the sequence. 


Proof. Let a > b be two integers of the sequence such that a — b > 1 and 
let c be such that b < c < a. We prove by induction on a — b that c is also a 
member of the sequence. 

The base case is a — b = 2, which follows immediately from the hypothesis. 

Assume now that the result holds when a — b = 2,3,...,k, KE Z, k > 2. 
We show that it also holds for a— b = k + 1. From hypothesis, there is a 
number c such that b < c < a. Then a— c < k and c— b < k, so from 
the induction hypothesis, all the numbers between b and c and all numbers 
between c and a are taken, establishing the result for k + 1. 
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Let us now proceed to the proof of the initial problem. First consider the 
set A consisting of the smallest number in each column. Now let k be the 
largest element of A. 

If k occurs in all columns, then the statement is proven. 

If k does not occur in some column, then we consider that column together 
with the column where k is written. Pick now any row. If k is not in that row, 
then according to the lemma and the choice of k, in one of the two common 
squares of that row and the considered two columns there is a number greater 
k and in the other there is a number smaller than k. Again, according to 
the lemma we obtain that k is written in the chosen row. It follows that the 
number k is written in every row, establishing the result. 


Example 7.9. Let S be a set with 2002 elements, and let N be an integer 
with 0 < N < 2292, Prove that it is possible to color every subset of S either 
black or white so that the following conditions hold: 

a) the union of any two white subsets is white; 

b) the union of any two black subsets is black; 

c) there are exactly N white subsets. 


Solution. We replace 2002 by n and prove the statement by induction on n. 
The base case is clear. 

Assume now that the result holds for all integers which are less than some 
n > 0 and we prove it for n. In order to do this, we add in the induction 
hypothesis the extra condition that the empty set is white (it cannot be done 
if N = 0, but this case is simple and we exclude it below). 

If | =k, then 1 < k < 2”. If S = {1,2,...,n} then we may partition 
the power set of {1,2,...,n— 1} in black and white subsets as in the condition 
such that there are k white subsets S1,52,...,5,. For n = 2k, we can take 
the subsets S1,5;U{n}, S2, S2U {Nn}, ..., Sk, Sk U {n} to be white and the rest 
black. This coloring satisfies the condition of the problem: If S; US; = Sk 
then (S;U {n}) U (Sj U{n}) = Sk U {n} and analogously for the second cases. 
The union of two black subsets is black by the same principle. For n = 2k —1, 
as the empty set is among S1, S2,..., Sk by the induction step, {n} is among 
S1, SyU{n}, S2, SoU{n},..., Sk, S,U{n}. Recoloring {n} black, the conditions 
of a) and b) still hold, as it is easy to see using the very same principle above. 
It it clear that in both cases the empty set is white. 
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Example 7.10. A set M consisting of unit squares from an n x n table is 
called convenient if each row and each column of the table contains at least 
two squares belonging to the set. For each n > 5 determine the maximum 
m E Z for which there exists a convenient set M of m squares such that when 
we remove any square from M, the resulting set is not convenient. 


Solution. We begin by proving that m < 4n — 8. 

We call a cross the union of some row and some column of the n x n table 
such that both the row and the column contain at least 3 unit squares from 
the given convenient set M, and moreover, their intersection is a square in M 
(see the figure below). 


The upper bound on m now follows from the following: 


Claim. If some set M contains m > 4n — 7 squares of the n x n table, then 
there exists at least one cross in the table. 

We prove the claim by induction with respect to n. We first prove the 
claim when n = 5,6, 7: 

Consider one of the rows or the columns of the table which contains the 
maximum number k of squares from M among all the rows and columns. Note 
that k > 3. Let us assume without loss of generality that these k squares are 
at the very top of the leftmost column. 

Assume that any of the top k rows contains at most two squares from M, 
as otherwise the claim would be proved. Hence, the total number of squares 
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from M in the top k rows is at most 2k. The remaining n — k rows contain in 
total at most k(n — k) squares. It follows that 


4n—-T7<m<2k+k(n—k), or k*?—(n+2)k+4n-7<0. 
However, the discriminant of the left hand side is 
D = (n+ 2)? — 4(4n — 7) = (n — 4)\(n = 8) <0, for n=5,6,7. 


Thus, k? — (n + 2)k + 4n — 7 > 0. This gives a contradiction. 

For the induction step, we prove that if the statement holds when n < k, 
k > 7, then it also holds when n = k + 3. 

Firstly, notice that there is a row containing at least 3 squares from the 
given set M (otherwise m < 2n). Similarly, there is a column containing at 
least 3 squares from M. Consider such a row and such a column. Without 
loss of generality, we can assume that this column is the leftmost one in the 
table and the squares from M belonging to it are all at the very top of the 
column. We make the corresponding assumption for the row (see the figure 
below). 
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Consider one of the top 3 rows. If it contains at least 3 squares from M, 
then this row together with the leftmost column give us the needed cross. 
Hence we may assume that any of the three top rows, as well as any of the 
three rightmost columns contain at most 2 squares from M. Thus we have in 
total at most 12 squares from M in the shaded area. Now, since 


m > 4n — 7 = 4(k +3)- 7 = 4k -7 +12, 
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we conclude that the remaining k x k table contains at least 4k — 7 squares 
from M. Therefore, by the induction hypothesis, this k x k table contains a 
cross which is also a cross for the initial n x n table. This completes the proof 
of our claim. 

To complete the question we illustrate below the example when m = 4n—8. 
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7.1.2 Graph Theory 


A graph is an ordered pair G = (V, E), where V is the vertex set, whose 
elements are the vertices (or the nodes) of the graph and E is the edge set, 
whose elements are the connections between vertices (called edges) of the 
graph. The order of a graph is the number |V| of vertices in it. The size of 
a graph is the number of edges, |E|. The trivial graph is the one with |V| = 1 
and |E| = 0. For two graphs G = (V, E) and G’ = (V’, E’), we say that G” is 
a subgraph of G if V’ C V and E’ C E. 

An undirected graph is a graph where all the edges are bidirectional. 
In contrast, a graph where the edges point in a direction is called a directed 
graph. For u,v € V, we write (u,v) to represent that the arc is oriented from 
x to y. When the graph is undirected, we usually write {u,v} for the edge 
between u and v instead. 

The notion of a graph can be adapted to allow additional features. For our 
purposes, it will suffice to consider only edges joining two distinct vertices and 
at most one edge joining each pair of vertices. Such graphs are called simple 
graphs. 

The degree of a node, denoted by deg(v) is the number of edges incident 
to it. 

For u,v € V, au—v walk is a sequence of vertices which starts at u, ends 
at v and two consecutive vertices in the sequence are connected by an edge 
from E (i.e. they are adjacent). The length of the walk is defined as the 
number of edges used in that walk. A trail is a u — v walk where no edge is 
repeated. A circuit is a trail for which u = v (the first and last vertex in the 
sequence are the same). A path is a u — v walk where no vertex is repeated 
and a cycle is a walk for which u = v but there is no further repetition of 
vertices. A Hamiltonian cycle is a cycle which uses each node of the graph 
exactly once and an Euler circuit is a circuit which uses every edge exactly 
once. We say that u,v € V are connected if there is a u — v path. A graph 
is connected if any pair u,v € V is connected. 

An undirected graph is called a tree if any two vertices are connected 
by exactly one path. Equivalently, a tree is an undirected graph which is 
connected and has no cycles. A forest is a disjoint union of trees. 

A complete graph is a graph where all pairs of vertices are connected by 
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an edge. A complete graph with |V| = n is denoted by Kp. 

A bipartite graph is a graph G = (V, E) whose vertex set V may be 
partitioned into two disjoint sets A and B such that every edge e € E has one 
endpoint in A and the other endpoint in B. The set A is often called the input 
set and B is called the output set. A perfect matching in a bipartite graph 
G is an injective map f : A > B such that for every x € A, there is an edge 
e E€ E with endpoints x and f(x). For any subset X C A, define N(X) to 
be the set of all vertices y € B that are endpoints of edges with one endpoint 
in X. 


Example 7.11. (Hall’s Matching Theorem). Let G = (V, E) be a bipar- 
tite graph with input set A and output set B. There exists a perfect matching 
f: A —> B if and only if for every subset X C A we have 


IN(X)| > |X|. (1) 


Solution. We prove the result by induction on |A|. The base case is |A| = 1, 
for which the result is clear. 

Assume now that the result holds if |A| < n, some n > 1, and consider a 
bipartite graph G whose input set A has n+ 1 elements. We distinguish two 
cases: 


Case 1. For every proper subset X C A, we have |N(X)| > |X|+1. Then 
we choose any x € A and y E€ N({zx}) (notice that N({x}) has at least one 
element from the induction hypothesis). Let G* be the bipartite graph with 
input set A* = A\{z}, output set B* = B\{y}, and whose edges are the same 
as those of G, except for those incident to either x or y, which are deleted. 

Then the bipartite graph G* satisfies the condition (1) and by the induction 
hypothesis, there is a perfect matching in G*. This perfect matching extends 
to a perfect matching in the original graph G by setting f(x) = y. 


Case 2. There exists a proper subset X C A such that N(X) = |X|. Then for 
such a proper subset X, we construct bipartite graphs G* and G** with input 
sets A* = X and A** = A \ X, output sets B* = N(X), B* = B\ N(X) 
and edges inherited from the original graph G. We shall use the induction 
hypothesis to show that there is a perfect matching in each of G* and G**. 
Combining the two matchings, this would give a perfect matching for G. 
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Notice that neither A* nor A** has cardinality greater than n, since X = A* 
is a proper subset of A. Therefore it suffices to show that the condition (1) 
holds for both G* and G**. For the graph G* this is easy, since for any subset 
Y C X = A*, the corresponding set N(Y) is the same in G* and G. 

For the graph G**, if there was a subset Y C A** = A \ X whose corre- 
sponding set N**(Y) in G** had fewer than |Y| elements, then in the graph 
G, the set N(Y U X) would have at most |Y U X| — 1 elements, because 
N(Y UX) =N*(Y)UN(X). This is impossible, because the graph G satis- 
fies (1). Hence G** also satisfies (1), completing our proof. 

A planar graph is a graph G drawn in the plane in such a way that 
the edges do not meet except at common endpoints. The edges of a planar 
graph divide the plane up into regions which are called faces. One of the faces 
extends out to infinity and is called unbounded. The rest are bounded. 


Example 7.12. (Euler’s Theorem.) In a connected planar graph with V 
vertices, F faces, and E edges 


V+F=E+2. 


Solution. We prove the result by inducting on the number E of edges. If the 
connected planar graph G has no edges, it is an isolated vertex and V+F-—E = 
1+1-—0=2. This is the base case. 

For the induction step, assume that the result holds for all graphs with 
fewer than E edges. We will prove it holds for graphs with E edges. Choose 
any edge e. Either side of the edge e borders a face. If they are different 
faces, then following the remaining sides of either face gives a path between 
the endpoints of e. Thus we can remove e without disconnecting the graph. 
This will cause the two faces bordering e to merge. Thus removing e reduces 
E and F by one. Thus the result follows by the induction hypothesis. 

Suppose the two sides of e border the same face. Then we could draw 
a short segment crossing e and join its endpoints with a curve inside this 
face. This gives a simple closed curve that crosses e exactly once and crosses 
no other edge of G. Thus deleting e will split G into two components, one 
inside this curve and one outside. (There must be two components since one 
endpoint of e is inside the curve and the other is outside and there can be 
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at most two since each component must contain an endpoint of e.) Suppose 
these components have V; vertices, E; edges, and F; faces for i = 1,2. Since 
each has fewer than E edges, by the induction hypothesis V; — E; + Fi = 2 for 
i = 1,2. Since no vertices were added or lost V = Vi + Vg. Since only e was 
deleted, E = Ei + E2+1. Since the components have F; —1 internal faces and 
one (shared) external face, F = F, + F2— 1. Thus adding the Euler’s formulas 
for the two components gives V — (E — 1)+ (F +1)=4o0or V- E+F=2. 
This completes the induction step and the proof. 


Example 7.13. (Ramsey’s Theorem.) Let k > 2 be a positive integer 
and let n1, n2,..., Nk be any positive integers. Then there exists a number 
R(nı,..., ng) such that if the edges of a complete graph of order R(n1,..., nk) 
are colored with k different colors, then for some i = 1,...,k, the graph 
contains a complete subgraph of order n; whose edges are all of color i. (The 
minimum possible R(n1,..., ng) is called the Ramsey number for n1,..., Nx). 


Solution. We first prove the result when k = 2, using induction on nj + nə. 
Notice that for any nı > 1, we have R(n;,1) = R(1,n2) = 1, since a complete 
graph with only one node has no edges. This establishes the base case. 

For the induction step, we assume that both R(n;—1,n2) and R(n1, n2—1) 
exist for some positive integers nı and n2, and we prove that R(n1, n2) exists. 
We shall prove the following: 


R(nj, n2) < R(nı E 1, n2) + R(n, n2 = 1). 


To show the above inequality, consider a complete graph G on R(n; — 1, n2) + 
R(n, n2 — 1) vertices. Let v be a vertex of this graph and partition G \ {v} 
into two sets A and B such that for all w € G \ {v}, we have w € A if {v, w} 
has color 1 and w € B if {v, w} has color 2. 

Notice that G has |A| + |B| + 1 vertices, so either |A| > R(nı — 1, n2), or 
|B| > R(n1,n2 — 1). Without loss of generality, assume that |A| > R(nı — 
1,n2). If A has a Kn, which is all of color 2, then so does G and we are done. 
Otherwise, A has a Kn,—1 which is of color 1, so AU {v} has a subgraph Kn, 
of color 1, by the way we defined A. This completes our induction for the case 
k2, 
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For the general case, we induct on the number k of colors. The base case 
k = 2 was proved above (notice also that the case k = 1 can be considered, 
but this is obvious). Assume now that k > 2 and that the result holds for all 
integers less than k. We prove that 


R(nı, EE , Nk) < R(nı, -3 Nk—2, R(nk-1, nk)). 


Let G be a complete graph on R(n1,...,nk-2, R(Nk—1, Nk) ) vertices whose 
edges are colored with k colors. The key step is the following trick: 

Assume for the moment that the colors k — 1 and k are the same, so G is 
now colored with only k — 1 colors. From the induction hypothesis, we know 
that either G has a subgraph Kn, all colored in 2 for some 1 <1 < k — 2, or 
it has a subgraph K pn, _,n,) all colored in the color k — 1 (which is the same 
as k for now). In the former situation, our assumption on the colors k — 1 
and k was never used, so we are done. In the latter situation, we remove our 
assumption on the colors k — 1 and k and by the way we defined R(nk-1, nx), 
we have that KR(n,_ı,n,) Contains either a Ky,_, of color k — 1, or a Kn, of 
color k. This completes our proof. 

A k-clique in a graph G is a set of k vertices such that any pair of them is 
connected by an edge. Equivalently, a k-clique is a subgraph which is a copy 
of the complete graph Ky, with k vertices. 


Example 7.14. (Turan’s Theorem.) If G(V, E) is a graph on n vertices 
without a k-clique, then 

(k — 2)n? 

2(k—1) 

Solution. We prove the result by induction on n. The base cases given by 
the small values for n are an immediate check. 

Let G be a graph on V = {1,...,n} vertices without k-cliques and which 
has the maximal number of edges. G definitely contains (k — 1)-cliques, since 
otherwise we could simply add an edge. So let A be a (k—1)-clique, B = V \ 4A, 
so that |B| =n —k+1. We know that A contains ("5") edges. We estimate 
the number eg of edges in B and the number eap of edges between A and B. 
From the induction hypothesis, we have that 


(k —2)(n—k +1)? 
a oc) 


JE| < 
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As G has no k-clique, every vertex in B must be adjacent to at most k — 2 
vertices in A, from which we obtain that 


eaB <(k—2)(n—k+1). 


Adding the obtained inequalities, we obtain that 


2 E A 2 252 
pis (52) EMO M 4 ayn ng ty EA 


Remark. The upper bound given in the theorem can be achieved for a graph 
G with n = q(k—1) vertices where the vertices are divided into k—1 groups of 
size q and two vertices are joined by an edge if and only if they are in different 
groups. If n is not a multiple of k—1, then the bound above is not quite sharp. 
With a little more work on the base cases, one can show that for general n 
the graph with no k-clique and the maximum number of edges can be built as 
follows: divide the vertices into k — 1 groups of |z] or |g] +1 elements, 
then join two vertices by an edge if and only if they belong to different groups. 


Example 7.15. (St. Petersburg) Is it possible to choose several points in 
space and connect some of them by line segments, such that each vertex is the 
endpoint of exactly 3 segments, and any closed path has length at least 30? 


Solution. Yes. In graph theoretic language, we show by induction that there 
exists a graph in which every vertex has degree precisely 3, and every cycle 
has length at least n. 

The base case n = 3 is straightforward -consider a tetrahedron. 

Assume now that the result holds for some n > 3 and consider such a 
graph for n. Assume it has m edges. Label the edges from 1 to m and for 
every edge k, write the number 2” near one of its endpoints. Let M be a large 
number, say M >n-2™. Replace each vertex by a group of M new vertices, 
labelled from 0 to M — 1. 

For every edge in the original graph, draw M edges in the new graph by the 
following rule: assume the edge is k and it joins vertices a and b, and that 2% 
is written near a. Let A and B be the groups of M new vertices corresponding 
to a and b. For every 1 = 0,..., M — 1 join the vertex 7 from A to the vertex 
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i +2" in B (indices are mod M). Note that the vertex i of group B will be 
connected to the vertex i — 2" of group A. 

It is clear that every vertex in the new graph is connected to exactly 3 
others (one in each group corresponding to the 3 edges in the initial graph). 
It remains to show that any cycle in the new graph has length at least n + 1. 
Assume the contrary, and let aja2...ag be a cycle of length £ < n. Consider 
the groups corresponding to these vertices. They give us a cycle 6; ...6g in the 
original graph (possibly self-intersecting). Note that this cycle cannot use the 
same edge twice in a row, as in the new graph the neighbours of any vertex 
belong to different groups. So we can extract a simple cycle from bı... bg. 
Since in the original graph every cycle has length > n, it follows that we must 
have £ = n and 6,... 0g is itself a simple cycle. 

Now note that the number of ai+ı differs from the number of a; by +h: 
(mod M), where k; is the number of the edge a,a;,, in the original graph. 
Thus 

+2%4+...4+2% =0 (mod M), 


for some +’s. Since M > n-2™, it follows that the above expression on the 
left side must equal 0. Since all the k,;’s are distinct, this is impossible. This 
completes our proof. 


Example 7.16. Prove that if a graph G with n vertices is a tree (connected 
and containing no cycles), then it has exactly n — 1 edges. 


Solution. The key observation is the following. Suppose we select a vertex 
a vertex of G and start to “walk” on the edges from that vertex, forming a 
trail v1, v2,.... The trail cannot self-intersect, as then we would have a cycle, 
so the graph would not be a tree. Thus the walk will eventually stop at some 
vertex of degree 1. 

We now prove the statement by induction on n. Things are clear for the 
base case n = 1. 

Now assume we have proved the result for trees with n > 1 vertices. Con- 
sider a tree with n + 1 vertices and using the remark above find a vertex of 
degree 1. We remove that vertex together with its adjacent edge. The remain- 
ing graph is a tree (it has no cycles and it is still connected as no path can go 
through the removed vertex) and has n vertices, so we can apply induction: 
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we have n — 1 edges in the graph with n vertices which, together with the 
removed edge, make n edges in the graph with n + 1 vertices. 


Example 7.17. Let G be a connected graph with an even number of vertices. 
Prove that you can select a subset of edges of G such that each vertex is 
incident to an odd number of selected edges. 


Solution. All connected graphs have a tree as a spanning subgraph, so it 
suffices to prove the problem for trees. We do this by induction on the number 
of vertices. The base case is clear. 

Suppose now that the statement is true for even integers less than n, with 
n even. In a tree T with n vertices, choose an arbitrary vertex v with degree 
d > 1. Then deleting v from T results in a forest of d trees: T1, T3, ...Tg. Let 


U — qT; if |V(Z;)| is even; 
T; U {v} otherwise. 


Note that since T has an even number of vertices, T — {v} has an odd 
number of vertices, so an odd number of T; have an odd number of vertices 
and an odd number of U; contain v. Each U; is a tree with an even number 
of vertices, so the inductive hypothesis can be applied to each of them. The 
edges corresponding to two different U; will never overlap, and if we combine 
all the selected edges, the only vertex that might not work is v. But since v 
is contained in an odd number of U; and an odd number of odd numbers sum 
to an odd number, it will have an odd number of edges adjacent to it. So this 
selection works and the induction is done. 


Example 7.18. Let G be a simple graph with 2n + 1 vertices and at least 
3n + 1 edges. Prove that there exists a cycle having an even number of edges. 


Solution. We will proceed by induction on the number of vertices of the 


Sam + 1 edges there is an 


graph to show that whenever we have f(n) = l 
even cycle. The base case n = 1 is clear. 
Suppose we proved the result for up to n — 1 vertices, where n > 2. If 
our graph G has n vertices and f(n) edges, note that if we can find a vertex 
v so that deg(v) € {0,1} then G \ {v} has an even cycle by the induction 


hypothesis. 
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Suppose we can find adjacent vertices u and v of degree 2. Say u is adjacent 
to u; and v and v is adjacent to u and vı. If there is already an edge from u1 
to vı, then we already have a cycle of length 4. Otherwise, we can consider 
G \ {u,v} with an extra edge from u1 to vı. This reduces the number of 
vertices by 2 and the number of edges by 2. Thus by the induction hypothesis 
this graph has an even cycle. If this cycle uses the new edge from u1 to vj, 
then it becomes a cycle with 2 more vertices in G, but still of even length. 

Now we are ready to prove the induction step. Let P = vjv2...Um be 
a path of longest length in G. Then there are edges viv] and unv, with 
v}, v © P because deg(v1), deg(vn) > 2 and P is maximal. Now there are two 
cases: 


Case 1. If deg(v,) > 3. Then there is another edge vix with x € P and 
xz Æ vi. Consider the union of the edges vız, vivi and the paths from v to vi 
and from vı to xz. They form a cycle with a chord and therefore we have an 
even cycle. (The chord splits the cycle into two other cycles. The sum of the 
lengths of these three cycles is even). 


Case 2. If deg(v,) = 2, by the observation above we have deg(v2) > 3 and so 
there is an edge voy. If y € P, then we can again find a cycle with a chord as 
above. If y is not in P, then its degree cannot be 1, but if y was connected 
to another z ¢ P then this contradicts the maximality of P. So z € P. Now 
the union of viv}, vey, yz and the path from vı to whichever is the farthest 
between z and v} is a cycle with a chord and so the induction step is complete. 


Example 7.19. (Russia 1995) In the city of Dujinsk every intersection has 
exactly three streets meeting at that intersection (each street joins two in- 
tersections). The streets are colored in three colors: red, black and white in 
such a way that from every intersection has a street of each color. We call 
an intersection positive in the colors of the streets can be read as red, black 
and white in clockwise direction and negative if this can be done counter- 
clockwise. Prove that the number of positive intersections differs from the 
number of negative intersections by a multiple of 4. 


Solution. To tackle the question more easily, we consider a planar graph with 
nodes and edges instead of the city with intersections and streets. Now, in 
this new graph, one of the first ideas that comes in mind is induction on the 
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number of nodes. So how can we use it? We cannot generally remove an edge 
or a node while still fulfilling the hypotheses. However, we can remove one 
edge if the following conditions hold: Suppose that on one face of the graph we 
have three consecutive edges with the colors red, black, red. Let these edges 
be AB, BC, CD in that order. Then the two white edges BE, CF must lie 
outside the face. Now we can remove B,C by joining A, D with a red edge and 
E, F with a white one. It is easy to see that if we draw these edges to follow 
approximately the contours of the paths A- B-C -D and E—B-C—-F, 
then we get a planar graph and we ensure that the signs of A, D,E, F do not 
change. We also see that B and C had opposite signs so the problem would 
follow by induction in this case. 

What happens if cannot find such a configuration? This means that on 
every face the colors cycle so in particular every face has a length divisible by 
3. However, we can easily handle this case if we remember one of the crucial 
facts in planar graph theory: in a planar graph, there is a vertex with degree 
less than 6, and by duality, a face with length at most 5. Since the faces must 
have length divisible by 3, we deduce that we have a triangle, say ABC with 
AB red, BC black and C'A white. Now let AD, BE, CF be the other edges 
emerging from the vertices of the triangle. We can remove A, B, C by creating 
a new vertex T inside ABC and by joining it to D, E,F by edges of black, 
white and red color, respectively. We see that all of A, B and C had the same 
sign, which is opposite to the sign of T and so our difference has changed by 
+4, which is what we need. 

The proof of the base case for this induction (when we have just four 
vertices) is left to the reader. 


7.1.3. Combinatorial Geometry 


As its name suggests, Combinatorial geometry is a field which blends ele- 
ments from combinatorics and geometry. It deals mainly with arrangements 
of geometric objects and their discrete properties. We shall consider mostly 
problems that use topics such as covering, coloring, tiling or decomposition. 
One of the theorems that lies at the heart of Combinatorial Geometry is: 


Example 7.20. (Helly’s Theorem) Given n > 4 convex figures in the plane 
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such that any three of them have a common point, prove that all n figures 
have a common point. 


Solution. We will prove the statement by induction on n. We first prove the 
case n = 4. 

Denote the given figures by Mı, M2, M3 and M4. Let A; be the intersection 
point of all the figures except M;. Two arrangements for the points A; are 
possible: 


Case 1. One of the points, say A4 lies inside the triangle formed by the 
remaining points. Since A1, A2, A3 belong to the convex figure Mz, all points 
of A; A2 A3 also belong to M4. Therefore A4 belongs to M4 and by construction 
it also belongs to the other figures. 


Case 2. If A, Á2 43434 is a convex quadrilateral, let O be the intersection point 
of diagonals A;A3 and A244. Let us prove that O belongs to all the given 
figures. Both points A; and A3 belong to figures Mz and M4, therefore the 
segment A ,A3 belongs to these figures. Similarly, the segment A244 belongs 
to figures Mı and M3. It follows that the intersection point of segments A; A3 
and A Av, belongs to all the given figures. 

Assume now that the statement holds for n > 4 figures and let us prove 
it for n + 1 figures. Given convex figures My,...,Mn, Mnii, every three of 
which have a common point, let us consider the figures Mı,..., Mn-1, M,,, 
where M, is the intersection of Mn and Mn+1. Clearly M, is also a convex 
figure. Let us now prove that any three of the new figures have a common 
point. We only need to look at the triples of figures that contain M,, since 
for the others, the statement is true by assumption. But now from the case 
n = 4 we know that for any 7 and 7, the figures M;, Mj, Mn and Mn+1 always 
have a common point. So Mi, M; and M, will have a common point. By the 
induction hypothesis, we are done. 

Let us now study some further examples. 


Example 7.21. The sides and the diagonals of a regular n-gon X are colored 
in k colors such that: 


i) For each color a and any two vertices A, B of X either the segment AB 
is colored in a or there is a vertex V such that AC and BC are colored 
in a. 
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ii) The sides of every triangle with vertices among the vertices of X are 
colored in at most two colors. 


Prove that k < 2. 


Solution. Assume we have at least three colors, say 1,2,3. Let A,B,C 
be points such that edge AB has color 1 and edges AC, BC have color 2. 
There exists a vertex D such that DB and DC have color 3. As the triangles 
DAB, DAC are colored in at most two colors, we conclude that DA is also 
of color 3. Then we add a vertex E such that EC, ED have color 1. As 
ECB, EDB are colored in at most two colors, EB also has color 1. So as 
EDA and ECA must be colored in two colors, L.A has also color 1. This 
suggests us to try to prove the following statement: 

“There exist vertices X1, X2,..., Xn such that the edge X;X; has color 
1+(j +1) (mod 3), for i < j.” 

The proof is done by induction on n, the base case being the vertices 
A,..., E described above. 

For the induction step, notice that the side Xn—-1Xn has color 1+ (n+ 1) 
(mod 3), therefore there exists a vertex X such that both Xn-1X and Xn X 
have color 1 + (n + 2) (mod 3). Clearly X is not among Xj, X2,..., Xn-2 
because otherwise X X,, would be of color 1+ (n + 1) (mod 3) which is dif- 
ferent from 1 + (n + 2) (mod 3). Then, as the triangles XXn—-1Xn-2 and 
X XnXn-—ə are colored in at most two colors each, we conclude that X Xn-2 
has also color 1 + (n + 2) (mod 3). Similarly, for 1 < i < n — 3, the trian- 
gles XXn Xi, XXn-1Xi, X Xn-2X; are all colored in at most two colors, so we 
conclude that XX; has color 1 + (n + 2) (mod 3). So we may set Xn41 = X. 
The induction is complete. 

From the above result, we conclude that the polygon has infinitely many 
vertices, which is a contradiction. 

For the next example, we will require the following famous result, known 
as the Sylvester-Gallai Theorem, which asserts that given a configuration of 
n > 3 points in the plane, either all of the points are collinear, or there is a 
line which passes through exactly two points of the configuration. 


Example 7.22. We have n > 3 points, not all of them collinear. Prove that 
these points determine at least n lines. 
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Solution. We will proceed by induction on n. For n = 3, the result is clear. 

Assume now the statement is true for some n > 3. For the points 
{P;,...,Pn4i}, by the Sylvester-Gallai theorem, there is a line passing through 
only two of them, without loss of generality say that it is the line connecting 
Pa+ı and Pa. Note that if all of Pj,...,P, are collinear, we can easily get 
n + 1 lines from connecting Pa+ı to each of them and are done. Otherwise, 
removing P,4; and the line connecting it to P, we get a set of n points that 
are not all collinear. Thus we can apply the induction hypothesis and get at 
least n lines. Adding the extra line determined by P, and P,i1, we get at 


least n + 1 lines. 


Example 7.23. The set M consists of the four vertices of a square with side 
length 20 and 1999 more points in the interior of this square. Prove that there 
is a triangle with area at most “a formed by the vertices of M. 


Solution. It is enough to prove that the square can be divided into at least 
4000 triangles with vertices in M, so one of them will have area at most 
20" = +. Clearly the number 1999 should not be special, so let us prove by 
induction on n that if M contains the vertices of the square and n points in 
the interior, then we can partition the square into at least 2n + 2 triangles 
formed by the vertices of M. The base case n = 1 is true, because a square 
with a point in the interior can be broken into 4 triangles. 

Now, assume we have proven the assertion for n = k and let us prove it 
for n = k+ 1. Take a point P from M, different from the vertices if the 
square. If we remove P, we can divide the square into 2k + 2 triangles with 
vertices in M \ {P} by the induction hypothesis. Therefore, P either falls 
inside a triangle or it falls on the side of one of the triangles. If P falls inside 
the triangle XY Z, we can divide XY Z into three triangles PX Y, PY Z, PZX, 
thus increasing the number of triangles by 2. If P falls on a segment AB, then 
AB belongs to at least two different triangles ABC, ABD. We can divide 
them into the triangles APC, BPC, APD, BPD, again increasing the number 
of triangles by 2. So we get at least 2k + 4 triangles and the induction step is 
proved. 


Example 7.24. (IMO 2013 shortlist) In the plane, 2013 red points and 
2014 blue points are marked so that no three of the marked points are collinear. 
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One needs to draw k lines not passing through the marked points and dividing 
the plane into several regions. The goal is to do it in such a way that no region 
contains points of both colors. 

Find the minimal value of k such that the goal is attainable for every 
configuration of 4027 points. 


Solution. The answer is k = 2013. We will actually prove the following, more 
general statement: 

If n points in the plane, no three of which are collinear, are colored in red 
and blue arbitrarily, then it suffices to draw |%| lines to reach the goal. 


Proof. We proceed by induction on n. Ifn < 2, then the statement is obvious. 
Now assume that n > 3, and consider a line l containing two marked points 
A and B such that all the other marked points are on one side of l; thus l is a 
line containing a side of the convex hull of the marked points. In particular, 
A and B are on the convex hull of the marked points. 

Remove for a moment the points A and B. By the induction hypothesis, 
for the remaining configuration it suffices to draw |%|— 1 lines to reach the 


goal. Now return the points A and B back. Three cases are possible: 


Case 1. If A and B have the same color, then one may draw a line parallel 
to l and separating A and B from the other points. Obviously, the obtained 
configuration of |$] points works. 


Case 2. If A and B have different colors, but they are separated by some 
drawn line, then again the same line parallel to l works. 


Case 3. Finally, assume that A and B have different colors and lie in one 
of the regions defined by the drawn lines. By the induction hypothesis, this 
region contains no other points of one of the colors. Without loss of generality, 
assume the only blue point it contains is A. Then it suffices to draw a line 
separating A from all the other points, which can be done since A is on the 
convex hull of the marked points. 

Thus the step of the induction is proved and we are done. 


Example 7.25. (JBMO 2004) Consider a convex polygon having n vertices, 
n > 4. We arbitrarily decompose the polygon into triangles having all the 
vertices among the vertices of the polygon, such that no two of the triangles 
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have interior points in common. We paint in black the triangles that have two 
sides that are also sides of the polygon, in red if only one side of the triangle 
is also a side of the polygon and in white those triangles that have no sides 
that are sides of the polygon. 

Prove that there are two more black triangles that white ones. 


Solution. We prove by induction that there are at least two black triangles, 
and that b = w+2 where b (resp. w) denote the number of black (resp. white) 
triangles. 

First, for n = 4 there are two black triangles and no red and white. This 
establishes the base case. 

Now, let n > 4 be given, and assume that the result holds for any k such 
that 4 < k < n. Let us consider an n-gon colored as in the statement of 
the problem. Let d be any diagonal (not side) which has been drawn for the 
triangulation. Then d separates the n-gon into two disjoint polygons. If any 
of these polygons is a triangle, then it is a black one in the original coloring. 
If none of these polygons is a triangle, then use the induction hypothesis for 
each of the two sub-polygons. This gives us at least 2 black triangles on each 
side of d. Furthermore, for each side at most one of these black triangles have 
das aside. Thus, in any case, there is at least one black triangle on each side 
of d, which ensures that there are at least two black triangles for the n-gon. 

Now let T = ABC be a black triangle (which does exist from above), 
with vertices in that order on the n-gon. Consider the n — 1-gon obtained 
by deleting T and replacing it by the edge AC’. The coloring induced on this 
(n — 1)-gon is the same as the initial one, except for the triangle T” having 
AC as side. Note that since AC is a diagonal of the n-gon, then T” was red or 
white in the original coloring, and since it is a side of the (n — 1)-gon, it is now 
black or red, respectively. From the induction hypothesis, we have b = w +2 
for the (n — 1)-gon. 

If T’ is black for the induced coloring, then it was red for the initial one. 
Adding T, it leads to b = b — 1 +1 = b' and w = w. 

If T” is red for the induced coloring, then it is white for the initial coloring. 
Adding T leads to b = b + 1 and w = w +1. 

Thus, in either case, we have b = w+ 2 as desired, which ends the induction 
step and the proof. 


7.1. Theory and Examples 143 


Example 7.26. (Moscow 1996) We are given a set A consisting of some 
lines in the plane. It is known that for any subset B of A consisting of k? + 1, 
(k > 3) lines, there exist k points such that any line which is in B passes 
through at least one of these points. Prove that we can also choose k points 
such that each line in A passes through at least one of them. 


Solution. Let us first introduce some terminology. For a set X, we say that 

the lines in X pass through k nodes if there exist k distinct points in the plane 

such that each line in X passes through at least one of these points. We also 

say that the statement S(n,k) is true if from the fact that any n lines of X 

pass through k nodes we can deduce that all lines in X pass through k nodes. 

With this setup, we are asked to prove that S(n, k) holds for n = k*+1, k > 3. 
We shall prove the statement by induction on k: 


$(3,1) > $(6,2) > S(10,3) >... > S(k*+1,k). 


The base case for our induction is clear, since $(3,1) says that if any three 
lines of a set pass through the same point, then all lines of that set pass 
through the same point. 

First, assume that S((k — 1)? + 1,k — 1) (k > 4) holds and A is a set of 
lines such that any k? + 1 lines pass through k nodes. Let us consider k? + 1 
lines in A and the k points they pass through. Then one of the k points, call 
it P, is part of at least k + 1 lines. Let M denote the set of all lines in A 
passing through P and let A’ be the set of lines in A which are not in M. We 
shall prove that for A’ we have that any (k — 1)? + 1 lines pass through k — 1 
nodes: 

Indeed, to any set of (k —1)*+1 lines in A’ we add up to 2k—1 of the lines 
in M and if necessary, some extra lines from A’ to get a total of k? + 1 lines. 
Then, from the hypothesis of the problem, these k? + 1 lines pass through k 
nodes. Let N be the set of these nodes. We show that P € N. Indeed, there 
are at least k + 1 lines in M passing through P, so if P g N, then the lines 
pass through at least k+ 1 points, while we assumed that k points are enough. 
So it must be that P € N. So excluding P, the remaining k — 1 points are 
contained by all lines in A’ not passing through P, so in particular by the 
(k — 1)? + 1 lines from A’ that we initially considered. From the induction 
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hypothesis, S((k — 1)? + 1, k — 1) is true, so all lines in A’ pass through k — 1 
nodes. But then it follows that all lines in A pass through these k — 1 nodes 
together with the point P, so k points in total. This finishes the proof of the 
induction step. 

We still need to prove the first two steps of our chain of implications, 
S(3,1) = S(6,2) = S(10,3). We leave it to the reader to check that these 
follow by just making slightly changes to the argument for the inductive step. 
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7.2 Proposed Problems 


Problem 7.1. (IMO 2002) Let n be a positive integer and S the set of 
points (x, y) in the plane, where x and y are non-negative integers such that 
x+y <n. The points of S are colored in red and blue so that if (x,y) is 
red, then (z’,y’) is red as long as x’ < x and y’ < y. Let A be the number 
of ways to choose n blue points such that all their x-coordinates are different 
and let B be the number of ways to choose n blue points such that all their 
y-coordinates are different. Prove that A = B. 


Problem 7.2. (IMO 2013 shortlist) Let n be a positive integer. Find 
the smallest integer k with the following property: Given any real numbers 
Q,,...,@g such that aj +ag+...+ag=nand0<a; < 1 for i = 1,2,...,d, 
it is possible to partition these numbers into k groups (some of which may be 
empty) such that the sum of the numbers in each group is at most 1. 


Problem 7.3. (TOT 2002) The spectators are seated in a row with no empty 
places. Each is in a seat which does not match the spectator’s ticket. An usher 
can order two spectators in adjacent seats to trade places unless one of them 
is already seated correctly. Is it true that from any initial arrangement, the 
usher can place all the spectators in their correct seats? 


Problem 7.4. (USSR 1991) Several (more than two) consecutive positive 
integers 1,2,...,n are written on a blackboard. In one move, it is permitted 
to erase any pair of numbers, say p and q and replace them by the numbers 
p+ q and |p — q| instead. In several moves, a student was able to make all 
numbers on the blackboard equal to k. Find all possible values of k. 


Problem 7.5. (USSR 1990) We are given 4m coins, among which exactly 
half of the coins are counterfeit. All genuine coins have equal weights, all 
counterfeit coins also have equal weights, but a counterfeit coin is lighter than 
a genuine one. How can one determine all counterfeit coins in no more than 
3m weighings, using a balance without weights? 


Problem 7.6. (IMO 2006 shortlist) An (n, k)-tournament is a contest with 
n players held in k rounds such that: 
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i) Each player plays in each round, and every two players meet at most 
once. 


ii) If player A meets player B in round i, player C meets player D on round 
i, and player A meets player C in round 7, then player B meets player 
D in round 7. 


Determine all pairs (n, k) for which there exists an (n, k)-tournament. 


Problem 7.7. In an m x n rectangular board of mn unit squares, adjacent 
Squares are ones with a common edge, and a path is a sequence of squares in 
which any two consecutive squares are adjacent. Each square of the board can 
be colored black or white. Let N denote the number of colorings of the board 
such that there exists at least one black path from the left edge of the board 
to its right edge, and let M denote the number of colorings in which there 
exist at least two non-intersecting black paths from the left edge to the right 
edge. Prove that N? > 27M. 


Problem 7.8. (IMO shortlist 1998) Let U = {1,2,...,n}, where n > 3. A 
subset S of U is said to be split by an arrangement of the elements of U if an 
element not in S occurs in the arrangement somewhere between two elements 
of S. For example, 13542 splits {1,2,3} but not {3,4,5}. Prove that for any 
n — 2 subsets of U, each containing at least 2 and at most n — 1 elements, 
there is an arrangement of the elements of U which splits all of them. 


Problem 7.9. Let n Æ 4 be a positive integer. Consider a set S C {1,2,...,n} 
with |S| > |]. Prove that there exist x,y,z E€ S with x + y = 3z. 


Problem 7.10. A word consists of n letters from the alphabet {a,b,c,d}. A 
word is called convoluted if it has two consecutive identical blocks of letters. 
For example, caab and cababdc are convoluted, but abcab is not. Prove that 
the number of non-convoluted words with n letters is greater than 2”. 


Problem 7.11. (IMO 2006 shortlist) We have n > 2 lamps L1,..., Ln in 
a row, each of them being either on or off. Every second we simultaneously 
modify the state of each lamp as follows: if the lamp L; and its neighbors 
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(only one neighbor for i = 1 or i = n, two neighbors for other i) are in the 
same state, then L; is switched off; otherwise, L; is switched on. 
Initially, all the lamps are off except the leftmost one which is on. 


a) Prove that there are infinitely many integers n for which all the lamps 
will eventually be off. 


b) Prove that there are infinitely many integers n for which the lamps will 
never be all off. 


Problem 7.12. (IMO 2005 shortlist) Let k be a fixed positive integer. A 
company has a special method to sell sombreros. Each customer can con- 
vince up to two persons to buy a sombrero after he/she buys one; convincing 
someone already convinced does not count. Each of these new customers can 
convince up to two others and so on. If a customer convinces two people to but 
sombreros and each of these two people in turn makes at least k persons buy 
sombreros (directly or indirectly), then that customer wins a free instructional 
video. Prove that if n persons bought sombreros, then at most 7s of them 
got videos. 


Problem 7.13. Let r be a positive integer. Consider an infinite collection of 
sets, each having r elements such that each two of these sets are not disjoint. 
Prove that there is a set with r — 1 elements that is not disjoint from any 
member of the collection. 


Problem 7.14. We have n finite sets A1, Ao,..., An such that the intersection 
of any collection of them has an even number of elements, except for the 
intersection of all subsets, which has an odd number of elements. Find the 
least possible number of elements that A; U Ag U...U An can have. 


Problem 7.15. (USSR 1991) A k xl minor of an n x n table consists of 
all cells which lie on the intersection of any k rows with any l columns. The 
number k+l is called the semiperimeter of this minor. It is known that several 
minors, each of semiperimeter not less than n, jointly cover the main diagonal 
of the table. Prove that these minors jointly cover at least half of all cells. 
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Problem 7.16. (IMO 2013 shortlist) Let n > 2 be an integer. Consider 
all circular arrangements of the numbers 0,1,...,n; the n + 1 rotations of 
an arrangement are considered to be equal. A circular arrangement is called 
beautiful if, for any four distinct numbers 0 < a,b,c,d < n with a+c = b+d, the 
chord joining the numbers a and c does not intersect the chord joining numbers 
b and d. Let M be the number of beautiful arrangements of 0,1,...,n. Let 
N be the number of pairs (x,y) of positive integers such that z +y < n and 
gcd(x,y) = 1. Prove that 
M=N+1. 


Problem 7.17. Prove that among any 2k + 1 integers, each having absolute 
value at most 2k — 1, one can always choose three that add up to 0. 


Problem 7.18. Prove that a cube ČC can be divided into n cubes for all 
n > 55. 


Problem 7.19. For a permutation a1,a2,...,@n of the numbers 1,2,...,n 
one is allowed to change the places of any consecutive blocks, that is from 


Q1,-++ Qi, Gi4+1,-++ , itp, Qitp+L1, » + +s Qi+q, Gitgqtls---,4n 


one can obtain 


A1,-+ + Qi, Gi+p41,-++,Gitg, Gi41,--- 5 Gitp, itgi,- an. 


Find the least number of such changes after which one can obtain n, n—1,..., 
2, 1 from 1,2,..., n. 


Problem 7.20. Let m circles intersect at points A and B. We write numbers 
using the following algorithm: We write 1 at points A and B, at every midpoint 
of an open arc AB we write 2, then at the midpoint of the arc between every 
two points with numbers written we write the sum of the two numbers and 
so on repeating n times. Let r(n,m) be the number of appearances of the 
number n after writing all of them on our m circles. 

a) Determine r(n, m); 

b) For n = 2006, find the least m for which r(n, m) is a perfect square. 
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Example. For a single arc AB the numbers written on successive rounds 
are: 1—1; 1-—2-—1;1-—3-—2-—3-1;1-4-3-5-—-2-5-3-4-1; 
1—5-—4-—-7-3-8-—-5-7-2-7-5-8-—-3-7-4-5-1. 


Problem 7.21. (Hungary 2000) Given a positive integer k and more than 
2 integers, prove that a set S of k +2 of these numbers can be selected such 
that for any positive integer m < k + 2, all the m-element subsets of S have 
different sums of elements. 


Problem 7.22. (Russia 2000) There is a finite set of congruent square cards, 
placed on a rectangular table with their sides parallel to the sides of the table. 
Each card is colored in one of k colors. For any k cards of different colors, it 
is possible to pierce two of them with a single pin. Prove that all the cards of 
some color can be pierced by 2k — 2 pins. 


Problem 7.23. (Russia 2000) Each of the numbers 1,2,...,N is colored 
black or white. We are allowed to simultaneously change the colors of any 
three numbers in arithmetic progression. For which numbers N can we always 
make all the numbers white? 


Problem 7.24. For n > 1, let O, be the number of 2n-tuples 
(11,---,2%n,Y1,---,;Yn) With all entries being either 0 or 1 and for which the 
sum 21yY1 +... +2ZnYn is odd, and En the number of 2n-tuples of same type 
for which the sum is even. Prove that 


En Qe: 





Problem 7.25. (TOT 2001) In a row there are 23 boxes such that for 
1 < k < 23, there is a box containing exactly k balls. In one move, we can 
double the number of balls in any box by taking balls from another box which 
has more. Is it always possible to end up with k balls in the k-th box for 
Lak = 23% 


Problem 7.26. Consider a 2” x 2” square. Prove that after removing a 1 x 1 
square from one of its corners, the remaining region can be tiled by “corners” (a 
corner is a 2 x 2 square with one of the four corner unit squares removed). 
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Problem 7.27. Consider 10 x 10 grid square, such that in some of its squares 
there are written ten ones, ten twos, ..., ten nines and one ten (such that in 
each square there is at most one number written). Prove that one can choose 
ten squares from different rows, such that in the chosen squares we have the 
numbers 1,2,...,10. 


Problem 7.28. (IMO 2009) Let a1,a2,...an, be different positive integers 
and M a set of n — 1 positive integers not containing the number s = a; + 
aj+...+d,. A grasshopper is going to jump along the real axis. It starts at 
the point 0 and makes n jumps to the right of lengths a1,a2,...,an in some 
order. Prove that the grasshopper can organize its jumps in such a way that 
it never falls in any point of M. 


Problem 7.29. (IMO shortlist 2004) For a finite graph G, let f(G) be the 
number of triangles and g(G) the number of tetrahedra formed by edges of G. 
Find the least constant c such that 


g(G)° <c: f(@%, 
for every graph G. 


Problem 7.30. Prove that a graph with (eg a) vertices contains either a Kn 
or a Kẹ i.e. either n mutually connected vertices or k mutually not connected 
vertices. 


Problem 7.31. In a simple graph with a finite number of vertices each vertex 
has degree at least three. Prove that the graph contains an even cycle. 


Problem 7.32. For a positive integer n, let S be a set of 2” +1 elements. Let 
f be a function from the set of two-element subsets of S to {0,...,2%~1 — 1}. 
Assume that for any elements x,y,z of S, one of f({z, y}), f({y, z}$), fzx} 
is equal to the sum of the other two. Prove that there exist a,b,c in S such 


that f({a,b}), f({b, c}), f({c, a}) are all equal to 0. 


Problem 7.33. Let G be a graph on n vertices such that there are no K4 
3 
n 
subgraphs in it. Prove that G contains at most (=) triangles. 
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Problem 7.34. (Moscow 2000) In a country, there is at least one road 
going out of each city (each road connects exactly two cities). We call a city 
marginalized if there is only one road going out of it. It is known that it is 
not possible to get out of one city and then to get back into it using a closed 
circuit. The cities were split into two sets so that no two cities belonging to the 
same set are connected by a road. Assuming that there are at least as many 
cities in the first set as in the second, show that the first set must contain a 
marginalized city. 


Problem 7.35. (Moscow 2001) There are 20 teams each belonging to a 
different city that play some football games among themselves, such that each 
team plays a home game and at most two away games. Prove that we can 
schedule the games in such a way that each team does not play more than one 
game per day and all games are played in three days. 


Problem 7.36. (Five color theorem) Prove that the vertices of every planar 
graph can be colored with 5 colors such that each edge has its corresponding 
vertices of different colors. 


Problem 7.37. In a simple graph with a finite number of vertices, each vertex 
has degree at least three. Prove that the graph contains a cycle whose length 
is not divisible by 3. 


Problem 7.38. (China 2000) A table tennis club wishes to organize a dou- 
bles tournament, a series of matches where in each match one pair of players 
competes against a pair of two different players. Let a player’s match number 
for a tournament be the number of matches he or she participates in. We are 
given a set A = {a1,a2,...,a,} of distinct positive integers all divisible by 6. 
Find with proof the minimal number of players among whom we can schedule 
a doubles tournament such that 


i) each participant belongs to at most 2 pairs; 
ii) any two different pairs have at most 1 match against each other; 


iii) if two participants belong to the same pair, they never compete against 
each other; 
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iv) the set of the participants’ match numbers is exactly A. 


Problem 7.39. (Poland 2000) Given a natural number n > 2, find the 
smallest integer k with the following property: Every set consisting of k cells 
of an n x n table contains a non-empty subset S such that in every row and 
in every column of the table there are an even number of cells belonging to S. 


Problem 7.40. (Austrian-Polish MO 2000) We are given a set of 27 
distinct points in the plane, no three collinear. Four points from this set are 
vertices of a unit square; the other 23 points lie inside this square. Prove that 
there exist three distinct points X,Y, Z in this set such that [XYZ] < $. 


Problem 7.41. (Moscow 1999) We consider in the plane a convex polygon 
such that each of its sides is a segment which is colored towards the outside 
of the polygon (i.e. we regard a part of the segment as colored, and the other 
one not). Inside the polygon we draw some diagonals which again, have a side 
that is colored and one which is not. Prove that one of the polygons that was 
formed while partitioning the initial polygon must also have its sides colored 
towards the outside. 


Problem 7.42. (USSR 1989) A fly and a spider are on a 1 x 1 meter square 
ceiling. In one second, the spider can jump from its position to the middle of 
any of the four segments which join it to the vertices of the ceiling. ‘The fly 
does not move. Prove that in eight moves the spider can be within 1 centimeter 


of the fly. 


Problem 7.43. Prove that if the plane is divided into parts (“countries”) by 
lines and circles, then the obtained map can be painted in two colors so that 
the parts separated by an arc or a segment are of distinct colors. 


Problem 7.44. (IMO 2006 shortlist) Let S be a finite set of points in the 
plane such that no three of them are on a line. For each convex polygon P 
whose vertices are in S, let a(P) be the number of vertices of P, and let b(P) 
be the number of points of S which are outside P. A line segment, a point 
and the empty set are considered as convex polygons of 2, 1 and O vertices, 
respectively. Prove that for every real number x we have 


ya sy = 1, 
P 
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where the sum is taken over all convex polygons with vertices in S. 


Problem 7.45. (IMO 2006 shortlist) A holey triangle is an upward equi- 
lateral triangle of side length n with n upward unit triangular holes cut out. 
A diamond is a 60° — 120° unit rhombus. Prove that a holey triangle T can 
be tiled with diamonds if and only if the following condition holds: Every 
upward equilateral triangle of side length k in T contains at most k holes, for 
l<k<n. 


Problem 7.46. (IMO 2005 shortlist) Let n > 3 be a given positive integer. 
We wish to label each side and each diagonal of a regular n-gon P}... P, with 
a positive integer less than or equal to r so that: 


i) every integer between 1 and r occurs as a label; 


ii) in each triangle P;.P;P,, two of the labels are equal and greater than the 
third. 


Given these conditions: 
a) Determine the largest positive integer r for which this can be done. 
b) For that value of r, how many such labellings are there? 


Problem 7.47. In a convex n-gon (n > 403), there are 200n diagonals drawn. 
Prove that one of them intersects at least 10000 others. 


Problem 7.48. Consider a convex n-gon such that no three of its diagonals 
are concurrent. In how many parts do the diagonals divide the n-gon? 


Problem 7.49. We are given some unit squares which are translations of each 
other in the plane, such that from any n+1, at least two intersect. Prove that 
we can place at most 2n — 1 needles in the plane, such that every square is 
stabbed by at least one needle. 


Chapter 8 


Games 


8.1 Theory and Examples 


The two key concepts that we will deal with throughout this chapter are 
the notion of a game and the one of a strategy. 

While a game is simply defined as a structured form of play, a mathemat- 
ical game is a game whose rules, strategies and outcomes are clearly defined 
by mathematical objects. Examples include chess, tic-tac-toe and others. 

In a game, strategy for a player is a choice for each position he might find 
himself in of one of the options that the player has in that position. Note that 
since his choices are set, this may limit the set of positions in which he can 
find himself. However the choices of any other participants to the game are 
not determined, so his strategy must reflect this. Once a player has chosen 
a strategy, this fully determines the actions he will take at any stage of the 
game. 

Throughout the chapter, when we say that a player has a strategy, we 
shall understand that a strategy can be found, even though for some examples 
this may take too long in real life. As the following problem shows, for many 
games we can prove that a strategy exists, so we can theoretically establish 
who is going to win the game given perfect play, even before the game starts. 
Nevertheless, finding the actual strategy can take too much computational 
time in practice, which fortunately keeps the fun of these games still alive. 
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Example 8.1. Two players play a game where they take turns to make a move 
and which always finishes with the victory of one of the players. The game is 
also designed so that it ends in at most n steps, for some fixed positive integer 
n. Prove that either the first or the second player has a winning strategy. 


Solution. We prove the statement by induction on the number n of steps 
after which the game certainly finishes. Let us call the two players A and B 
and we assume that A makes the first move. 

If n = 1, then certainly one of the players has a winning strategy. Indeed, 
only player A will get to move. If any of his moves leads to him winning, then 
a winning strategy for player A is to make this move. If every one of his moves 
leads to a win for B, then a winning strategy for B is to let A move arbitrarily. 

Assume now that the result holds for some n > 1. We shall prove that it 
also holds for n + 1. 

After any move by player A we are left with a game that certainly ends 
in at most n steps. Hence by the inductive hypothesis one of the two players 
has a winning strategy. If any move by player A leaves a position in which 
player A has a winning strategy, then making this move and then following 
that winning strategy is a winning strategy for player A. Otherwise, it must 
be that whatever first move player A makes, we are left in a situation where 
player B has a winning strategy. ‘Then a winning strategy for player B is to 
let A make his first move arbitrarily and then follow the resulting winning 
strategy. ‘This completes our induction step. 


Remark. The same argument which we used in the induction step applies to 
prove the more general result where we only require that the game finishes in 
a finite number of steps, not necessarily bounded by a fixed n. 


Example 8.2. (Putnam training) For the following game, we assume that 
there is an unlimited supply of tokens. Two players arrange several piles of 
tokens in a row. By turns, each of them takes one token from one of the piles 
and adds at will as many tokens as he or she wishes to piles placed to the left 
of the pile from which the token was taken (so if the token was taken from 
the leftmost pile, then no new tokens can be added). Assuming that the game 
ever finishes, the player that takes the last token wins. Prove that, no matter 
how they play, the game will eventually end after finitely many steps. 
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Solution. We will prove the result by induction on the number n of piles: 

For n = 1, we have only one pile and because each player must take at 
least one token from that pile, the number of tokens in the pile will decrease 
at each move until it is empty. 

Now assume that the game with n piles must end eventually, for some 
n > 1. We shall prove that this also holds for n + 1 piles. First note that 
the players cannot keep taking tokens only from the first n piles, since by 
the induction hypothesis, the game with n piles must eventually end. So at 
some point, one player must take a token from the (n + 1)-st pile. Now, no 
matter how many tokens were added to the other n piles after that, it is still 
true that the players cannot keep taking tokens only from the first n piles 
forever, so eventually someone will take another token from the (n+1)-st pile. 
Consequently, the number of tokens in that pile will continue decreasing until 
it is empty. Once this happens, we only have n piles left, so by the induction 
hypothesis the game will end in finitely many steps. 


Example 8.3. Consider the following two-player game. There are 56 candies 
on the table. Players play by turns (one after another). In each turn it is 
allowed to take either one, three, or five candies. The winner is the person 
who takes the last set of candies. Given perfect play on both sides, who will 
win? 


Solution. Let us prove by mathematical induction that if the number of the 
candies is of the form 6n — 4, where n € N*, then the second player wins. 

If n = 1, then the first player takes one candy and the second player takes 
the other one. 

Assume now that the result holds for some n > 1. We show that it also 
holds for n+1. We have 6(n+1)—4 = 6n+2 candies. If the first player takes 
a candies, then the second player takes 6 — a candies. Hence, the game will be 
left with 6k — 4 candies. By the induction hypothesis, the second player wins. 
This completes our induction. As 56 = 6-10—4, we know from our proof that 
the second player wins. 


Example 8.4. On an infinite chessboard consisting of unit squares (x, y) with 
x,y > 0 two players play the following game: initially a king is positioned 
somewhere on the board, but not on (0,0), and they alternatively move it 
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either down or left or down-left. The player who wins is the one who moves 
the king into the (0,0) square. Find the initial positions of the king for which 
the first player wins. 


Solution. We will prove by induction on x + y > 1 that the first player wins 
if and only if the original square (x,y) doesn’t have 2 | x and 2 | y. 

Indeed, for x+y = 1 or x = y = 1, the first player can move directly on 
(0,0) and win. 

For x+y > 1, if 2 | x and 2 | y, the first player can only only move on 
(c—1,y), (2-1, y—1) or (x, y—1), and neither of these has both coordinates 
even. So, by induction, the second player has a winning strategy. 

Else, one of (x—1,y), (x—1,y— 1) or (x, y—1) has both coordinates even, 
so the first player can move to it, from which he has a winning strategy (by 
induction). 


Example 8.5. (Baltic Way, 2013) A positive integer is written on a black- 
board. Players A and B play the following game: in each move one has to 
choose a divisor m of the number n written on the blackboard with 1 <m<n 
and replace n with n — m. Player A makes the first move, then players move 
alternately. The player who can’t make a move loses the game. For which 
starting numbers is there a winning strategy for player B? 


Solution. Call a number n protected if the second player has a winning 
strategy when the game starts with the number n. The game ends when there 
are no moves, hence either n = 1 or n is prime. In these cases, the first 
player has no move and thus loses, so these are protected. Suppose we are at 
a protected value. Since the second player has a winning strategy, regardless 
of how the current player moves, he cannot leave a protected number (from 
which he would win). Thus from a protected value every move must leave an 
unprotected value. Suppose we are at an unprotected value. Then the first 
player must have a winning strategy, hence some move must leave a protected 
value (from which he wins). 

We will show by induction on n that the protected values are either n = 
2?k-1 for some positive integer k or n odd. 

The base cases are when n = 1 or n is prime. These are protected and 
have either n = 2 = 22-1 or n odd. For the inductive step there are four cases. 


8.1. Theory and Examples 159 


Suppose n = 2?*-!. Then the possible moves are to choose m = 2f with 
1 < j < 2k — 1. These moves will leave us at n — m = 21 (22k-j-1 — 1). This 
is always even and will only be a power of 2 if 7 = 2k — 2, when it is an even 
power of 2, namely n — m = 2?*-2, By the induction hypothesis none of these 
outcomes is protected, hence n is protected. 

Suppose n is odd. Then the possible moves are write n = km for 1 < 
k,m < n and to move to n— m = (k—1)m. These are all even since k — 1 
is even and are not powers of 2 since they have a non-trivial odd factor m. 
By the induction hypothesis none of these outcomes is protected, hence n is 
protected. 

Suppose n = 22". Then choosing m 
n—m = 27*-!. Hence n is unprotected. 

Suppose n = 2*1, where l > 1 is odd. Then choosing m = l will leave a 
protected (odd) outcome n — m = (2* — 1)l. Hence n is unprotected. 


= 22k-1 wil] leave a protected outcome 


Example 8.6. Let m, n be odd numbers greater than 1, such that 4 | (m — n). 
Consider the following two-player game: players play by turns (one after an- 
other) and put asterisks in the squares of an m x n grid rectangle (in each 
square it is allowed to put only one asterisk). The first player is allowed to put 
an asterisk in any square, except the central square. In the following turns, a 
player can put an asterisk in a square having a common vertex with the square 
corresponding to the previous asterisk. A player wins if he puts an asterisk 
in the central square or if his opponent cannot move. Given perfect play on 
both sides, who will win? 


Solution. Let us denote by A the 3 x 3 grid square consisting of the central 
Square in the m x n grid rectangle and the eight squares having a common 
vertex with it. Denote by B the figure consisting of the squares that do not 
belong to A. In particular, if m = n = 3, then B is empty. 

For m+n > 6 we prove by mathematical induction with respect to m+n 
that B can be divided into dominoes. 

Notice that we cannot have m+n = 8, since any pair of odd numbers 
that sum to 8 does not satisfy the condition 4 | (m — n). So the base case is 
m +n = 10. Without loss of generality, let m > n. Then either m = 7,n = 3 
or m = 5, n= 5. The proofs for both cases are illustrated in the figure below. 
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Assume now that the statement holds for m +n < k, where k > 9, k EN, 
and we prove that it also holds for m +n = k + 1. Again, we can assume by 
symmetry that m > n. We distinguish two cases: 

Case 1. If n = 3, then the statement holds true for an (m — 4) x 3 grid 
rectangle. From the figure below, it follows that the statement holds for an 
m x 3 grid rectangle, too. 





Case 2. If n > 5, then the statement holds true for an (m — 2) x (n — 2) grid 
rectangle. From the figure below, it follows that the statement also holds for 
an m x n grid rectangle. 
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This completes our induction. Back to our game, if the first player puts 
an asterisk in any square of B, then the second player can put an asterisk in 
the other square of the domino which contains that square. Obviously, sooner 
or later, the first player will put an asterisk (for the first time) in one of the 
squares of A (not the central one). Then the second player can put an asterisk 
in the central square of A and win the game. 


Example 8.7. (Russia 2000) Two pirates divide their loot, consisting of two 
sacks of coins and one diamond. They decide to use the following rules. On 
each turn, one pirate chooses a sack and takes 2m coins from it, keeping m for 
himself and putting the rest into the other sack. The pirates alternate taking 
turns until no more moves are possible; the first pirate unable to make a move 
loses the diamond, and the other pirate takes it. For what initial numbers of 
coins can the first pirate guarantee that he will obtain the diamond? 


Solution. We claim that if there are x and y coins left in the two sacks, 
respectively, then the next player P} to move has a winning strategy if and 
only if |x — y| > 1. Otherwise, the other player P> has a winning strategy. 

We prove the above claim by induction on the total number of coins, which 
is x+y. If x+y = 0, then no moves are possible and the next player to move 
does not have a winning strategy. 

Assume now that the claim is true when x + y < n for some non-negative 
n and we prove that it is also true when r+ y=n+1. 

First consider the case jx — y| < 1. Assume that a move is possible; 
otherwise, the next player P, automatically loses, which proves our claim. 
The next player must take 2m coins from one sack, say the one containing 
x coins, and put m coins into the sack containing y coins. Hence the new 
difference between the numbers of coins in the sacks is 


(x — 2m) — (y + m)| > |—-3m| — |y - z| 2 3- 1 =2. 


At this point, there are now a total of x +y-— m coins in the sacks, and the 
difference between the numbers of coins in the two sacks is at least 2. Thus, 
by the induction hypothesis, Pp has a winning strategy. This proves the claim 
when |z — y| < 1. 
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We now treat the case |x—y| > 2. We can assume without loss of generality 
that x > y. The pirate P; would like to find an m such that 2m < xr, m > 1 
and 

I(x — 2m) —(y+m)| < 1. 


The number m = pe) satisfies the last two inequalities from above 
and we also claim that 2m < x. Indeed, x — 2m is non-negative, because it 
differs by at most 1 from the positive number y+ m. After taking 2m coins 
from the sack with x coins, P) leaves a total of x + y — m coins, where the 
difference between the numbers of coins in the sacks is at most 1. Hence, by 
the induction hypothesis, the other player Py has no winning strategy, so Pı 
must have. This completes the proof of our claim. 

It follows that the first pirate can guarantee that he will obtain the diamond 
if and only if the number of coins initially in the sacks differ by at least 2. 
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8.2 Proposed Problems 


Problem 8.1. Three players play the following game. There are 54 candies 
on the table. Players play by turns (one after another). In each turn it is 
allowed to take either one, three, or five candies, such that the same number 
of candies cannot be taken in two consecutive turns. The winner is the person 
who takes the last set of candies. Given perfect play of all the players, who 
will win? 


Problem 8.2. Let ao, a1, a2,..., @2016 be distinct positive numbers. Consider 
the following two-player game: players take turns to write the numbers ao, ao, 
1, G2,..-, @2016 instead of x in the polynomial xg?016 + +7295 +... 4 x (one 


number in each turn). If the polynomial obtained in the end has an integer 
root, then the second player wins; otherwise, the first player wins. Given 
perfect play by both sides, who will win? 


Problem 8.3. A regular pack of 52 cards (with 26 red cards and 26 black 
cards) is shuffled and dealt out to you one card at a time. At any moment, 
based on what you have seen so far, you can say “I predict that the next card 
will be red”. You can only make this prediction once. Which strategy gives 
you the greatest chance of being right? 


Problem 8.4. On an infinite chessboard consisting of unit squares (x, y) with 
x,y > 0 two players play the following game: initially a king is positioned 
somewhere on the board, but not on (0,0), and they alternatively move it 
either down or left or down-left. The player who loses is the one who moves 
the king into the (0,0) square. Find the initial position of the king for which 
the first player wins. 


Problem 8.5. (TOT 2003) In a game, Boris has 1000 cards numbered 
2,4,...,2000, while Anna has 1001 cards numbered 1,3,...,2001. The game 
lasts 1000 rounds. In an odd-numbered round, Boris plays any card of his. 
Anna sees it and plays a card of hers. The player whose card has the larger 
number wins the round, and both cards are discarded. An even-numbered 
round is played in the same manner, except that Anna plays first. At the end 
of the game, Anna discards her unused card. What is the maximal number 
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of rounds each player can guarantee to win, regardless of how the opponent 
plays? 


Problem 8.6. There are n > 1 balls in a box. Now two players A and B 
are going to play a game. At first, A can take out 1 < k < n ball(s). When 
one player takes out m ball(s), then the next player can take out 1 < £ < 2m 
ball(s). The person who takes out the last ball wins. Find all positive integers 
n such that B has a winning strategy. 


Problem 8.7. (Russia 2002) We are given one red and k > 1 blue cells, and 
a pack of 2n cards, numbered from 1 to 2n. Initially, the pack is situated on 
the red cell and arranged in an arbitrary order. In each move, we are allowed 
to take the top card from one of the cells and place it either onto the top of 
another cell on which the number on the top card is greater by 1, or onto an 
empty cell. Given k, what is the maximal n for which it is always possible to 
move all the cards onto a single blue cell? 


Problem 8.8. (Mathematical Reflections) A and B play the following 
game on a 2n + 1 x 2m + 1 board: A has a pawn in the bottom left corner 
(square (1, 1)) and wants to get to the top right corner (square (2n+1,2m-+1)). 
At each turn, A moves the pawn in an adjacent square (having a common edge) 
and B either does nothing or blocks a square for the rest of the game, but 
in such a way that A can still get to the top right corner. Prove that B can 
force A to do at least (2n+1)(2m+1)—1 moves before reaching the top right 
corner. 


Problem 8.9. (44th tournament of Ural, 4th tour). Consider the fol- 
lowing two-player game: there are given two piles of stones, one consisting of 
1914 stones and the other of 2014. In his turn, a player is allowed to remove 
either two stones from the bigger pile or one stone from the smaller pile; if 
at some stage the piles are equal, then he is allowed to remove from one of 
the piles either one or two stones. A player loses when cannot play his turn 
anymore. Given perfect play by both sides, who will win? 


Chapter 9 


Miscellaneous ‘Topics 


Even though each of the three sections that are included in this chapter 
(Geometry, Calculus and Algebra) could have been a chapter in its own right, 
we decided to group them into a single one for the following key reasons: unlike 
the other chapters where we started by introducing all the necessary theory 
before discussing any examples, for each of these three sections this aim would 
have been too ambitious, as the background required to understand all the 
applications is too large to be covered in 2 or 3 pages of theory. Moreover, 
for each of the previous chapters, we aimed to give a decent overview of the 
main ideas or topics that can arise in each field we discussed; this is also out 
of reach when it comes to these three topics, as an exhaustive overview would 
require a separate book for each of them. Consequently, we are content to 
discuss just a few from those numerous ideas, and refer the interested reader 
to other sources for more (see for example [8], [12]). 


9.1 Geometry 


9.1.1 Examples 


The applications of Induction in Geometry are surprisingly vast: one can 
use Induction to prove questions that ask for the existence of a specific config- 
uration (certain arrangement of points, a circumcircle of a figure, a line/figure 
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subject to some constraints, etc), construction problems (e.g. dividing a cer- 
tain segment into n equal parts using just a ruler), problems of locus, geometric 
inequalities and many more. We give a small sample of these in the exam- 
ples below, leaving some other very beautiful questions to be tackled by the 
passionate readers in the Proposed Problems section. 


Example 9.1.1. If A,,...,A, are any points in the plane, with any three 
not collinear, then there is a convex polygon P such that some of the A; are 
vertices of P and the rest of the points are inside P. (The polygon P is called 
the conver hull of the points A;,..., An.) 


Solution. We proceed by induction on n. For n = 3, the conclusion is | 
immediate because the points form a triangle. 

Assume now that the statement is true for some n > 3. Suppose we are 
given a set of n+ 1 points. By the induction hypothesis we can find a convex 
polygon P = Bı Bo... Bm such that the vertices B; are among Aj,..., An and 
the remaining vertices of A;,..., An are inside P. 

Now consider the vertex An+1. There will be some pair B;, Bj with i <j 
such that the angle 7B;A,41B; is maximal. Suppose there is some k Æ t, j for 
which Bx lies outside this angle. The three rays An+1Bi, An+1 B; and An+1Bk 
cannot lie in a half-plane, since this would make one of the angles 7B; An4+1 Bk 
or ZByAn4iB; larger than 7B;An+4iB;, contradicting its maximality. Thus 
An+ı lies in the interior of triangle B;B;By, and the polygon P is still the one 
we need. 

Otherwise, every By with k Æ i,j lies inside the angle 2B; An41B;. With- 
out loss of generality, assume the union of P and the triangle B;An+1B; is the 
polygon Q = An4ii Bi Bi41...B;. Since Q lies inside the angle 2Bj;An41B;, 
the interior angles of @ at B; and B; are less than 180°. The interior angles 
at the other B’s are interior angles of P hence less than 180° and the interior 
angle at An+i is ZBjAn41B; < 180°. Thus Q is convex, its vertices are some 
subset of A;,...,An41, and since it contains P, all the remaining A; are inside 
Q. Thus Q is the required polygon. 


Example 9.1.2. A point O is inside a convex n-gon A)... A, (this includes 
the case when O is on the boundary). Prove that among the angles A;OA,, 
there are not fewer than n — 1 non-acute ones. 
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Solution. We prove the result by induction on n. For n = 3, things are clear. 

Now let us consider the n-gon A;,...An, where n > 4. Choose p,q,r such 
that O lies inside the triangle A,A,A,. Let A, be a vertex of the given n-gon 
distinct from the points Ap, A, and Ar. By removing A, from the n-gon 
A,...An, we get a (n — 1)-gon and we can apply the induction hypothesis 
to it. This gives at least n — 2 non-acute angles that do not involve Ax. 
The point O must lie inside one of the triangles with vertices A, and two of 
Ap, Ag, Ar. Suppose without loss it is A,A,A;. Then ZA,OAg + LAkOAp = 
360° — ZA,OA, > 180°. Hence at least one of these is a non-acute angle 
involving Ag. This completes our proof. 


Example 9.1.3. Let A1 A2... Am be a polygon inscribed in a circle. We 
know that all the pairs of its opposite sides except one are parallel. Prove that 
for any odd n, the remaining pair of sides is also parallel and for any even n, 
the lengths of the exceptional sides are equal. 


Solution. We prove the result by induction on n > 4. For the n = 4, the 
result is immediate. Now consider the hexagon ABCDEF with AB || DE 
and BC || EF. We prove that CD || AF: 

Notice that AB || DE implies that ZACE = ZBFD and since BC || EF, 
it follows that ZCAE = ZBDF. Triangles ACE and BDF have two pairs of 
equal angles, and therefore, their third angles ¢ are also equal. ‘The equality of 
these angles implies the equality of the arcs AC and DF , thus chords CD and 
AF are parallel. 

Now assume that the statement is proved for the 2(n — 1)-gon and let 
us prove it for the 2n-gon. Let A... Án be a 2n-gon in which A;Ag || 
AntiAn+2, ---, An-1An || Agn—1A2n. Let us consider the 2(n — 1)-gon 
Ay Ag... An—1An41-..A2n—1. By the induction hypothesis, for n odd we have 
An-1An+1 = Aon—1A1, and for n even we have An—1An+1 || Aon—1Al1- 

Let us now study the triangles A,_;AnAni1 and Agn—1A2nA1. We first 
treat the case when n is even. Then vectors An-1Án and Agn_1Aan, as 
well as An—1An+4i1 and Agn—1A2n are parallel and oppositely directed. Hence 
ZLAnAn—-1An41 = ZA1A2n—1A2 and AnAn+1 = AgnAi since they are chords 
that cut equal arcs. 

Now let n be odd. Then An-1An4+1 = Ady Ay: 1.€. Ai An-1 | An+1A2n—1- 
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In hexagon Ay—-1AnAn+i1A2n—-1A2nA1 we have A;An-1 || An41Aen—1 and 
An-1An || Aen—-1A2n. Hence, from the base case of the hexagon that we 
discussed above, we have AnAn+1 || A2n A1, as required. This completes our 
proof 


Example 9.1.4. (Moscow Math Circles) Prove that one can cut any two 
polyhedrons of equal volume into several tetrahedrons of pairwise equal vol- 
umes. 


Solution. First, we divide both polyhedrons into arbitrary tetrahedrons. ‘To 
do this, one can first divide a polyhedron into pyramids by connecting its inner 
point with the vertices. 

Once we have divided our polyhedron into tetrahedrons, we select the 
smallest of the tetrahedrons we obtained. Then we cut a tetrahedron of the 
same size from one of the remaining tetrahedrons in the other collection. Now 
we finish the question by applying induction on the number of tetrahedrons. 

We conclude this section by presenting two more challenging problems: 


Example 9.1.5. Let A; A2...An (n > 4) be a convex polygon. Denote by Ri 
the radius of the circumcircle of the triangle A;_1A;A;41 (here i = 2,3,...,n 
and Ani; = A,). Prove that if Rə = Rg =... = Rn then one can draw a 
circumcircle for the polygon A;A9...An. 


Solution. We begin by proving a few lemmas: 


Lemma 1. If the convex quadrilateral 1M N PK cannot be inscribed in a circle, 
but the radii of the circumcircles of the triangles MNP and MNK are equal, 
then 

ZLMPN+2ZMKN = 180°. 


Proof. From the hypotheses, the circumcircles of the triangles MNP and 
MNK are symmetric about the line MN. Hence, 


LMKN+2ZMPN = ZMK'N+ZMPN =180°, 


where K’ is the symmetric of K with respect to the line MN. 
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Lemma 2. Let ABCDE be a convex pentagon such that Rg = Rc = Rp, 
where Rpg, Rc and Rp denote the radii of the circumcircles of the triangles 
ABC, BCD and CDE, respectively. Then at least one of the quadrilaterals 
ABCD or BCDE can be inscribed in a circle. 


Proof. Assume by contradiction that neither of the quadrilaterals ABCD or 
BCDE can be inscribed in a circle. Then using the previous lemma, it follows 
that 

CBD + ZCED = ZBAC + ZBDC = 180°, 


hence 
360° = (ZBAC + ZCBD) + (ZBDC + ZCED) < 180° + 180°. 


This gives a contradiction and establishes the result of the lemma. 

Note that the proof of Lemma 2 still works just fine if the points A and 
E coincide. Hence in this case we conclude that ABCD can be inscribed in a 
circle. This is the n = 4 case of the problem. 


Lemma 3. If ABC DEF is a convex hexagon such that Rg = Ro = Rp = Rg 
(with the notations as in the previous lemma), then one of the quadrilaterals 
ABCD or CDEF can be inscribed in a circle. 


Proof. Assume by contradiction that one cannot draw a circumcircle for 
either of the specified quadrilaterals. Then using the first lemma that we 
proved above, we have that 


LBAC + ZBDC = ZDCE+ ZDFE = 180°, 


while according to the second lemma, it is possible to draw a circumcircle for 
the quadrilateral BCDE (consider the pentagon ABCDE). 
Hence ZDBE = ZDCE and ZCEB = ZBDC. Thus 


360° = (ZBAC + ZDBE) + (ZDFE + ZCEB) < 180° + 180°. 


This gives a contradiction, so the lemma holds. 

Again, the proof of Lemma 3 is fine if A and F' coincide. 

Having proved these lemmas, we proceed to the proof of the problem by 
mathematical induction. The n = 4 case was already handled above. For 
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n = 5, applying Lemma 2 and Lemma 3 (with A = F) we see that at least 
two of the quadrilaterals A; A2A3A4, A243 4445, A3A4As A; can be inscribed 
in a circle. From this it follows that it is possible to draw a circumcircle for 
the pentagon A;A2A3A4As. 

For the induction step we show that if the statement holds true for n > 5, 
then it also holds for n + 1. 

Consider the quadrilaterals A ;A2A3A4, AgA3A4As5, A3AqgAs5Ag and 
AyAsAgA7 (when n = 6, as before, we set A7 = A;). Using Lemma 2 and 
Lemma 3 we have that a pair of consecutive quadrilaterals in the given list 
can be inscribed in a circle. Assume that these are A1 A2 A344 and Az A3A4As 
(the argument is essentially unchanged for the other possibilities). Then it is 
not difficult to check that the convex n-gon A; A2A4A5...AnAn4+1 satisfies the 
conditions of the problem, so by the induction hypothesis, it can be inscribed 
in a circle. Moreover, the vertex A3 is also on that circumference, because it is 
possible to draw a circumcircle for quadrilateral A,;A2A3A4. This completes 
our proof. 


Remark. Non convex polygons for which Rg = Rg =... = Ry exist: 





Remark. If in a convex n-gon only n — 2 of the radii from the question are 
equal, then in general, the conclusion does not hold. See for example the 
figures below: 
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A, 


Or 


Ay 


Example 9.1.6. (IMO 2006) Let P = A;Ao...An be a convex polygon. 
For each side A;A;+4 1 let T; be the triangle of largest area having A;Aj.1 as a 
side and another vertex of the polygon as its third vertex. Let S; be the area 
of T;, and S the area of the polygon. Prove that >. S; > 28S. 


Solution. To prove the problem by induction we need to reduce somehow the 
number of vertices of the polygon. We can either remove a vertex, a side or 
move continuously a vertex until the polygon degenerates into one with less 
vertices or edges. 

Consider 

f(P) =) [Ti] - 2[P}. 

Let 1; = A;Aj41 and V; be the third vertex of T;. Note that Vi is uniquely 
determined unless there is a side l; parallel to /;, in this case V; can be either 
of its endpoints. 
For n = 3 the assertion is clear and for n = 4 we have 


S1 + S2 + $3 + S4 > [A1 A243] EE [A2 A3 A4] al [A344441] + [A4 A1 A2] =e 


Next, we shall use induction of step 2. We are now going to do the following 
operation, as much as we can: 

(*) Pick up a side A;A;41 which is not parallel to any of the other sides of 
the polygon . Now let us try to move X = A; on the line A;—14;, ensuring that 
while we move it, the polygon remains convex and also that the line A;Ai+1 
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never becomes parallel to any of the other sides. We claim that f is linear 
in X A;_1. Indeed, for any side lk, Vz remains unchanged (actually V could 
change if in the process of moving A; one of the sides l; would become parallel 
to lk, then Vk would “jump” from one endpoint of l; to another. However this 
is not the case because we ensure A;Aj;+; is not parallel to other sides of the 
polygon, and they do not change directions). Therefore, Tę is either constant, 
or has one vertex X = A; and the other two vertices fixed. In any case, Sx is 
clearly linear in A;X, and obviously so is S. Thus f, as a linear function, takes 
its minimal values at the extremities. Now what could be the extremities? We 
could encounter one of the following cases: 


a) A; = Aj_1, in which the polygon degenerates into A, ...Aj;-1Aj41...An, 
and we use induction. 


b) A; goes to infinity, in which case the inequality is easy to prove. 


c) A; becomes collinear with A;,1Aj+42, in which the polygon degenerates 
into A,...A;A;j+2...An, and we use induction again. 


d) A;Aj41 becomes parallel to one of the sides of the polygon. In this case 
the number of pairs of parallel sides in P increases. 

We are done in the cases a),b),c). If we encounter case d), repeat (*) again 
and so on. Eventually we reach a polygon in which all sides are divided into 
pairs of parallel ones. In this case, we can deduce that n is even and |,||li+2 
(we work modulo n). Assume now that n > 6 because for n = 4 we actually 
have equality. Let m = 5. We can see that Si+ Sim = [Ai Ai+1Ait+mAi+m4il, 
SO 


f(P) = > [Ai Ai Am+iAm+i+1] — 25. 


We can suppose that A1 A243 + ZA2A3A4 > 180, that is the rays (A; A2 
and (A,zA3 intersect at a point X. Let rays (Am41Am+2 and (Am+4Am+3 in- 
tersect at a point Y. We claim that f(P) > f(A1X Aq... Am+1Y Am+4---An). 
This would provide the final step in the problem, since this new polygon has 
n — 2 sides. Now 


f(P) — f(A. X Aa... AmtiY Ams -.- An) 


= 2|A2X A3] F 2[Am+2Y Am+3] + [A2 A3 Am+2Ám+3] + [A Ag Am+1Am+2] 
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+[A3A4Am+3Am+4| = [A,X Am1 Y] — [A,X Am4+4Y]. 
But 
[AX Am41Y] =a [A1 A2Am+1Am+2!] = [A2 X Am+2Y | = [AoY X] -+ [XY Am+2], 
and similarly for [A,X Am+4Y]. The problem then reduces to 
2| A2 X A3] + 2[Am+2Y Am+3] T [A2 A3 Am+2Am+3] 
—|AoY X] — [XY Am+2] — [43Y X] — [XY Am+3] > 0. 
However, 


[AoY X] + [XY Am+2] + [A3Y X] + [XY Am+3] = |AoY X] + [XY Am+2] 


a VAL Ax 
+([XAsAm+a] + 5(X As, Am+2¥)) + ([A2Y Am+s] + 5 (Y Am+3, A2X)) 
= [A2A3Am+24m43| T [X A243] + [Y Am+2Am+3]+ 

la aaa dle re 
+5 (XAs, Am+2Y ) F 5 Y Am+3, A2X) 


(where (u,v) denotes the area of the parallelogram determined by vectors U 
and v). 
Therefore, we are left to prove that 


————— [ee a ee 
[X A243] + [Y Am+2Am+3| > z X 43, Am+2Y ) + 5 Y Am+2, A2X ). 


However, since the triangles X A2A3,Y Am42Am+3 are similar, we 
deduce that both $(XA3,Ami2Y) and ¿(Y Am+3,42X) are equal to 


\/ |X A2A3][|X Am+2Am+3|, and we finish the problem by the AM-GM inequal- 


ity. 
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9.1.2 Proposed Problems 


Problem 9.1.1. a) Prove that any n-gon can be cut into triangles by non- 
intersecting diagonals. 

b) Prove that the sum of the inner angles of any n-gon is equal to 
(n — 2)180°. Hence prove that the number of triangles into which an n-gon is 
cut by non-intersecting diagonals is equal to n — 2. 


Problem 9.1.2. For any positive integer n > 1, prove that there exist 2” 
points in the plane, no three collinear, such that no 2n of them form a convex 


polygon. 


Problem 9.1.3. Let A; ... Án be a convex polygon inscribed in a circle such 
that among its vertices, there are no two which form a diameter. Prove that 
if among the triangles A,A,A,, as p,q,r range over 1,...,n, there is at least 
one acute triangle, then there are at least n — 2 such acute triangles. 


Problem 9.1.4. a) Prove that the projection of a point P of the circumscribed 
circle of a cyclic quadrilateral ABCD onto the Simson lines of this point with 
respect to triangles BCD, CDA, DAB and BAC lie on one line. (This line 
is called the Simson line of P with respect to the inscribed quadrilateral). 

b) Prove by induction that we can similarly define the Simson line of a point 
P with respect to an inscribed n-gon as the line that contains the projections 
of point P on the Simson lines of all (n — 1)-gons obtained by deleting one of 
the vertices of the n-gon. 


Problem 9.1.5. On the circle of radius 1 with center O there are given 2n+1 
points P,,...Pon+41 which lie on one side of a diameter. Prove that 


— ———> 
IOP, ee a O Pon+1| > 1. 


Problem 9.1.6. Let J; and l2 be two parallel lines and A,B € h, A Æ B. 
Using only a ruler, divide the segment AB into n equal parts, where n > 2. 


Problem 9.1.7. Given 2n + 1 points in the plane such that no three of them 
are collinear, construct a (2n + 1)-gon (self-intersecting polygons are allowed) 
for which the given points serve as the midpoints of its sides. 
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Problem 9.1.8. We are given a convex polygon in the plane. Show that we 
can pick a triangle formed by three of its vertices such that the sum of squares 
of its side lengths is at least the sum of squares of the side lengths of the 


polygon. 


Problem 9.1.9. (TOT 2001) Prove that there exist 2001 convex polyhedra 
such that any three of them do not have any common points, but any two of 
them touch each other (i.e. they have at least one common boundary point 
but no common inner points). 


Problem 9.1.10. (IMO 1992) Let S be a finite set of points in three- 
dimensional space. Let Sz, Sy, Sz be the sets consisting of the orthogonal 
projections of the points of S onto the yz-plane, zx-plane and zy-plane, re- 


spectively. Prove that 
ISI? < [Sz] - [Syl + [Szl, 


where |A| denotes the number of elements in the finite set A. 
(Note: the orthogonal projection of a point onto a plane is the foot of the 
perpendicular from that point to the plane). 


Problem 9.1.11. Prove that any convex n-gon which is not a parallelogram 
can be enclosed by a triangle whose sides lie along three sides of the given 
n-gon. 


Problem 9.1.12. Given a circle and n points in the plane, construct an n-gon 
(self-intersecting polygons are allowed) which is inscribed in the given circle 
and such that the lines determined by its sides pass through the given points. 


176 Chapter 9. Miscellaneous Topics 


9.2 Induction in Calculus 


9.2.1 Examples 


In this chapter we are going to show how Induction can be used to solve 
Calculus problems such as proving identities about functions and their deriva- 
tives, how to calculate limits or several integrals. Before we look at such 
examples, let us prove the following identity, known as Leibniz’s formula: 


Example 9.2.1. Let J be an interval and let f,g: J — R be two n times 
differentiable functions. Prove that: 


(n) __ (™) e) N \ e(n—1) (1) n \ e(n—2) (2) ir (n) 
GDO = (G) #04 (TER + (7) +... 4 (P), 


where f‘*) denotes the k-th derivative of f. 


Solution. We prove the result by induction on n. For n = 1 we obtain 


(f9) =fortfg', 


which is the well-known product formula for the derivative. 
Assume now that the result holds for some n > 1, so that we have 


(n) _ (7%) p(n) n \ o(n—1) (1) 4 (™) p(n—2) (2) n \ « (n) 
(fg) =(5)4 a+ (Ts Ng + (31 g tt (") fe 


By differentiating this relation, we obtain 


(fg)nt)) = (o) (FO+Dg + fg) 4 (") (Fg) 4. fOD) 4. 


(") (F Dg) + fol") 


AOR OGA 
CAROR Ga 


+ 


+ 
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n i n\ n+1 
k-1 k) \ ky 
we obtain 


(fg)"*) = (" i ‘) fety + (" H ‘) FG) +... (l H r) i, 


Using Pascal’s identity 


n+1 


so P(n +1) holds, completing our induction. 
As an example where we can prove an identity relating higher order deriva- 
tives of a function, we have the following: 


Example 9.2.2. Let f : (0,200) — R be an infinitely differentiable function. 
Show that 


oY EY a) 
n—-1 ~ (ny f= fae : 
(z j (- )) ntl f (=) , for any positive integer n, 


where f) denotes the n-th derivative of f. 


Solution. We prove the result by induction on n. For n = 1, we have to show 


- OQ) <Q). 


which follows from the well-known formula (f o g(x))’ = f’(g(z)) - g'(x). 
Assume now that the identity holds for some n > 1. Then 


(er) = (HU) 9 
= (of ay -£+ Ci ‘) (z eee | (= yy" (by Leibniz’s formula) 
(oO) 
= C (Le (2) + (a (Z)) 2 


Laan (2) = Saf (2). 


I 


£+ (n+ yor 1) T. (n) (= ) (induction hypothesis) 
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This establishes the result for n + 1 and completes our proof. 


e 


Example 9.2.3. Let I, = J ne)" dz. Prove that 
1 


=e Si a a +(-1)""'n!, for n>2. 
Solution. We prove the result by induction on n. The base case is n = 2. 


We have 
b= [ ln? ( x) de = [ (x)! In*(x) dz 


= xin? (a)| -f xz-2\n(z) - ~ dx 


| 
fay 
| 
N 
a 
® 
= 
= 
Qu 
8 


which proves the base case. 
Assume now that the result holds for some n > 2. Let f(x) = (In(z))” 
and g(x) = x. We have 


In= | 9'(z): f(a) de 
f(z) aE- | ala): PE) ae 
x (In(z))"|° —n f a dx 


= n 
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Hence 


i iE ii 


=e 6 (- -(n+1)- 


n! 


(n — k)! 


=- Aia 1)” - (n+ 1)!. 


+(-1)"-(n+1)-n! 


This completes the proof for the induction step. 

Remark. Notice that for 1 < x < e we have that 0 < ln(x) < 1, so 0 < In < 
e — 1, which implies that im bs = 0. Using the formula that we derived for 
I, in the above question, this implies that 


: ee 1 1l i Ae 
jim laa tate +") = 5: 


The following problems give a sample of how induction can be used to 


compute limits of sequences, functions or inequalities that are solved using 
Calculus techniques: 


Example 9.2.4. Consider the sequence (%p)n>1 defined by 
%1,=1 and ii oa forall n> 1. 
In nN 


Show that 
lim mz 1 
n— o0 yn l 
Solution. From the recursion relation we immediately obtain that £2 = x3 = 
2. To show that 
lim ae 1 
n—0o yn : 


it suffices to find two functions f,g : Z} — R for which we know that 


lim fn) = lim gn) =] and g(n) > zn: f(n), 


n— o0 yn n— o0 yn 
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for all n sufficiently large. 
A natural choice for f is f(n) = yn. To figure out the choice for g, we 
study the conditions that g has to satisfy so that the statement 


P(n): g(n)>a2,><Vn_ holds for all n>3 


can be proved by induction. 
The base case reads g(3) > 2 > V3. Assume now that P(n) is true for 
some n > 3. From £741 = + = and g(n) > £n = yn we obtain 


2 2 2 n 2 1 


9 n Ta, n n 
= — + — +2 > ——- + — +2 = —— +- +2. 
Dey p" = aie ae" FCS ae as 
To deduce tn41 > vn + 1, we would like to have sty +i+2>n4+1, for 


n 


all n > 3. It would thus suffice to set A = n — 1, i.e. g(n) = TT Notice 
that this choice for g satisfies g(3) > 2 and we can also prove by induction 
that £n > yn for all n > 3, as the above analysis shows. 

It remains to check whether £n < Fant for all n > 3. The base case is 
verified. Assume now that the statement holds for some n > 3. To determine 
whether we can perform the induction step, let us study the function 


D.. & 
h(e)=-+-. 
(2) aa 





We have that h'(x) = + — 4, so as long as x < n, we have that h'(x) <0. In 
particular, h is decreasing on the interval Ra -= |. We proved above that 


Ln > yn, so we have 


Tn4+1 = h(zn) < h(/n) = yn + z = 





This establishes the induction step and thus 





2in2 vn for all n > 3. 
n — 


Since 
n 


VI _ im Y2] 


lim = lim — = 
n— Co n n— o0 Jn 


we must have that lim an = 1 as well. 
noo VT 
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Example 9.2.5. Evaluate the limit 


1— 22) 62: 
A cos(x) cos(2x) . .. cos(nx) 


3 , where nEZ,n>l. 
xz—0 XL 


Solution. We will show that the limit exists for all n > 1 simultaneously with 
finding a suitable recurrence relation for it. So let us denote the required limit 
by L,. For n = 1 we have 


Le 2 sin? (Z 1 
L = lim £22) = im 25 (3) L1 
r—0 r2 r—>0 r2 2 





We also have that 


E EE ee ee) 
xr—0 


By: 
_ 1—cos(nz) ,. 2sin? (32) 
= lim —————~ = lim 5 
x— 0 r2 x—0 T 
l 2 
ne. sin (3) n? 
=" jim (24) =". 


Hence by the induction hypothesis the limit Ln exists. 


Using this to compute a few values for Ln, we are lead to guess 


n(n + 1)(2n + 1) 
Li ee 


We prove this by induction on n. For n = 1, the result was proved above. 
Assume now that the result holds for n — 1, n > 2, that is 


(n — 1)n(2n — 1) 


Lra = 12 
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From the recurrence relation Ln — Ln-1 = d we obtain that 


2 
Ln = Ln-1 Bn > 
o (n—1)n(2n-1) n? 
7 12 Ta 
— n(2n? + 3n 4+ 1) 
7 12 
— n(n +1)(2n + 1) 
7 12 


This proves the result for n, completing our induction. 


Example 9.2.6. Prove that for any positive integer n and any z € (0,77), we 


have fd 
sin(x sin( 27 sin(nz 





i 5 Fis = > 0. 
Solution. Let 
A sin(x)  sin(2z) oe sin(nz) 
1 2 n 


We prove by induction that the statement 
P(n): Snæ) >0 if xe(0,r) 


is true for all positive integers n. 

For n = 1 we have S(x) = sinz > 0, since x € (0,7), so P(1) is true. 
Assume now that P(n) is true for some n > 1. 

We have lim Sn+1(x) = 0 and lim Sn+1(2) = 0. Moreover, we can analyze 


the extreme values for S,41(x) by looking at the roots of S),,;(x) = 0. 
S.41(£) = cos(x) + cos(2z) +... + cos((n+1)z). 

Now using the formula 

COS (2422) sin (24r) 


sin (8) 


? 


cos(x) + cos(2x) + ... + cos ((n + 1)x) = 
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(which can be proved easily by induction) we have that S,,,(x) = 0 has the 
solutions 








2kr (2k + 1)r 
eS and x = ~————., 
n+1 n+2 
where k is an integer subject to 0 < snr < t and 0 < cani < r, for the 


second solution. Since 
Sn+1(£) = Sn(x) + 


for the first solution we have 
2k 2k 
Sn+1 ( 2 ) =a (2 7 ) +0> 0, 


sin ((n + 1)r) 
n+1 


) 





n+i n+i 
using the induction hypothesis, while for the second solution we obtain 
; 2k+1 1)r 
s (2k+1)r\ | g (2k + 1)r P ea (CAD Gr) 
al) ae) SJ "N ee n+1 
Sa sin (CDE) 
n+1 
sin (2kr F Gire ar) 
7 n+l 
+1—2k)r 
= sin (HT) n+2 i ) 
n+1 


where again, for the first inequality we used the induction hypothesis. 
Now, since 0 < Zkt < 1, we have that 0 < rili ok < 1, so 


n+2 


So we obtain that S,41 (CRY) > 0, for this case as well. 


As for the extreme values we have that S,41(x) > 0 and 
lim Sp4i(2) = lim Sn4i(z) = 0, 


it must be that Sn+1ı(x) > 0 for all x € (0,7). Thus P(n) holds for all positive 
integers n, establishing our result. 
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9.2.2 Proposed Problems 


Problem 9.2.1. Let f : R > (—45,4), f(z) = arctan(z). Show that if n is a 
positive integer, we have that 


(—1)*(2k)! ifm =2k +1, 


where f(") denotes the n-th derivative of f. 
Problem 9.2.2. Let f : [—1,1] > (—4,3), f(z) = arcsin(x). Prove that 


if n = 2k: 
pro) = 4° mies 
aBn Tew ea 


where f™) denotes the n-th derivative of f. 


Problem 9.2.3. Let f : [0, o0) — R be given by 


1 
f(z) = f edh 
0 
Prove that for any non-negative integer n we have 
Lies. n! 
1) =n! — -— —, 
e eB 
Problem 9.2.4. Prove that for any n € Z, n > 1, one has 


nic” —sin(x)sin(2xz)...sin(nz) n(2n+1) 


fi a ee E 
Problem 9.2.5. Prove that if m, n are non-negative integers with m > n, 


then : 
J cos” (x) cos(mx) dx = 0. 
0 


Using this, deduce the value of 


T 
Jgs / cos”(x)cos(naz) dz, for all non-negative integers n. 
0 
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Problem 9.2.6. Let a1, a2,...,G@209; be non-zero real numbers. Prove that 
there exists a real number z, such that 


sin(a,;x) + sin(agxr) +... + sin(az001£) < 0. 


Problem 9.2.7. Let f : R — R be a function defined by 


1 
ex? ifx 0; 
rh = 
f(z) : ifx=0. 


Prove that f is infinitely differentiable at 0 and f™ (0) = 0, where f™) repre- 
sents the n-th derivative of f. 


Problem 9.2.8. Let n > 1 be a positive integer, 0 < ay < ... < an and 
let c1,. . .,Cn be non-zero real numbers. Prove that the number of roots of the 
equation 

cj:ajt+...tcn-a, =0 


is not larger than the number of negative elements of the sequence c1C2, C2c3, 
eeey Cn—1Cn- 


Problem 9.2.9. Prove that for any |x| < 1 and any positive integer k one 


has 
= n+i1 ght 
yrar("F1) 2 
k (1 = g)k+1 


n=0 
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9.3 Induction in Algebra 


9.3.1 Examples 


Most of the problems that we will look at in this chapter involve poly- 
nomials. It is worth mentioning that the applications of Induction in Linear 
Algebra and Abstract Algebra go far beyond this and it would take us an en- 
tirely separate book to give a comprehensive exposition of them. We selected 
below some beautiful examples that resemble the common techniques one has 
to keep in mind for questions that involve Induction and polynomials. Further 
elegant applications are given in the Proposed problems section. 


Example 9.3.1. (St. Petersburg) Let P(X) be a polynomial of degree 
n > 1 with real coefficients such that |P(x)| < 1 for all 0 < x < 1. Prove that 


P (-=)| BO T, 
n 


Solution. If we let f(x) = P (2), the problem is equivalent to showing that 
if |f(x)| < 1 for x € [0,n], then |f(—1)| < 2"** — 1. We do this by induction 
on n. The base case n = 1 is immediate. 

For the induction step from n — 1 to n, let f be of degree n and consider 
g(x) := f(x) — f(x +1). Then 4g satisfies the condition that we want and it 


is of degree at most n — 1. So 
If(—1)| = If) + g(-D)| < 1+ 2(2" —1) = 2H - 1, 
which completes our proof. 


Example 9.3.2. (TOT 2005) For any function f(x), define f(x) = f(z) 
and f"(x) = f(f" *(x)) for any integer n > 2. Does there exist a quadratic 
polynomial f(x) such that the equation f"(z) = 0 has exactly 2” real roots 
for every positive integer n? 


Solution. The answer is yes. An example of such a function is f(z) = z? —2. 
For f(x) = 0, we have that x? = 2 and the roots are +v2. 
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We claim that every root of f”t!(x) = 0 has the form rn41 = 4/2 Ern, 
for some root rn of f” (x) = 0. Indeed, 


fl (rast) = J” NOE — 2) = fra) =0. 


Since f"*!(z) has degree equal to twice the degree of f"(x), these are all the 
roots. 

We are now going to prove that +r, are real and |r,| < 2 for all n. We do 
this by induction on n. For n = 1, this is certainly true from above. 

Assume now that the result holds for some n > 1. Since |rn| < 2, we have 
that 2+rn > 0, so rn41 = +72 rn are real. Moreover, |2+r,| < 2+ |rp| < 4, 
hence |rn+i| < 2. 

Finally, observe that /2 and —\/2 are distinct roots and that distinct roots 
of f"(x) = 0 lead to distinct roots of f"t! = 0. 


Example 9.3.3. (Iran TST 1998) Let p(X) be a polynomial with integer 
coefficients such that p(n) > n for every positive integer n. Consider the 
sequence (Zn), -jy* defined by 


2,=1 and Zn = p(n) forall n>1. 


We know that for any positive integer N, there exists a term of the above 
sequence which is divisible by N. Prove that p(X) = X +1. 


Solution. Notice that since p(X) is a polynomial, it suffices to prove that 
p(n) = n+ 1 for an infinite number of integers n. We will prove this by 
showing that £n = n by induction on n. For n = 1, the statement holds from 
the hypothesis. 

Assume now that we have proved the statement for some n > 1. We 
know that p(£n) > £n = n. If tangy = p(tn) Æ n + 1 then ni. > n +2, as 
p(X) has integer coefficients. Let k = £n+1 — £n. The key observation is the 
following fact: for integers u and v we have that (u—v) | (f(u)—f(v)), for any 
polynomial f with integer coefficients. From the way we defined our sequence 
Ln, we have that 


k | (n42 — £n+1) | -.. | (£zm+1 — £m) VM >n+l. 
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From the hypothesis, for N = kzn+1, there is a t > n+ 1 such that 
kzn+1 | zt. By setting M = t — 1 in the above chain of divisibilities, we have 
Lt = £n (mod k). So (an41 — Tn) | Ln. Thus n41 < 2£n = 2n. Note that if 
n = 1, this implies x2 = 2 so we may assume n > 2. On the other hand, 


n — 1 = (Tn — 21) | (En+1 — T2) = n41 — 2, 


so we conclude that £n+1 > 2n and ty41 = 2n. If n = 2, then from x; = 1, 
£2 = 2, and z3 = 4, we conclude that p(1) = 2 and p(2) = 4. But then it is 
easy to see that £n alternates between being 1 and 2 modulo 3, and never a 
multiple of 3. Thus we must have z3 = 3 and we may assume n > 3. But then 


m= 2 = (fn =T) | Ta — t3) = 2n — 3, 


which is a contradiction. Therefore, tn41 = n+ 1, as required. This completes 
our proof. 


Example 9.3.4. (IMC 2014) Prove that there exist positive real numbers 
ao,@1,...,@n, such that the polynomial tanx” + an_12™ 1 +... + ao has n 
distinct real roots for all possible choices of signs. 


Solution. We prove the result by induction on n > 1. The base case n = 1 is 
immediate. 
Assume now that the result holds for some n > 1 and let 


P(x) = anz” taniz™ |... +a 


be such a polynomial. Then the polynomial 





P(x) = tanz""! + ag_iz™ +... + az, 


where ap Æ 0 has n+ 1 distinct real roots. Since there are no double roots, 
the local extreme points of P(x) are not among the roots (recall that the 





local extreme points are the solutions to P(x) = 0). Let sı < ... < Sn be 


rE Á 


the solutions to P(x) = 0. By the previous observation, there must be some 
€ > 0 such that [P(s,) 





>, for ali Sea: 
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We claim that the polynomial 
Q(z) = anz”! + anya" +... aox +E 


has n+ 1 distinct roots for all possible choices of signs. Notice that for i = 
1,...,n—1, the numbers Q(s;) and Q(s;41) have different signs, so there must 
be a root of Q in each of the intervals (s;, s;,;). Considering also the behaviour 
on (—o0, s1) and (sn, +00), we deduce that Q(x) has indeed n+1 distinct real 
roots. This completes our proof. 


Example 9.3.5. Let P(X) = aX? + ... + aọ be a polynomial. Prove that 
P(X) is divisible by (X — 1)” if and only if for all s = 0,1,...,m—1 we have 


an(n +1)% + anın? +...+412° + a9 = 0. 
Solution. Assume first that P(X) is divisible by (X — 1)” and write 
P(X) = (X —1)"Q(X), 


where 
n-m , 
OS es 
i=0 
Since 
m Im l l 
x-1” =5 ( Ayar, 
j=0 \J 
we have 


(Ss a (È (7) (—1) x) 


Eeor( jew 


4=0 j=0 


The statement of the problem reduces to showing that 


3 qi (Eev (7) (n—i-j+ 0" = 0. 
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m 
The term >e (7) (n—i—j+1)° is equal to the m-th difference polynomial 
= J 
j=0 
of X° (evaluated at n — i — 1) which is identically 0. This establishes the first 
implication. 
m a 
For use below, note that the next term yy (" (n—i-—j+1)” is 
j=0 
the m-th difference of X™. Hence it is the constant polynomial with value m!. 
m 
Thus in particular, ` n (m+1-— j)” =m!. 
j=0 
We prove the converse statement by induction on m. The base case m = 1 
is clear. Assume now that the statement is true for m = k, some k > 1. By 
the Division Algorithm, we have 


P(X) = (X —1)**'Q(X)+ R(X), where deg(R(X)) < k. 


Using the induction hypothesis, P(X) is divisible by (X — 1)*, so we must 
have R(X) = a(X —1)*. Notice that the polynomial (X — 1)¥+t1Q(X) satisfies 
the conditions for s = 0,1,...,k, so we only need to check the condition for 
R(X) with s = k. We have 


R(X) = a51) (5) AI, 


j=0 


thus 
a((k+1)*-—k-k*® +...) =0. 


We saw above that this sum is k! and hence nonzero, therefore have a = 0, 
which completes the proof. 
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9.3.2 Proposed Problems 


Problem 9.3.1. (Iran 1985) Let a be an angle such that cos(@) = i where 
p and q are two integers. Prove that the number q” cos(naq) is an integer, for 
any n € N*. 
Problem 9.3.2. Prove that there is a monic polynomial P € Z[X] of degree 
n, such that P(2cosr) = 2cosna and P(x + 4) =a" + 4. 
Problem 9.3.3. Prove that there is no polynomial P € R[X] of degree n > 1 
such that P(x) € Q for all x € R\Q. 
Problem 9.3.4. Let F(X) and G(X) be two polynomials with real coefficients 
such that the points 

(F(1), G(1)) , (E (2), G(2)),..-, (F (2011), G(2011)) 
are vertices of a regular 2011-gon. 
Prove that deg(F’) > 2010 or deg(G) > 2010. 


Problem 9.3.5. Is cos1° rational? 


Problem 9.3.6. (Poland 2000) Let P be a polynomial of odd degree satis- 
fying the identity 
P(x? — 1) = P(z)* — 1. 


Prove that P(x) = x for all real z. 


Problem 9.3.7. (Bulgaria) Prove that there exists a quadratic polynomial 
f(X) such that f(f(X)) has 4 non-positive real roots and f"(X) has 2” real 
roots, where f” denotes the composite of f with itself n times. 


Problem 9.3.8. Prove that if a rational function which is not a polynomial 
takes rational values at all positive integers, then it is the quotient of two 
coprime polynomials, both having integer coefficients. 


Problem 9.3.9. (IMO 2007 shortlist) Let n > 1 be an integer. In the 
space, consider the set 


S = {(x,y,z) | x,y,z € 10 ecg ae +z >00}. 


Find the smallest number of planes that jointly contain all (n + 1)? — 1 points 
of S but none of them passes through the origin. 
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Problem 9.3.10. Prove that for every positive integer n there exists a poly- 
nomial p(x) with integer coefficients such that p(1), p(2),..., p(n) are distinct 
powers of 2. 


Problem 9.3.11. (Moscow 2013) Let f : R — R be a function such that 
f(x) € Z for all x € Z. For every prime p, there exists a polynomial Q,(X) 
of degree less than 2013, with integer coefficients such that f(n) — Qp(n) is 
divisible by p for all positive integers n. Prove that there exists a polynomial 
g(x) € R[X] such that for all positive integers we have f(n) = g(n). 


Chapter 10 


Solutions 


1 A Brief Overview of Induction 


Problem 1.1. Prove that for all n > 1: 





Solution. Let us look at what happens if we try to prove the statement by 
induction as given. For n = 1 we have 5 < wet which is true as 2 > V3. 


For the inductive step, assume that 


2n—1 1 


< ) 
2n V 3n 


for some n > 1. For the inductive step we would have to prove that 





1 3 
2 4 


1 3 2n-—1 AT b 1 
2 4 2n =2n+2 yV3n+3 


So let us make use of the inductive hypothesis. We have that 





2n — 1 AE 1 2n+1 
2N 2n +2 V3n 2n +2 











2 
4 


Nj = 
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So if we managed to prove that 
1 2n+l1 2 1 
J3n 2n+2  V3n+3’ 


we would be done. However, this inequality is false, since 








1 da 1 aA n 
3n 2n +2 V3n4+3 2n+2 n+1? 


which is further equivalent to 


(2n+1)* <4n(n4+1)84<0. 





However, if instead of Wm we had something of the form Ta for some 
constant a, at the inductive step we would have to prove that 
1 2n+1 1 
Janta 2n+2~ V3nt3+a 
This is equivalent to showing that 


e283) 3n+a 
2n+2 8n+34+a 





We have seen above that a = 0 is not quite enough to make this work. Also 





notice that the value of int increases with a. So hopefully there is some 
positive real a for which E is large enough to have 
& +1 | 3n +a 
2n + 2 3n+3+a 


By cross multiplying and simplifying the terms, it turns out that a = 1 suffices. 
So we try to prove the stronger statement: 


i ees: 2n-1 1 1 
2 4 mMm ` /3n+1 < An 


The base case for n = 1 is clear. Now assume that the inequality holds for 


some n, so that 
2n — 1 1 


3 
E S E E y ee 
4 2n — V3n+1 


1 
2 
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Now we multiply both sides by sot. Then we have: 





2n+1 1 2n +1 
2+2 /38n+1 2+2 








So it suffices to show 








1 2n+l 1 
J/3nt+1 2+2 7 3n+4 
We have 
1 2n +1 7 1 

3n +1 2n+2 ~— /3n+4 

(2n +1)V3n+4 < (2n+2)V3n4+1 
(4n? +4n +1)(3n+4) < (4n? +8n +4)(3n + 1) 
12n’ + 28n? + 19n +4 < 12n? + 28n? + 20n + 4 

0 < n 


Problem 1.2. Show that for every positive integer n > 2 one has 


1 1 1 1 

92 T 32 +... + n2 < 
Solution. Notice that the sum on the left hand side is increasing so we must 
sharpen our inequality. Using similar ideas to those presented in the examples 
we can obtain the following stronger statement: 


f auei : <1 : 
52 tee too 
The above inequality can now be proved by induction. ‘The base case is n = 2, 
for which we have to check t <1-— t, which is clear. 


Assume now that the result holds for some n > 2. We need to prove that 


1 1 1 


1 
= E — se = LH ; 
a iy n+l 





196 Chapter 10. Solutions 


Using the induction hypothesis we have 


oe caer : <1 m 
22 0 0 on? (n+ 1)? n (n+1)? 
1 
ee 
ml 


where the last inequality follows from mE < de This completes the 
induction step and our proof. 


Problem 1.3. (China 2004) Prove that every positive integer n, except a 
finite number of them, can be represented as a sum of 2004 positive integers: 
n =a, + a2 +- - + a2004, Where 1 < ay < ag <--- < a2004, and a; | ai+ı for 
all 1 < ¿ < 2003. 


Solution. The first thing we should bear in mind with this kind of problems 
is that most likely the number 2004 plays no particular role in the actual 
setup. Hence we will try to prove the result when 2004 is replaced by a 
general number n. Also, when it comes to positive integers, the statement “all 
n, except a finite number of them” is implied by the statement “all n > N, 
for some positive integer N”. So we begin by trying to prove the following 
stronger statement: 


“For any positive integer k, there exists a positive integer N; such that any 
k 


integer n > Nz can be represented as n = a ai, with 1 <a, < ag <--: < ag, 
i=1 
and a; | ai+ı for all 1 <i<k—1” 

For the base case k = 1, we take Nı = 1 and there is nothing to prove. 
Let us try to perform the induction step. 

Let us assume the statement true for all values from 1 to some k > 1, and 
consider the case k + 1. 

Ideally, we would want to say n = 1+ (n — 1), so by taking Ngai = Ne +1, 
since n > Nzi1, we have n — 1 > Nx and considering now the representation 
for n—1 by ay < ag < ... < ak, we obtain the representation 1 < aj <...< Ak 
for n. However, this would imply that in the representation of n — 1 we had 
a, > 1, which we cannot guarantee with our setup. For example, when we 
want to perform the inductive step with this idea from k = 2 to k = 3, we 
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have No = 2 and N3 = 3, but to represent 4 as 4 = 1+ a, + a2, we would need 
to have that 3 can be represented as 3 = a, + ag, with 1 < ay < a2, which 
clearly cannot happen. 


So to make this idea work, we need to strengthen our statement further. 
To figure out what the statement should be, let us consider another useful 
idea which is pretty common to this type of problems proved by induction. 
If we could prove the statement for prime powers (this includes the primes 
themselves), then for any positive integer n we can write n = d-m, where d is 
a prime power and m is a positive integer. So as long as d > Nķg+1, we obtain 
n = (may) + (mag) +... + (magyi), where d = a, +ag+...+ x41. 

Now let us see what happens when we try to first prove the statement for 
prime powers. The case we first need to consider is when n is itself a prime. 
Since a prime cannot be factored further, it seems that we need to resort again 
to the idea of writing n = 1 + (n — 1) and we run into the same problem as 
before. However, the extra piece of information that we now have is that 
except when n = 3, for any prime n, n — 1 will be composite. So we may 

k 


be able to show that whenever n is not prime, we can write n = ye ai, with 
i=1 

1 < a < a2 <--- < ak, and a; | aj4; for all 1 <i < k — 1, and 1 < ay. Let 

us take this as our new statement. Namely we want to prove by induction the 

following: 


“For any positive integer k, there exists a positive integer N;, such that any 
k 


integer n > N; can be represented as n = ` Qi, with 1 < aj < a2 <--- < Qk, 
i=1 
and a; | ai+1 for all 1 < i < k — 1, and 1 < a; when n is not a prime.” 
As before, the base case k = 1 is clear. 


Let us now assume the statement true for all values from 1 to some k > 1, 
and consider the case k + 1. With the prime power decomposition idea that 
we discussed above at the back of our mind, we consider the following cases: 


Case 1. If n > 3 is a prime, write n = 1+ (n— 1). Ifn—1 > Nz, then n—1 is 
ok 


even, thus not a prime, so it can be represented as n — 1 = > b;, with 1 < bı. 


i=1 
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k+1 
Then we can write n = ` a; by taking aj = 1 and a; = bi—-1 for2 < i < k+1. 
i=l 
Case 2. If n = 2° > 2°, we write n = 29 + 29(2°-J — 1) with j = 1 for odd 
l, respectively j = 2 for even £. This assures us that 2°-J — 1 is not a prime, 


k 
and if 24-J — 1 > Ng, it can be represented as 2°-J — 1 = N bi, with 1 < by, 


i=1 
k+1 
then we can write n = Nai by taking aj = 27 > 1 and a; = 276;_4, for 
i=1 


2<i<k+l1. 


Case 3. If n = p* > pè, with 3 < p < Ng an odd prime, we write n = 
p + p(p*-! —1). p’-! — 1 is not a prime, and if pf! — 1 > Nx, then it can be 
k k+1 
represented as p> }—1 = ` b;, with 1 < b1. Therefore we can write n = >. Qi 
i=1 i=1 
by taking aı = p > 1 and a; = pbj_1, fr 2 <i <k+1. 
Case 4. Finally, if n is a large enough composite number, then it will have a 
factor d, either a prime larger than N;, or a power of a prime not larger than 


Nz, but with exponent large enough to fall into one of the cases described 
k+1 k+1 


above. Then n = dm, and we can represent d = ye a;, hence n = X (mai), 
i=1 i=1 
with 1 < ma,. Thus there exists a Nzi1 with the required property. 


This completes the induction proof of our statement and it implies in 
particular the statement of the original question. 


Problem 1.4. The sequence (an)n>1 is defined by 


2n—1 
2n +2 





1 
Qi = 9” Qn+1 = An. 


Prove that aj +a2 +... +an < 1 foralln> 1. 
Solution. Let us sharpen the condition to something of the form 


aı +a2 +... +an-1 + f(n)-an <1, 
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where f(n) > 1 is a number depending on n to be properly defined later. We 
want to prove the statement of the problem of the induction, so we have to 
check the base case and the induction step. The base case gives f(1)a, < 1 so 
f(1) < 2. For the induction step we need 


a, +a2 +: + an2 + f(n — l)an-1 > a1 +G24+---+an-14+ f(n)an, 








fin-1)-1 
An < ~ 
AS an = UE a aS La 


2n 
We see that f(n—1) = 2(n—1), f(n) = 2n satisfy the conditions with equality 


so if we take f(x) = 2x then we get the identity 
a, +a2 +... + 2Nan = 1, 
which in particular implies the inequality we are interested in. 


Problem 1.5. Consider S the set of all binary sequences of length n. It is 
partitioned into two sets A and B, each having 2”~! elements. Two sequences, 
one from A and one from B, form a tentacle if they differ in only one position. 
Prove that there are at least 2”—! tentacles. 


Solution. An attempt of a direct induction fails, because we are restricted 
to the condition |A| = |B| = 2"~!. So a first idea of employing the induction 
would be to generalize the statement to all partitions S = AU B. If |A| = 2”, 
|B| = 0 we have no tentacles, and similarly if |A| = 0, |B| = 2”. 

Therefore, a reasonable claim would be that the number of tentacles is at 
least min{|A|, |B|}. This claim is indeed provable by induction on n. The base 
case n = 1 is clear. 

For the induction step, let S’ be the subset of S formed of all binary 
sequences whose last digit is 0, and S” the other sequences in S. Denote 
A SANS A” = ANS", B=BOS", BY=BNS". Let also f(X),X €S 
be the sequence of length n — 1 obtained from X by dropping its last digit. 
(These constructions are natural as we want to use the induction hypothesis). 
Without loss of generality, |A| < |B|. Set a = |A|, u = |A’|, v = |A”| so 
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u+v =a, |B’| = 21 — u, |B”| = 2"-! — v. Now it’s clear by applying the 
induction hypothesis to the sets f(S’) = f(A)Uf(B’), f(S”) = f(A )UF(B”) 
that we have at least min{u, 2”71 — u} + min{v, 2”71 — v} tentacles formed by 
pairs of sequences from A’ and B’ or A” and B". If u < 2"-?,u < 2"? we get 
at least u +v sequences and we are done. Otherwise, suppose that one of u,v, 
say u is greater than 2”72. Observe that if X € A’, Y € B" and f(X) = f(Y) 
then X,Y is a tentacle. But |A’|+|B”| =u+2"-'—v>2"1 as u > v from 
the conditions u > 2"-?,u+v < 2”-!. As f can take at most 2”~! values, it is 
clear that we form at least |A’|+|B”|—2"—! tentacles composed of members of 
A' and B”. Thus we have a total of at least 2"~!-—ut+tutut2™ 1-y-2 1 = 
27-1 > |A] tentacles, so this case is also solved. 


Problem 1.6. Let S be a set of points in the plane (not necessarily finite) 
and consider a complete graph G which has the points in S' as its nodes. We 
color the edges of this graph with two colors. It is known (for example from 
Ramsey Theory) that if S has the same cardinality as N, then we will be able 
to find a monochromatic complete subgraph whose vertex set also has the 
cardinality of N. Is it true that if S has same cardinality as R we will find a 
monochromatic subgraph whose vertex set also has the cardinality of R? 


Solution. The answer is no. Let the two colors that we work with be red and 
blue. For simplicity, we identify the vertex set S with R. Let < stand for the 
usual ordering on R and let < be a well-order on R. 

Now for two distinct vertices x and y in S, we color the edge between x 
and y with red if the two orders < and < agree on x,y (that is, if we choose 
the labels so that x < y, then x < y) and with blue otherwise. Assume now 
on the contrary that there is either a complete red subgraph whose vertex set 
A has the cardinality of R or a complete blue subgraph with this cardinality. 

In the first case, we would have an uncountable set A on which the well- 
order < agrees with the usual order <. To see that this cannot happen note 
that if we have any sequence a; of elements of A, then the sets B; = {x € A: 
x < ai} are countable. Hence the union (J B; is countable. But it is possible 
to choose a sequence a; of elements of A such that the every x € A has x < a; 
for some i. (If A is not bounded above, we choose A; to be any element of A 
with A; > i. If A is bounded above, we let a be the supremum of the elements 
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of A and choose a; > a—1/i.) If the two orders agreed on A, this would make 
UB; = A, hence uncountable. 

In the second case the argument is the same, we just replace > with < 
throughout. 
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2 Sums, Products, and Identities 


Problem 2.1. (GMB 1997) Determine the sequence aj, a2,..., of positive 
reals, such that for all positive integers k, one has 


k(k + 1) 
2 
Solution. When k = 1, the identity becomes a; = a. Let aj = a> 0. 


When k = 2 we have a1 + 27a9 = 3(a1 + a2), hence ag = 2a; = 2a. 
For k = 3 we get a1 + 27a2 + 37a3 = 6(a; + a2 + ag), therefore 


iO? E 3° Ge ak pS (ay +a2 +... +ak). 


9a + 9a3 = 18a + 6a3 > az = 3a. 


We prove by induction on k that a, = k - a, for all k > 1. We established the 
base cases above. 
Assuming the result for some k > 1, using the hypothesis for k + 1 numbers 
we have 

atat ota t at (ktl) ak 


k+1)(k+2 
= EET a 4204... + kat ani), 


from which we get that 


(( +1) — Stiem) Ak+1 


NS a ey, 


Now using the fact that 


2 
t+ = (AES) 


we obtain from the above relation that aķ+1ı = (k + 1)a, as we wanted. 


Problem 2.2. Prove that for all positive integers n, 


a a 1 4 1t, ee 1 
2 3 4 -° Dne @ ntl n+2 7 Qn 
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Solution. We use mathematical induction to prove this statement. The base 
case n = 1 is true, 1 — 5 = ESE Assume that the statement is true for n: 


-tł 1, 1 1 l ad 
2 3 4 7 Mm-=-1 Rn n+l n+2 ` Qn’ 


Let us prove it for n + 1: 


-tł 1 4 1 1, 1 ee eee ee 
2 3 4 °° @M—-1 2n Q@2n+1 2n+2 n+2 n+2 °° 2n4+27 





Taking the difference it suffices to prove 


1 1 1 1 1 


nut me ml mI? arl 














which is clearly true. 
Problem 2.3. Prove that for any positive integer n one has 


14. 2! n!? 
1)!=14+—+—4...+—-——. 
a ee ee ee Ee 
Solution. The identity clearly holds for n = 1. For the inductive step, assume 
that we have 





ie le ni? 
1)!=14+—+—+4+...+———. 
OE a ae ge ee ae a 
We will show that 
De 2912 ni? (n+1)!? 
2)!=14+—4+—4... —_—_, 
a eee a a | 


Using P(n), this is equivalent to proving 


(n+ 2)!=(n+1)!+ 


? 


(n+ 1)!? 
n! 


(n+ 1)! 





which is equivalent to n+2 = 1+ or n+2 = 1+n+ 1, which is clear. 
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Problem 2.4. Prove that: 


“(n-k+1 
| k ) = Fhn42, 
k=0 


for any non-negative integer n. 


Solution. We prove the result by induction of step 2: 
For n = 0, we have (5) = Fz, so P(0) holds. 


For n = 1, we need (5) + (3) = F}, which is true. 
Now let n > 2. Using Pascal’s identity and applying induction for n — 1 
and n — 2, we have: 


oo) s5 A AT | 


k=0 k=0 
mn skt = (ps2) ba 
sE rE, 
=0 
nti + Fp 
= £n+2 


Problem 2.5. Show that for any positive integer n, we have 


£1()-£7 


r=! r=) 





Solution. We prove the identity by induction on n. For n = 1, both sides 
become 1, so the result holds. 
Assume now that the statement holds for some n > 1, that is 


v5 (*)= ya (1) 


r= 





To prove it for n + 1, we have to show that 


uinti 2 orei 
> ie r 


r=1 r=1 
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So using (1), it suffices to show that 
oe n+] n\\ £ (n+l Bee 
=o ‘A r n+1i\n4+1) n+l’ 
or equivalently, using Pascal’s identity, that 


D. n\ 1 ant y 
ere ie mki nal.” 


1 n B 1 n+l 
r\r—-1) n+1 r J’ 








But now 


SO 











as required. 


Problem 2.6. The Bernoulli numbers (Bn)n>0o are given by the following 
recurrence: 


1 
Bo=1 and ("7 )Bi=0, for m >Q. 
1 
1=0 
Prove that 
k 
|e oe ee a eB siete. on, 
1 


for all non-negative integers n and k. 


206 Chapter 10. Solutions 


Solution. Set 


toe > (‘ ; ‘) Bynkt1-i, 


1=0 


If we can prove that S(1) = 0 and S(n +1) — S(n) = (k + 1)nf, then the 
conclusion of the problem follows by induction. Now 


S(n +1) — S(n) = 3 (*F")e. (È G 7 e) 


i=0 j=0 J 


FECE) 
EEDEN 


Thus we can write the expression as 
n+1 k-j f 
k+1 k+1- . 
(YS (RT a) 
Ga \ J i=0 á 


But from the definition we deduce 


kj 
i= 
a a for j< k. 


i=0 6 


But 


Therefore all powers of n of exponent less than k vanish and for k the coefficient 
is clearly k + 1. So indeed S(n + 1) — S(n) = (k +1)n*, as desired. 


Problem 2.7. Let n be a positive integer. Prove that 
n n 
Epi" )# =o, 
i=0 : 


for allO<k<n-—l. 


2. Sums, Products, and Identities 207 


Solution. We prove the result by induction on n. The base case n = 1 is 
clear. 

Assume that we have proved the identity for some n > 1. Notice that from 
the induction hypothesis we obtain that for any polynomial p(X) of degree 


less than n we have : 
5 (-1 iG )pto = 0. 
i= 


0 
In particular, for p(i) = (i + 1)*, k < n we have 


Son(;) (+1) =0, 


Son (, í J” =0. 


i=l 


n 
Adding this relation to 5 (-1) (") if = 0 and using Pascal’s Identity 
i=0 | 


("7 )-()+(2,) 


Sen (" : ‘yi = 0. 


Thus the condition holds for k < n and we only need to show it for k = n. 


Now notice that a 
n 1 
Sen" )p (i) =0, 
410 


we deduce that 


for any polynomial p(X) of degree less than n. Since there is a polynomial q 
of degree n — 1 such that x(a — 1)... (x -n+1) = x” — q(x), we deduce that 


Sey (e -Sc (P E-D G-r+1 


i=0 


208 Chapter 10. Solutions 
But 7(¢-—1)...(—n+1) is zero for all i = 0,1,...,n—1 and it is n!, (n+1)! 
for i = n, i = n + 1, respectively. So 


s-on ("i )ie—2)...@- nD 


becomes 


S$ = (-1)" (" t Pn + (-1)"4 (" i r) CEE E 
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3 Functions and Functional Equations 


Problem 3.1. Find all functions f : N* — N* which satisfy simultaneously 
the following properties: 

1) f(m) > f(n) for all m > n; 

2) f(f(n)) = 4n + 9; 

3) f(f(n) — n) = 2n4+ 9. 


Solution. A natural guess suggested by 2) is that f(n) = 2n +3. We will 
prove that this is the case in two steps. Firstly, we prove using strong induction 
that 

fin) =f(1)+2(n-1), forall n e N*. 


Notice that the above identity clearly holds for n = 1 and for n = 2, we 
have that f(f(2)—2) = f(f(1)) = 13. Condition 1) implies that f is injective, 
so f(2) = f(1) +2. For n = 3 we get that f(f(3) — 3) = 15, f(f(2)) = 17, 
f(f(2) — 2) = 18, so we have 


f(2) > (38) -3 > f(2) -2 = J(3) = f(2) +2 = f(1) +4. 
Assume now that f(k) = f(1)+2(k — 1), for all k < n and n > 4. 
We distinguish two cases: 

Case 1. If n is odd, then from the induction hypothesis we have 


E) = In +11 and f (f("——)) Z m47. 








This shows that 





e er F(7), 
SO 
fO)+n-1>fln)-n>fl)+n-3. 
Hence f(n) = f(1) +2n — 2 = f(1)+2(n — 1). 
Case 2. If n is even, by the same idea as above we have 


f(¢(G)) =2n+9= sm) -n)) = fn) -n=f (F) = sa) +n-2, 
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hence f(n) = f(1) + 2(n — 1), as we wanted. 
This completes the proof of the fact that f(n) = f(1) + 2(n — 1). To find 
the value of f(1), notice that for n = 2 we get 


f(fQ) +2) =17 = f)+2(f0)+1) =17 = fl) =5. 
Therefore, f(n) = 2n + 3 is indeed the only solution. 
Problem 3.2. (IMO 2007 shortlist) Consider those functions f : N* = N* 
which satisfy the condition 
f(m+n) = f(m) + f(f(r)) - 1, 
for all m,n € N. Find all possible values of f(2007). 


Solution. Let P(m, n) be the assertion that 


fim +n) = f(m) + f(f(n)) -1 


We claim that f(2007) € {1,2,..., 2008}. 

For all k € {1,2,...,2007} a function such that f(2007) = k can be given 
by f(n) = 1 for 1 < n < 2006, f(2007) = k and f(n) = n for 2008 < n. A 
function such that f (2007) = 2008 can be given by f(n) = n for 2007 łn and 
f(n) =n+1 for 2007 |n. 

Now we will prove that f(n) <n+1. Assume for contradiction that there 
exists k such that f(k) = k +c where c > 1. By P(n,m — n) where m > n, it 
follows that f(m) > f(n)+f(f(m—n))—1 > f(n). Hence f is non-decreasing. 

Now we will prove by induction that f(ik) > ik+i(c—1)+1 for all i € N. 
Note that we have shown the case where ¿ = 1. Now assume that the claim 
holds for i = 1,2,...,n. By P(nk, k), it follows that 


f((n+1)k) > fink) + f(f(k)) — 1 = f(nk)+ f(k +c)-—1, 
and since f is non-decreasing we further have that 
fink) + f(k+c)— 1> f(nk)+k+ce-1=(n4+)Dk4+(n4+1)(c-1) +1. 


This implies that for any m, there exists p € N such that f(p) —p > m. 
Now let q be such that f(q) -q > k. By P(f(q) —4q,q), it follows that 
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FEC > fUf(@) — a) + f(f(q@) — 1 which implies that f(f(q) —q) < 1. 


However, since f is non-decreasing 


fif(qd)-—@ = f(k) =k+e>c>1, 


which is a contradiction. 
Hence f(n) < +1, which implies that f(2007) € {1,2,..., 2008}. 


Problem 3.3. Let f : N — N be a function such that f(0) = 1 and 


so =1([g)) +7(G)), mnz: 


Prove that 
f(n—1) < f(n) n = 253}, forsome k,hEN. 


Solution. We will prove the result by induction on n in two steps. First, 
we will show by induction on n that f is a non-decreasing function, that is, 
f(n) > f(n—1). Since we easily compute f(1) = 2f(0) = 2 > f(0), the base 
case is done. For the inductive step we simply note that for n > 2, we have 
[5], [3] < n and hence 


ro =s (E) E) (E2 EH) e- 


Now we prove the requested result by induction on n. Since f(1) = 2 > f(0) 
and 1 = 2030, the base case is done. For the inductive step, note that since 


roD ED 
re-v= (EFD EF) 


and f is non-decreasing, we have f(n) > f(n — 1) if and only if either 


(D> ESD æ sih >l) 





and 
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If n is odd, then [2] = [25+] and clearly 


GI) =A I). 


If n = 2m is even, then by the induction hypothesis 


=s (E) EF- re-a 


if and only if m = 2°3" for some k,h € N. Thus 


s(a) >) 


if and only if n = 2*+13" for some k,h € N. 
Similarly, if n is not a multiple of 3, then [2] = [25+] and clearly 


sB) =l) 


If n = 3m is a multiple of 3, then by the induction hypothesis 


rnd (G ERD- 


if and only if m = 2*3" for some k,h € N. Thus 


(U3) > 4) 


if and only if n = 2°3"*! for some k,h EN. 
Combining these two calculation, we see that f(n) > f(n — 1) if and only if 
n = 2*3" for some k,h € N, completing the inductive step. 




















Problem 3.4. (AMM 10728) Find all functions f : Z > R satisfying 
fla +0 + À’) = f(a)? + fb)? + FO, 


whenever a,b,c E€ Z. 
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Solution. Set f(x) = ax to get a = 0,1,—1 and set f(x) = c to get c = 
0, i We shall prove that these are the only solutions. 
First, we shall find a way of computing f(n) by induction on |n]. Since 


f(0) = F(n* + (—n)? +0) = f(n)? + f(—n)? + F07, 
we compute f(—n) from f(n). Further, note that if 
PLP ke =a En Er. 


then 
f(a)’ + f(b)? + fe)? = f(m)? + f(n)? + Fp. 


So if we can write n? as a sum of at most five cubes of numbers having 
absolute value less than n, we are done. Let us find such representations. Set 
n = 2™(2a + 1). Note that 


5% = 48 4 42-19-17, 
6° = 3° + 4° 45°, 
7? = 64+ 45 445-19. 


If a = 1 and m > 1, a= 2, or a = 3, then n is a multiple of 6,5 or 7 and we 
are done. For a > 4 we get the result by the identity 


(2a+1)° = (2a — 1)? + (a+ 4)? — (a — 4)? — 5° — 1°. 


Finally, 
23m — 28lm—2) (33 + 338 4.93 4.13 + 13) 


and therefore this also holds if a = 0 and m > 2. So f is uniquely determined 
by f(0) and f(1), since then we compute 


f(2) = f1 +13) and f(3)= fA +18 + 13). 
Now let us look at f(0) and f(1). By setting a = b = c = 0, we get 


f(0) = 3f(0)°. 
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Thus f(0) = 0 or f(0) = E If f(0) = 0, then setting a = 1, b = c = 0 we 
get f(1) = f(1)’. Hence f(1) = 0, —1,1 and we obtain the solutions f(x) = 0, 
f(z) = —z and f(z) = 

Now assume that f(0) 4 0. Without loss of generality, let f(0) = a 
(the second case is analogous since we could look at —f instead of f). Then 
by setting a = 1, b = c = 0 we deduce f(1) = f(1)? + 2f(0)°, which is a 
polynomial equation with respect to f(1) with solutions wet =. Similarly, by 
setting a = —1, b = c = 0, we deduce that f(—1) is either a or a. But 
setting a = 0, b= 1 and c= —1 we find 

— = FO) = FO AO + F(A) = 2 + FFU. 

V3 A 


A little checking shows that the only possibility is f (1) = f(—1) = which 


makes f(x) = a for all x. 


wet 


Problem 3.5. (APMO 2008) Consider the function f : N > N defined by 
the following conditions : 

i) f(0) = 0; 

ii) f (2n) = 2f (n), for all n € N; 

iii) f(2n +1) =n+2f(n), for all n € N. 


a) Determine the three sets 
L= įn|f(n) < fin +1)}, E= {n]f(n) = f(n + 1)}, and 
G = {nlf(n) > f(n + 1)); 


b) For each k > 0, find a formula for a, = max{ f(n): 0 < n < 2f} in 
terms of k. 


Solution. Let 
Lı := {2k : k > 0}, Fx := {0} U {4k +1: k > 0}, Gi := {4k +3: k > 0}. 


We will show that Lı = L, Ei = E and G1 = G. It suffices to verify that 
Lı C L, E C E and Gi C G, because Li, E1, Gi are mutually disjoint and 
Lı U FU Gi =N. 


3. Functions and Functional Equations 215 


Firstly, if k > 0, then f(2k) — f(2k+ 1) = —k < 0 and therefore Lı C L. 
Secondly, f(1) = 0 and 


f(4K +1) = 2k 4+ 2f(2k) = 2k+ 4f(k) 
f(4k +2) =2f(2k4+1) = 2(k4+ 2f(k)) = 2k 4+ 4f(k), 
for all k > 0. Thus E C E. 
In order to prove G1 C G, we prove by induction on n that f(n+1)—f(n) <n, 
for all n € N. Notice that this is clearly true when n = 2t, as we have by 
definition of f that 
f2t+1)- ft) =t<n. 


In particular, this proves the base case n = 0 and it suffices to consider the 
case when n is odd. 

Assume now that the result holds for all integers up to some n, n = 2t + 1. 
Then by the induction hypothesis we have 


fim +1) — f(n) = f(2t +2) — f(2t + 1) = 2f (t+ 1) —t—2F (0) 
= 2(f(t+1)— f(t) —t< 2t-t=t<n. 


This completes our induction. Now for all k > 0, we have 


f(4k + 4) — f(4k + 3) = f(2(2k + 2)) — f(2(2k + 1) +1) 
= Af(k +1) — (2k +1 + 2f (2k + 1)) 
= 4f(k + 1) — (2k + 1 + 2k + 4f (k)) 
= A(f(k + 1) — f(k)) — (4k + 1) < 4k — (4k + 1) < 0. 


This proves G; C G and completes the proof of part a). 


b) First note that a9 = a, = f(1) = 0. 

Let k > 2 and let Ny = {0,1,2,...,2"}. We first prove by induction that 
the maximum a, occurs at the largest number in GM Ng, i.e. ap = f(2F —1). 

The base case is k = 2 for which we have ag = f(3) = f(2? —1) = 1. 

Assume now that the result holds for all integers between 2 and k — 1, for 
some k > 3. Then for every even number 2t with 2571 +1 < 2t < 2*, by the 
induction hypothesis we have 


TOD =25@) = 2ap 27 OFS 1). 
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For every odd number 2¢+ 1 with 2*-!+1 < 2t+1 < 2* we have by induction 
hypothesis that 
f(Q¢+1) =t+2f) <2" 1-14 2f() 
SO 2a Se SO a), 


In either of the two cases above, the upper bound is at most 
f(2* —1) = f(2(2*"* — 1) +1) = 2° a — 1), 


so we have indeed that a, = f(2* — 1), completing our induction. 
From the above, we obtain the recursion 


Ak = 2ak—1 + ae LVRS: 


We observe that the above formula also holds when k = 0,1,2. Then a simple 
induction yields that for all k > 0 we have ay, = k2*~!—2*+1. The inductive 
step reads 


Ak = 2ak—1 + | 
SI (ha 10 ao a ed 
RO kee, 


Problem 3.6. (India 2000) Suppose f : Q — {0,1} is a function with the 


property that for x,y € Q, if f(x) = f(y), then f(x) = f((r + y)/2) = fly). 
If f(0) = 0 and f(1) = 1, show that f(q) = 1 for all rational number q greater 
than or equal to 1. 


Solution. We first prove the following: 


Lemma. Suppose that a and b are rational numbers. If f(a) Æ f(b), then 
f(n(b — a) + a) = f(b) for all positive integers n. 


Proof. We prove the claim by strong induction on n. For n = 1, the claim is 
clear. Now assume that the claim is true for n < k. Let 


(21, Y1, £2, y2) = (b, k(b — a) + a,a, (k+ 1)(b— a) +a). 
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By the induction hypothesis, f(21) = f(y1). We claim that f(x2) Æ f(y2). 
Otherwise, setting (x, y) = (21, yi) and (x,y) = (£2, yg) in the given condition, 
we would have f(b) = f((xı + y1)/2) and f(a) = f((x2 + y2)/2). However, 
this is impossible because zı + yı = £2 + y2. Therefore, f(y2) must equal the 
value in {0,1} \ {f(a)}, namely f(b). This completes the induction. 

Applying the lemma with a = 0 and b = 1, we see that f(n) = 1 for all 
positive integers n. Thus, f(1+7/s) Æ 0 for all natural numbers r and s, 
because otherwise applying the lemma with a = 1, b = 1 +r/s and n = s 
yields f(1 +r) = 0, which is a contradiction. Therefore, f(q) = 1 for all 
rational numbers q > 1. 


Problem 3.7. Find all functions f : Qt — QF, such that 
1 1 
fle) +f (=)=1, and f(1+2s)= 5e) 


for any x € QT. 


1 
Solution. From the first equation we deduce that f(1) = ay 


Let us now prove that for m,n positive integers we have 


(=e 


We shall prove the result by induction on m +n. 
By the above, the statement holds when m +n = 2. 
Let us show that if the statement holds for m +n < k, k E N, k > 2, then it 
also holds for m+n=k-+1. 
We consider the following cases: 


Case 1. If m and n are odd numbers. 
1.1) If m > n, then 


m A Pca ey e 
t(2)=s(a42 2 )=3r( 2 )=5r( x | 
eee 


a oe 
n 
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as yr +n= ktl < k. 
1.2) If m = n, we have that 


Iae e 


1.3) If m < n, then 
m n 1 1 
Lae (=) = = | 
j ( n J m 1+ Les 
Case 2. If m and n are even numbers, then 


m\ Pi E ee 
1(2)=s(4)- 3 1+2 
3 


m n — k+l 
SS Tto a Sk 

















Case 3. If m is even and n is odd, then let us consider the following pairs of 
positive integers: (Mo, no), (M1, 71),...,(™Mp, Np), --- where mo = m, no =n 
and 





(2 + Ni—1, mi ) if 4 { mj-1 


(Miis ni) = e ¢ where 1=1,2,... 
Mi-1 M1 
(7 9 ) 3 + Ni— 1) if 4 | Mi—l,; 


Note that m; is an even number, n; is an odd number and m; +n; = 
Mi—1 + Ni—1, where i = 1,2,... 

Since there are only finitely many pairs (m,n) with fixed sum m + n, the 
sequence (mo, no), (™m1,71),... must eventually cycle. In general, the cycle 
need not begin with the first term sequence, but in this case we can step the 
recursion backwards. Indeed, if m; > ni, then mj_1 = 2ni, ni-1 = Mi — Ni 
and if m; < ni, then mj_1 = 2m;, ni-1 = nj; — mi. Therefore, the sequence 
(mo, no), (m1, 71),... is periodic starting from its first element. 
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Let p be such that the pairs (mp, np) and (mo, no) coincide. We have that 


EORR ORE 


or 


On the other hand, 





1—2F (=) = -1+ 2f (2). 
Thus, 
1C a] 
or 


(22) =-1+27 (7), 


where i = 1,2,...,p + 1. Let 


Mi— 
ef (=) , where 1=1,2,...,p+1. 
Ni-1 
Hence, we obtain that 
Ly = E1 — 2€122 
LQ = E2 — 2E2T3, 


Tp+1 = T1, 


where |e;| = 1, i = 1,2,...,p. 

Solving the last system by plugging in the corresponding values of the 
variables, we deduce that zı = a + bx,, where b is an even number (in fact 
b = +2?). The last equation has a unique solution, hence the system has a 
unique solution. 
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Note that i 
a eee 
O leaa 
where 71 = 1,2,...,p+1 is a solution of the given system of equations. There- 
fore, 








(8) (S-an 
n! no] t 1+% 14 
Case 4. If m is odd and n is even, then 


a a1-35 cers 


aL 
m 


Ad ren 


is the only function satisfying the hypotheses 








Hence, 








Thus, the function f(z) = 
of the problem. 


1 
1l+z2 


Problem 3.8. Find all functions f : [0, +20) — [0,1], such that for any x > 0, 
y 20 


f(a) Fly) = ZIWE). 


Solution. We will establish some properties of f which will allow us to solve 
the problem. We begin by showing the following: 


1 
P1. For any x > 0 we have f(x) < 5° 


1 
Proof. We prove this by contradiction. Assume that f(z) > = +a, for some 


zı > 0, where a > 0. Under this assumption, we prove that there exists a 
sequence (£n), such that for n = 1,2,... 


F ii> : + na. (1) 
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We do this by induction on n. For n = 1, the result holds by our assump- 
tion. 

We now show that if the statement holds for n = k, k € N, then it also 
holds for n= k +1. 


We have that f(x) > 5 + ka. Let p41 = ty f(xy). Then 


1 2 1 
f (tesa) = f(tef (te) = 2(F(ee))? > 2(5 + ha) > 5+ (k+ 1a 
This completes the induction step. 
1 
From (1) we obtain that the sequence (5 + na) is bounded, which is a 
contradiction. Hence f(x) < 5 for all x > 0. 
We now prove the following: 


P2. For any z > 0 either f(x) = 0 or f(z) = 5. 


1 
Proof. Assume that 0 < f(z1ı) < z for some zı < 0. From hypothesis we 
have that 


Fle) (Gs) = 34e. 











f (£1) 
1 Ly 
Hence f(x2) = 5? where z2 = ren Then 
D2 = 1 = t 
Ta ao = pf ae 
Therefore, f ( re 5) > 5. This contradicts what we established in P1 above. 
1 
Let 
1 
ia) = 5? for xE€A and f(r)=0, forxze[0,+00)\A. (2) 


1 
Note that if x € A, then f(x) f(z) = af (2 f(z). Hence 5 € A. We also have 
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1 1 
so 2x € A as well. On the other hand, if f(0) = 5? then f(x) = 5 for any 


non-negative value of x (it is enough to take y = 0 in the hypothesis). 
It is now an easy task to verify that if A = 0, A = [0,+00) or A is such 
that 0 ¢ A and 
tEA= 5 EA 2c A, 


then the functions in (2) satisfy the conditions of the problem. 


Problem 3.9. (China 2013) Prove that there exists only one function f : 
N* > N* satisfying the following two conditions: 

i) fQ) = f(2) = 1, 

ii) f(n) = f(f(n—-1))+ f(n — f(n — 1)) for n 2 3. 
For each integer m > 2, find the value of f(2™). 


Solution. For the first part of the question, we will prove by induction that 
for any n > 2 we have 


f(n) -—f(n—1) € {0,1} and 5 Sf (n) <n. 


Notice that this suffices to establish the first part of the question, since 
from 5 < f(n) < n we know that f(n — 1) < n—1, and from the given 
relation f(n) = f(f(n — 1)) + f(n — f(n — 1)) for n > 3, f(n) is uniquely 
determined by the values of f (f(n —1)) and f(n — f(n — 1)). 

Our base case is n = 2, which is true, since we are given f(2) = 1. Assume 
now that the statement holds for all numbers between 2 and some integer 
n > 2. Let us prove it for n+ 1. We have 


fer aiMasiie) fel) eiatl 7) Tae 71), 


From the induction hypothesis, we know that f(n) < n, f(n—1)<n-1 
and f(n) — f(n—1) € {0,1}. We distinguish two cases: 


Case 1. If f(n) = f(n — 1), then f(f(n)) = f(f(n — 1)), so we have 


fila yn) =e las) ) =F ee 1) 
= f(n+1— f(n)) — fin — f(n)) € {0,1}. 
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Case 2. If f(n) = f(n—1) +1, then fin +1 —- f(n)) = f(n — f(n — 1)), and 
we have 


Aoa a ay =) yer a aa e051 fe 


So we obtained in both cases that f(n +1) — f(n) € {0,1}. Since f(n) <n, 
we have that f(n +1) <n + 1, from what we just proved. Furthermore, 


fm) | m+1-f(n)_nt1 
2 9 


f(int+l)=f(f(n))+fint+1-fl(n)) = 4 - ' 


which completes the proof of our induction. 

For the second part of the question, we will prove by induction that 
f(2™) = 2™-1, for all m > 1. The base case is verified, since we are given 
that f(2) = 1. Assume now that the result holds for all integers between 1 
and some positive integer m > 1. We shall prove the result for m + 1: 

We prove by induction on k that if 2" < k < 2™+1 then f(k) < 2™. If 
k = 2™, the statement is true from the induction hypothesis. Assuming it for 
k,ifk+1<2™+!, then 





m+1 
k+2 g 2 
oe oe ae 
From what we established in the first part of the question, we know that f is 
increasing, so f(k) < 2” and k+1-— f(k) < 2™ imply that f(f(k)) < f(2”) 
and f(k+1-— f(k)) < f(2™), hence 


f(k +1) = f(f(k)) + f(k +1- f(k)) < F(2™) + F(2™) = a8 + OME =O”. 
We now have f(2™t! — 1) < 2™ and f(2™*! — 1) > ee So it must be 
that f(2™*! — 1) = 2™. Finally, 
pat) = J(+ — 1) + fe? — feat? — 1) 
= (2) + fants — 2) 
= gm-l ae gm-l 


— gm 


= 


f(k) <2” and k+1-f(k)<k+1-5= 


completing our proof. 
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Problem 3.10. (Silk Road MC) Find all functions f : N* — N* which 
satisfy 


2f(mn) > f(m +n”) — f(m? — f(n)? > 2f(m)f(n). 


Solution. We will show that f(n) = n? for all n. For this, we will need two 
famous facts from number theory. The first is that if q = 3 (mod 4) is a prime, 
then q does not divide any number of the form a? + 1. The second is that if 
p = 1 (mod 4) is a prime, then there are positive integers a and b such that 
p=a’ +b. 

First note that comparing the outer expressions, we see that f(mn) > 
f(m)f(n). 

Taking m = n = 1, we get 2f(1) > f(2) —2f(1)* > 2f(1)? > 

we must have equality at each step and thus f(1) = 1 and f(2 a 

| Taking m = 1, we get 2f(n) > f(n? +1) — f(n} — f(1)? > 
again we must have equality throughout and f(n? +1) = (f(n) + es 

We will now show by a somewhat subtle induction on n that f(n) > n? 
for all n. By the inequality f(mn) > f(m)f(n) it suffices to prove this for n 
a prime. Since we already saw that f(2) = 4, the base case is proven, and we 
may assume n is an odd prime. Define the complexity of a prime p to be p 
if p = 1 (mod 4) and p? if p = 3 (mod 4). We will prove the inequality by 
induction on the complexity. 

Suppose we have proved the inequality for all primes whose complexity is 
less than the complexity of p (hence for all products of such primes). 

If p = 1 (mod 4), then there are a,b with p = a? + b?. Since p > a?,b?, 
every prime divisor of a or b has complexity less than that of p. Therefore by 
the inductive hypothesis f(a) > a* and f(b) > b*. Hence taking m = a and 
n = b in the given inequality gives 


f(p) = f(a)’ + f(b)" + 2f (a) f(b) = at +0 + 2a°b* = (a? + b*)* = pr. 


If p = 3 (mod 4), then every prime divisor of p? + 1 is either 2 or is 1 
modulo 4. Since there must be at least one factor of 2, these prime factors 
must be smaller than p*. Hence by induction we conclude that 


(f(p) +1)? = f(p? +1) > (pP? +1), 
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and hence f(p) > p?. 

Thus by induction we see that f(n) > n? for all n. 

We saw above that f(1) = 1. Using the inequality, we have two rules which 
would let us conclude that f(n) = n? for some n. 


Rule 1. Suppose f(mn) = (mn)?. Then from 
(mn)? = f(mn) > f(m)f(n) > m?n?, 
we conclude that f(m) = m? and f(n) = n?, and hence from 
2(mn)* + m* + n* = 2f(mn) + f(m)? + f(n) > f(m +n?) > (m + n*)? 


we further conclude that f(m? + n?) = (m? + n?)?. 


Rule 2. Suppose f(m? + n?) = (m? + n?)?. Then from 
(m +n*)* = f(m +n’) > (f(m) + f(n))’ > (m +n) 


we conclude that both f(m) = m? and f(n) = n?. 

Let B be the set of all n for which we can prove that f(n) = n? starting 
with the result above that f(1) = 1 and applying some sequence of the two 
rules above. One can quickly prove that quite a few integers are in B using 
these rules. For example 1 € B by definition. Since 2 = 1? + 17, we conclude 
2 € B by Rule 1. Similarly 5 = 2? +1? and 26 = 57+ 1?, show by Rule 1 that 
5,26 € B. Then 13 = 26/2, 170 = 137 + 17, 10 = 170/17, 17 = 170/10, show 
by Rule 1 that 10,13,17 € B. Hence 10 = 3? + 1? and 17 = 47 + 1? show by 
Rule 2, that 3,4 € B. 

The trick is to organize what we know to show that B is in fact every 
positive integer. Here is one method that works (though it is somewhat com- 
putational at the start). Note that we already saw that using only Rule 1, we 
have 1, 2,5,26,13, and 170 € B. Continuing, in this way we get 34 = 170/5, 
1157 = 347 + 17, 1338650 = 11577 + 17, and 25 = 1338650/53546 € B. Thus 
we have shown 25 € B using only Rule 1. 

Now notice that Rule 1 has an extra feature. If we apply Rule 1 to k?mn, 
then we can conclude that k?m, k?n and k?(m? +n?) are in B. Thus iterating 
the sequence of implications above, we conclude that 5” € B for all n. 
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Rule 2 is a little weaker than Rule 1 with respect to multiples. If we apply 
Rule 2 to k?(m?+n?), we can only conclude that km and kn are in B. However 
since arbitrarily high powers of 5 are in B, we can still conclude that if n € B, 
then 5n € B (Suppose a chain of implications that starts from 1 and shows 
that n € B has r steps that use Rule 2. Then starting from 5” and applying 
these same steps with extra powers of 5, we will conclude that 5n € B.) 

Now finally the conclusion is easy. From n € B, we conclude that n?+1 € B 
and hence by the long discussion above that 5(n?+1) € B. Writing 5(n?+1) = 
(n +2)? + (2n — 1)”, we conclude using Rule 2 that n+ 2 € B. Thus an easy 
induction starting with 1,2 € B shows that every positive integer is in B. 


Problem 3.11. (Turkey) Find all functions f : Q* > QF such that 


(2) =, f(a) = 255 (F), for all cE Qt. 








Solution. We prove that the only functions which satisfy the conditions of the 
problem are those of the form fg(4) = a- es where d and n are positive integers 
with (d,n) = 1. One can easily check that these functions satisfy the functional 
equation. For the converse, we proceed by induction on k = max{n, d} (or 
alternatively, on n +d). Let f(1) =a. 

Assume that whenever k < m (for some m > 2), we have f (5) = fa (4) 
(we know the base case k = 1 holds by our construction). Consider the case 
k =m. Notice that since gcd(n,d) = 1, and max(n,d) = m > 2, we have 
n Æ d. We distinguish two cases: 

If n < d, then gcd(n,d — n) = 1 and max{n,d — n} < k, so 


OE = Gabon 


d—n 








If d < n, then applying the previous case gives 


1(§)=1(9)- ae F 


d 





In either case, we obtain the result for the inductive step, completing our 
proof. 
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Problem 3.12. Find all functions f : Z — Z that satisfy 
f(m+n) + f(mn—1) = f(m) f(n) + 2, 
for all integers m, n. 


Solution. We begin by calculating a few small values for f. Plugging in 
m = n = Q gives 

f(0) + f(-1) = f*(0) +2. 
Setting m = 1, n = 0 gives 


F(1) + f(-1) = FO) FO) + 2. 


If we set m = —1, n = 0, we get 


2f(—1) = f(-1)f(0) + 2. 


Hence f(—1)(2 — f(0)) = 2. So we must have that f(—1) € {+1,+2}. Com- 

bining this with f(0) + f(—1) = f7(0) + 2, we obtain that the only integer 

value for f(0) is obtained when f(—1) = 2 and in this case we get f(0) = 1. 
Now, to find f(1), we first plug in m = n = —1 which gives 


f(—2) + f(0) = f*(-1) +2, 


so f(—2) = 5. Then, for m = 1 and n = —1 we obtain 


f(0) + F(—2) = FQ) F(-1) + 2, 


which gives f(1) = 2. Further, m = n = 1 gives f(2) + f(0) = f7(1) + 2, so 


f (2) = 5. 
Notice that for the first small values we always had f(m) = m?+1. Also 
notice that from the functional equation, for n = —1 we have 


f(m—1)+ f(-—m—1) = f(-1)f(m) + 2, 


so it would suffice to prove that f(m) = m? + 1 for m > 0, as it would then 
imply it for all integers. 
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We claim that for each m > 1, f(m) has only one possible value and it 
must be m? + 1, and we shall prove this using strong induction. 

For the base cases, m = 1 and m = 2, we have found that f(1) = 2 and 
f(2) = 5, so the base cases are true. 

For the inductive step, we assume that for all 1 < m < k, f(m) has one 
possible value, m?+1, and we want to show that f(m-+1) has only one possible 
value, (m + 1)? + 1. First of all, since f(m) and f(m — 1) are fixed, f(m +1) 
is fixed. We have 


fim +1) = 2f(m) +2- f(m- 1) 
= 2(m? +1) +2-—(m-—1)*-1 
=m’ +2m+2. 
We have obtained that f(m+1) = (m+1)?+1, so the induction is complete. 
Problem 3.13. (Estonia 2000) Find all functions f : N — N such that 


f(if(f(n))) + ff()) + f(r) =3n forall neEN. 


Solution. Observe that if f(a) = f(b), then setting n = a and n = b into the 
given equation yields 3a = 3b, soa = b. Therefore, f is injective. 

We now prove by induction on n > 0 that f(n) =n. The base case n = 0 
follows immediately by substituting 0 in the given relation and using the fact 
that f(0) > 0, as the image of f lies in N. 

For the induction step, assume that we have proved the result for all in- 
tegers n less than some ng, with no > 1. We want to show that f(no) = no. 
Since f is injective, ifn > no > k, then f(n) Æ f(k) =k. Thus 


f(n) > no, forall n > no. (*) 


In particular, (*) holds for n = no, i.e. f(no) > no. Then (*) holds for 
n = f(no) and similarly for f(f(no)) as well. Substituting n = nọ in the given 
equation, we find that 


3no = f(f(F(no))) + F(F(no)) + (no) = no + no + No. 


Therefore, equality must occur, so f(ng) = no, completing the induction step 
and the proof. 


3. Functions and Functional Equations 229 


Problem 3.14. Prove that there exists a unique function f : Qt — Qt 
satisfying all the following conditions: 


a) If 0 <q < 4, then f(q) =1+ f (1z); 
b) If1<q< 2, then f(g) =1+f(q-1); 


c) fi@)f (3) = 1 for all q € QF. 
Solution. We show that there is a unique f satisfying these properties by 


showing that f is uniquely determined at every positive rational number ¢. 
We do this by strong induction on a + b. 

We start with the base case, when a+ b = 2 witha = b = 1 and a/b = 1. 
Note that f(1)f(1) = 1, so f(1) =1 by c). 

Now suppose f(Ẹ) is uniquely determined at all positive rational numbers 


+ with a +b < N, and consider % with a’ + b' = N+ 1. We distinguish the 
following cases: 


Case 1. If 1 < g, < 2, we have from b) that 


a’ a’ — b’ 
(5) a a. 
Since (a’ — b) +b =a’ < a’ +b = N +1, the right hand side is determined 
uniquely from the induction hypothesis, hence so is f ($). 
Case 2. If 1/2 < g < 1, using c) we have f(S) = f(2)-! and now we can 


a! 
determine FÈ), since 1 < x = 2: 


Case 3. If g, < 1/2 we have by a) that 


a! a a! 
(5) -1+5 (ee -144 (zi) 


Since b + (a’—2b') = a'—b' <a’ +b = N +1, f (57) is uniquely determined 
from the induction hypothesis, hence so is f ;). 


(F 
($) = f A and we can find 


a' 





Case 4. If g > 2, then by c) we can write f 
f (2), since & < L. 


a 
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This covers all the possible cases and completes the induction step. ‘Thus 
there is at most one function f satisfying the given conditions. We still need 
to show that there is such an f. Notice that for each pair of a rational ¢ 
and its reciprocal b, we found exactly one equation relating f at that point 
to f at a point g with a’ +b' < a+b. Thus we can define f inductively 
without ever trying to assign a value twice (and thus there is no danger of an 
inconsistency). This completes our proof. 
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4 Inequalities 


Problem 4.1. There are n > 1 real numbers with non-negative sum written 
on a circle. Prove that one can enumerate them aj, a9,...,@n, such that they 
are consecutive on the circle and a, > 0, aj+a2q > 0,..., aj tagt+...tan_1 > 0, 
ai +agt+...t+a, => 0. 


Solution. The proof is by induction on n. For one number, everything is 
clear. 

Assume now that the result holds for n — 1 numbers, some n > 2, and we 
show that it also holds for n numbers. As the total sum is non-negative, there 
are non-negative numbers on the circle. If they are all non-negative, there is 
nothing to prove. Otherwise, there is a negative one, say a, < 0. Then by 
applying the induction hypothesis to aj, a@2,...,@n—2,A@n—1 + ân we can find a 
j such that aj,@;+@j;41,...,@j+...+@n—2,4j+...+@n-1+4n,... are all non- 
negative. But as an < 0, we conclude that a; + ...+ an-ı is also non-negative. 
Therefore listing the numbers starting from a; satisfies our condition. This 
completes our proof. 


Problem 4.2. Let aj, @2,...,@n be positive real numbers. Prove that 

a a a Qasr a 
et et $< SS. 
(l+a;)* (1+a1 + ag) (lLtap+-:-+@n)? “ltapt+---+ay 


Solution. We will prove the result by induction. For n = 1, the result is 


equivalent to 
Q1 ai 


(1+ a,)? = 1 +a’ 
which holds, since 1 + a, > 1. 
Assume now that the result holds for n— 1 variables, with n > 2. To prove 
the result for n variables, it suffices to show that 


ee 
LEs =ar (LF en) ~ TES 


where Sn = a1 +a2 +:::+an. After bringing expressions to common denom- 
inator and cross multiplying, the above inequality is equivalent to 


(Sn — an )(1 + Sn) < (Sn + s2 — an )(1 + Sn — an). 
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Expanding both sides and simplifying yields aĉ > 0, which is clear. This 
establishes our induction step and completes the proof. 


1 1 
Problem 4.3. Show that 2(./n+1-—1) < 1+ — +... + — < 2vV/n. 
a <1t+e4..+ <2vh 


Solution. The base case is n = 1, for which we have to prove that 
2/21) Se. 


Assuming P(n) for some n > 1, for the induction step it suffices to show 


2(vVn +1 -— yn) < 7 < 2(/n — vn — 1). 


However, this is obvious if we rewrite it as 


2 1 2 
mitn Vn ~ yn- yn T 


Problem 4.4. Let x be a real number. Prove that for all positive integers n, 
|sinnz| < n|sin z|. 


Solution. We prove the given inequality by induction on n > 1. The base 
case n = 1 is clear. 
Assume that our inequality is true for n > 1: 


|sinna| < n|sin zl. 
To prove it for n + 1, observe the following 
|sin(n+1)z| = | sin ng cos z +cosngsin z| < |sinng|+ |sing| < (n+ 1)|sin zl, 
and we are done. 


Problem 4.5. Let n > 2. Find the least constant k such that for any 
Q1,..-,Qn > 0 with product 1 we have 


a ,az T a243 i 4 Anal 
(af +a2)(aZ+ai) (aĝ +a3)(aĝ+a2) ` (a2 +a)(a? +an) 7 
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Solution. We shall prove that the answer is n — 2. 

Notice that if we put aj = ag = .. =Qn_1 = T, an = H, then as xz tends 
to 0 we get arbitrarily close to n — 2. To prove the other part, observe that 
(a? +a2)(a2+a1) > (a? +aı)(a2+a2). We use this inequality for every fraction 
and so it suffices to prove 


1 
> (ai + 1)(ai+1 + 1) oe 


We prove the above inequality by induction on n > 3. For the base case, since 
a,a2a3 = 1, we can write 


x y z 
Oy = =; Q02 = —, 043 = —. 
y z T£ 
Then 
1 y 1 R 1 
(ai +1)(a2+1) (a2+1)(a3+1) (a3+1)(aı+1) 
ety 
(aty)\(ytz) (@+z)(y+z)  (e@t+y)2t+z) 
TY yz Lz 


j sty + yz+ zr zy +yYz+zT j LY t+yz+ 2x E 

Assume now that the result holds for n — 1 variables, n > 4 and we prove 
it for n. Notice that unless aj = ... = an = 1 (in which case the inequality 
is immediate), there must be 1 < j < n such that aj > 1 > aj+ı. As 
the inequality is cyclic, we can assume without loss of generality that this 
happens for j = 2. Now we can replace a2 and a3 with a2a3 and prove that 
the expression decreases by at most 1. 

Indeed, we compute that 


1 1 —a2(1 — a3) 


(a; + 1)(a2 + 1) 7 (a; + 1)(aga3 + 1) 7 (a; + 1)(a2 + 1)(aga3 + 1) <0 
and 
1 = 1 Z a3(ag == 1) 
(a3 +1)(a4 +1) (aza3+1)(a4+1) (a3 + 1)(a4 + 1)(a2a3 + 1) 
a3(a2 = 1) 


= (a3 + 1)(a2a3 + 1) l 
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Thus the decrease is at most 


1 a3(a2 — 1) — 1-ag+aga3+ azaz 
(agt+1)(ag+1) (a3+1)(aea3+1) (a2+1)(a3 + 1)(a2a3 + 1) 


This shows that we can reduce the problem to n — 1 variables and by the 
induction hypothesis, we are done. 


Problem 4.6. Let aj, a2,...,an be integers, not all zero, such that aj + a2 + 
--» +a, = 0. Prove that 


k 


2 
lay + 2ag +--- +2" -14;| > a 


for some k € {1,2,...n}. 


Solution. Assume that 
ok 
a; + 2a9 $e 2a] < | for all k € {1,2,...,n}, 


with a; integers. We prove by induction on 1 < k < n that aj = a2 = ... = 
G0: 

For k = 1, the result is immediate, since |a | < 2 < 1 necessarily implies 
Qj = 0. 

For the induction step, if the result is true for i = 1,2,...,k — 1, then 


ok 

3 > lay + 2a2 +: + 271a] = 2 al, 

yielding |a;| < 2 < 1, and again a, = 0. This completes our induction step. 
Therefore, aj = ag =... = an = 0, which which contradicts the hypothesis 

of the problem. The result follows. 


Problem 4.7. Let n > 2 and a1,a2,...,an € (0,1) with ajag...an = A”. 


Show that 
1 is fe 1 2 n 
i+a — 1l1+an7 1+4 
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Solution. We prove the result by induction on n. 
When n = 2, the inequality is equivalent to 


1 n l 2 
1+? 1+4? 1+ry’ 


which after clearing denominators is equivalent to 
(2+ 2° +y’) (1+ zy) — 2(1 + z?)(1 +4?) <0 


(x — y)*(xy — 1) < 0, 


which is true. 











For the induction step, set b = SULLEN Then aiaz ...an-1b = A”, so by 
the induction hypothesis we have 
1 a 1 P 1 2 n 
lta, ` I+a@n-1 1+6071+A4A 
Therefore, it suffices to show that 
1 ae: 1 h 1 à 1 z 1 z 1 n 1 
l+a, — l+anı 1l+b 14+A7~1+a, —— 1+an 14+ 441’ 
or 
1 1 1 A 


E E 
1 Fan l + an+1 1+A A+ GnQn41 


By clearing denominators, this reduces to 
(an — A)(Qn41 — A)(1 — Qnan4i) < 0. 


We have from hypothesis that an,an+1 < 1, so the above inequality holds if 
and only if one of an, an+ı is greater than or equal to A and the other is less 
than or equal to A. Notice that there must be some 1 < 7 < n + 1 such that 
aj—ı < A anda; > A and since the original inequality is cyclic, we can assume 
without loss of generality that this happens when j = n+ 1. This establishes 
the above inequality and thus the induction step, completing our proof. 
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Problem 4.8. (APMO 1999) Let aj,a2,... be a sequence of real numbers 
satisfying aj; <a; +a, for all i, j =1,2,.... Prove that 


a a a 
apt = + pace 4 Say 
2 3 n 


for each positive integer n. 


Solution. We will prove this by induction on n. Note that the inequality 
holds when n = 1. 
For the induction step, assume that the inequality holds for 1 < k < n, so 
that we have 
ai > ai, 


a2 
a1 + = a2, 


a2 a3 
—— — 
ay + 5 ZE 3 > Q3, 


a a a 
Gee A ee a 
3 3 n 


By summing all these inequalities we get 
a a 
may +(n- UZ kent Saa d 
We now add a; +... + an to both sides and we obtain 


a a 
(n+1) (a1 + a +... + =z) > (ai+an)+(a2+an-1)+...+(an+aı) > nan41. 


Finally, by dividing both sides by n + 1 we get 


a2 an NAan+1 
E a ee 
1E t n n+l 


l.e. 


a2 Q3 An+1 
2 pan To ae , 
uto tat tagg one 
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Z1,-.-,2Zn be real numbers such that 0 < £k < 5 for all He Bo 2 adc Mi 
Prove that 


4 1 
— -1) a n 
Li 69 +... + Tn T1 Tn 


Solution. We begin by proving that if x and y are positive reals with x+y < 1, 


then 
TER S 


Indeed, we can rewrite the inequality in the form 


Problem 4.9. (Tuymaada 2000) Let n > 2 be a positive integer and 





1- g — l-z- 
eas. pe a 
a (73%) 


2 
which follows from zy < (242) ; 
Using the inequality (1), one can easily prove by induction on m > 1, that 
whenever N = 2™ we have 


N x 1 1 
E) =f ee) ee ea (2) 
tit ti Fese tN Ti N 
Let now n > 2 be arbitrary and take m sufficiently large so that n < N = 2”. 
Let 71 +... + £n = nd, for some positive real d. We set £n+1 =... = TN =d. 


Notice that we have zı +...+2y = Nd. Then the inequality (2) can be 


(= — ) cd (= — 1) ieee ey Tae (— — L) ) 


which is further equivalent to 


ae ae ee er eh 


We derive that 


ay ieee 8a er 


which is what we wanted. 
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Problem 4.10. (China) Let aj,...,a, be real numbers. Prove that the 
following two statements are equivalent: 

a) aj + aj > 0 for all i Æ j; 

b) If 21,..., £n are non-negative real numbers whose sum is 1, then 


2 2 


iti oie FP Gagty 2 aiti Fer Finin 


Solution. We first assume that b) holds. For given 1 < i < j < n, we take 
£i = £j = % and we set £p = 0 for all the other possible values. Then the 
inequality in b) reads 

Qi + a; 5 R 

2 °°» A 

from which we deduce a). 
Conversely, assuming that a) holds, we shall prove b) by induction on n. We 
start with the base case n = 2. Notice that from x; + zə = 1 we have 


2 
A121 + AQX2Q — aX] — azz? = (a, + a2)T1T2 > 0, 


and we are done. 

Assume now that the result holds for some n > 2 and let z1,...,£n+1 be non- 
negative reals with sum 1. If x,4; = 1, there is nothing to prove. Otherwise, 
we have 


n akTk n Th 2 
> 1 > do 1 ’ 


— Ln+1 


or 


n n 
(1 — n41) X akip > Y akz% 
k=1 k=1 


4. Inequalities 239 


We obtain that 


n+l n n 
> aktk = (1 — £n+1) ` akk + Ln41 ` AkTk 
2 
zg (1 = In+1)Qn412n41 + An+10n41 
n+1 n n 
2 
> > AkTk + Ln+1 ` AkTk t An+1Tn+1 ` Tk 
n+1 
2 
> $ aKrR, 
k=1 


where the last inequality follows from the fact that (ak + an+1)£k£n+1 > 0, 
for all k, by a). This completes our proof. 


Problem 4.11. (USAMO 2000) Let a1, b1, a2, b2, . . . , an, bn be non-negative 
real numbers. Prove that 


n n 
> min{a,a;, bib; } < ` min{a;bj, ajbi}. 
i, j=l ij=1 


Solution. Define 


L(a, b1, -3 AN3 bn) = ` (min{a;bj, ajbi} = min{a;,a,;, bb; }) . 
ij 


We shall prove that D(a, bi,...,a@n, bn) > 0 by induction on n. The base case 
n = 1 is clear. 
We have the following identities, which are easy to check by hand: 


© L(aı,0, a2, bo, = .) = L(0, b1, a2, bo, a a = L(a2, b2, 4 J 
© L(x, x, aa, ba, a .) = L (ag, b2, ans J); 
© L(a, b1, a2, bo, a3, b3,.. .) = L(a + a2, b1 +b2, az, b3,.. .) if ay /by = az / bo; 


@ L(a, b1, a2, b2, az, bs, z% .) = L(a2 — by, b2 — a1, a3, b3, . ; J if ay /bı = b2/a2 
and aı < bo. 
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These would be enough to perform the induction step, unless we are in the 
following case: 

1. All of the a; and 6; are non-zero; 

2. Fori=1,...,n we have a; Æ bi; 

3. For i Æ j, a;/bi A a;/b; and a;/b; 4 b;/a;. 

For i=1,...,n, let r; = max{a;/b;,b;/a;}. Without loss of generality, we 
may assume that 1 < rı <... < Tn and a; < bı. Notice that 


f(z) E L(a, T, a2, b2, -3 an, bn) 
is a linear function of x in the interval [a1, r2a1]. Explicitly, 
f(x) = min{aıx, ra} — min{a?, x7} + L(az, b2, ..., an, bn) 


+2 X` (min{aıbj, raj} — min{aiaj, xb; }) 
j=2 


n 
z (x = ay) (ar + 25 e) F L(az, be, . oj Gas bn) 
j=2 


where Cj = —bj if Qj > bj and Cj = Qj if Qj < bj. 
In particular, because f is linear, we have 


f(x) > min{f (a1), f(r2a1)}- 
Note that f(a,) = L(aı,a1,a2,b2,...) = L(a2,b2,...) and 


f(r2a1) = L(a1, r201, a2, be, ...) 


L(a + a2, T201 + b2, az, b3,.. .) if ro = b2/a2, 
L(az — T2Q]1, bo — A1, 43, b3, dig .) if T2 = a2 /bə. 


Therefore, we deduce the desired inequality from the induction hypothesis in 
all cases. 


Problem 4.12. (Romania TST 1981) Let n > 1 be a positive integer and 
let £1, £2, ..., £n be real numbers such that 0 < £n < n-1 <...< £3 < T2 L 
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xı. We consider the sums 


Si = Bi SH Tow oe (1) 4-4 + (as 


SS a es Sl) ee ee aye. 
Show that s2 < Sp. 


Solution. We first prove by induction on n that 0 < spn: 

When n = 1, the result is clear, as xı > 0. 

For n = 2 we have s2 = 21 — £2 > 0, since z1 > Zo. 

Assume now that the result holds for n — 1 and n, where n > 2. 
If n is even, then 


n+2 


Snt1 = 8n + (-1)""*tn41 = Sn + 2n41 >0, since sp, > 0,241 > 0. 


If n is odd, then 
Sn41 = Sn-1 + Zn — Tn+1 20, aS Sn-1>0, and Tn < Tn. 


In both cases, the result holds for n + 1, which completes the induction step. 
We now prove that s2 < Sn by induction of step 2. 

For n = 1, we have s? = x? = Sj, so the result holds. 

For n = 2, 


s? = (zı — r2)” < (£1 — £2)(£1 + Ze) = r? — r2 = ə. 


Assume now that the result holds for all values up to some n > 2. 
We prove that it also holds for n + 2: 
If n = 2k + 1, k > 0, then 


2 2 
85443 = (S2k+1 — T2k+2 + T2k+3) 


2 2 
= 2k+1 — 282K+1(Lok+2 — L243) + (Lok+2 — T2k+3) 
2 2 2 
< S2k+1 — 2S2k+1(T2k+2 — T2k+3) — T3k+2 + Lop4g + 2ZT3k+2 — 2T2k+2T2k+3 
2 2 
= Soki1 — Cop¢e + L3k+3 — 2(Lok+2 — T2k+3)(S2k+1 — T2k+2) 


= Sorn13 — 2(L2k+2 — T2k+3)S2k+2 < S2k+3- 
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If n = 2k, then using what we have established above, we have 


AE = (S2k+1 — Tok+2)” 
= 83k4+1 — 252k+1T2k+2 + T2k+2 
< S2k+1 = DE a 2S2k+1T2k+2 T 225449 
= S2k+2 = 22 2k4282k+2 


< Ö2k+2, 
as required. 
Problem 4.13. Let 1 = zı < zo < ... < n41 be non-negative integers. 
Prove that 
T2 — T a/£ —2Z£ 1 1 
Vee fe Pcl tite ts. 
T2 RE 2 n 


Solution. We prove the inequality by induction on n. 
For n = 1, the result is clear, as 


y T2 — T1 


1 
<-<l. 
T2 Er 


Assume now that the statement holds for some n > 1. 
Let 1 = z1 < £2 < ... < 2n41 < Ln+2 be positive integers. Then 


y T2 — T1 y T3 — T2 y Tn+2 — Ln+1 








le ee a E a 
T2 T3 Tn+2 
< N ee d 
T2 T3 Tn+2 
1 1 1 1 
< ( oe eee | = eh PE 
zı +1 T2 Tn+1 + 1 Ln+2 
ae 1 
— 2 3 k Tania 


We now have two cases: 
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Case 1. If £n+42 < (n+1)?, then 


e eager ee a 
De ge 2 aa 2 2 (n+1)2 





So the statement also holds for n + 1 in this case. 
Case 2. If £n+2 > (n +1)’, then 


Vin+2 — n41 — VEnt+2 — 1 


Ln+2 — Tn2 








Hence, we have that 


y T2 — T1 de VIn+1 — Tn i V Tn+2 — In+1 


+... 
T2 Tn+1 Tn+2 
1 1 4/2 -T 
<1ltit..¢5+Reo 
2 n Tn+2 
1 1 vVn*+2n 
Leo Fo a e o 
2 n (n+ 1) 
1 1 2n +1 
<l+- +... + +H Mmm 
o Pe ur 
eee i ea z eee : 
2 nè  (n+1)2 (n+ 1)? 
2n+1 
sip a + : 
2 (n+1)? 


So we have established the induction step in the second case as well, completing 


the proof. 
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Remark. If 1 = zı < z2 < ... < £n+1 are non-negative integers, then with a 
little more effort it can be shown that 


ne 
Me, Bape ead lal ye 
T2 Tn+1 i=l ] 


Problem 4.14. Prove that 


n 

i 3 
S |sin(2éx)| < 1+ Sy, 
1=0 


where n is a non-negative integer. 


Solution. We begin by proving that 


3V3 


2| sin z| + | sin 2z| < “are 
We have that 


2|sin z| + | sin 2z| = (3 — 3| cos z|)(1 + | cos z|)’ 


No KO 
‘I 


2 E 3v3 
= =A = J , 
where the inequality follows from AM-GM. 

We now return to the original problem. An easy induction on n > 1 shows 


that ! 
< V3 
= gi = 2" g| < — 
=| sin | + 3 | sin x| + sin x| z 


The base case n = 1 is just the previous inequality divided by 3. The inductive 
step follows by just adding the n = 1 case with x replaced by 2”z. 
To finish the problem, we simply add to the inequality above the easy inequal- 
ity 

pua onae 

z| sin z| + z sin 2 LL 
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Problem 4.15. Prove the following inequality 
2(q2012 + 1) (2012 + 1) (2012 4.1) > (1 + abc) (a2?! + 1) (6701! + 1) (C71 +1), 
where a > 0,6>0,c> 0. 
Solution. We begin by proving the following lemma: 
Lemma. If a > 0 and n is a positive integer, then 
DES aaa (ae cea: 

Proof. We prove the statement by induction on n. For n = 1, we need to 
prove that 

201 +a) > (1 +e")(1+a)?: 
We have that 

2(1 + a7) — (1+.a°)(1+a)* = (@—1)*(a* +a +1), 


hence 
20 +a?) Sea ea). 
Assume now that the statement holds for n = k, where k is some positive 
integer. We show that it also holds for n = k +1. 
From the induction hypothesis, 


Aita Pa (ta ha’), 
On the other hand, 

(1 + a®+2)(1 + aĂ) > (1 + aft!) 
Thus, 


1 AS 


rpa S anp(i ake 


ate 


> (1+a*)F(1 ra| E 


ETONE T a 
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Therefore, 
2(1 + A > (1 its a®)(1 ae ar T 


This completes the induction step and hence the proof of our lemma. 
For a, b, c positive reals we have 


(1 + a°)(1+b°)(1 + ê) > (1+ abc)’ 


(one way to prove this for example is to expand both sides, reduce the common 
terms and then use AM-GM twice). Combining this fact with the lemma we 
proved above, we have that 


(2 (a oO ee N( hata Vie a 1) 
=a 2012 te ae 25" 4 ky . 1 oma $ 1) 
> (1 +a 3N (a 2011 E 10 ; (1 A D o ae 1)° ; (1 a P(N ie 1 
> (1 + abc)? (a eae Le (pee PI (cca E, 
We deduce that 
arr a Looe" a jes a 1) > (1 4+ abc) (a?! + Ho on ie 4 1), 
which is what we wanted. 


Problem 4.16. Prove that for any n € Z, n > 14 and any z € (0 
following inequality holds: 


D) the 


in 2 in 3 ] 1 
sin2z sin3z sin(n + 1)z Sore: 








sin x sin2r ` sin nr 


Solution. We have that 


sin(k + 1)x 
A = cos x + sin g - cot kg, 
sin kx 
for k = 1,...,n. Hence, it suffices to prove that 





2 
sing- (cota +... + cotng) < cosa: ( - - n). 
sin x 
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Note that kx € (0, ae ork = af 


T 
We now use the fact that if 0 < aœ < 5 then sina < a < tana. Therefore, 


1 1 1 
sing - (cot x + cot(2x) +...+cot(nz)) < z - (+= +... ) 








T 2e nz 
o 1 1 1 
ge a E ee 
On the other hand, 
(232222. 
2n 12 
and 
VS = cos % = 2008? —1>2.(22)-1= 
Thus, 
EA 
12 28 
We obtain that 
cos - ( Si) Stig eR E 
sin x 12 T 28 1 30 


So it suffices to prove that for n = 14,15,... 


1+ ae 
a oe 


We do this by mathematical induction on n > 14. 
For the base case, we show that the statement holds for n = 14: 
1 1 1 1 1 1 1 1 1 9 


et oe eG ee oe Pe ee OG Sal, 
ag Pe ele ee a a oe 


Assume now that the statement holds for n = k > 14, k € Z. We prove that 
it also holds for n = k +1. 
We have that 


1 1 1 9 1 9 19 
TE S EE E = E E EN EE E E A E 
Pg tne ay a a a a a 


This completes the induction step and thus the proof of the question. 
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1 1 1 
Problem 4.17. Let A, = 5 + 3 +.--+—, n> 2. Prove that 
n 


efn > Yn! = JAn, 


Solution. We first prove the inequality e^” > Yn!: 
By the AM-GM inequality we have 





Yale een nil 


Since 
17 1 1 n+i 1 
(=) 26-2725 een 4 en 
n n n 


for any positive integer n, we have 


2 n k+1 1 1 s 
JI e > J = E EN es ig TN 
k=2 k=2 k 2 2 


We now prove that n! > 24". Note that 
AML So DA nAn n>? 
Indeed, since 
(n+ 1) Anyi —NAn = (n+ 1) An +1- nAn =1+ An 


then 





1 
n +1 >20tDAnindAn > n+1>2ltAr e 24r < “5 woe) 


We will prove inequality (1) by induction on n > 2: 
If n = 2, then 2f? = V2 and V2 < 5 => 8< 9. 
2 
For the induction step, note that a i > IRT, Indeed, by the AM-GM 
n 





Inequality 


2 .1 2 
Wi) = E a Dee 
n+1 n+1 
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sss 2 | 1 
So 277 < n and by the induction hypothesis, 24" < Si , hence we 
have i 9 j 
Jia a e a aa RE. 
2 n+1 2 


We now prove that Yn! > 24r» for all n > 2, by induction on n: 
For n = 2, we have 2! = 2242, 
Assuming the result for some n > 2, we have that n! > 24". Using that 





n+1 
gan < 
2 
we have 
(n +1)! =(n+1)n! > (n+ 1) 274 
> g(n+1)An+i—nAn gnAn 
= o(n+1)An+ı l 
Then 


n! > Pin a Yn! > gAn for any n > 2. 
Problem 4.18. Show that if z1, £2,...,£n € (0,1/2), then 


1h See (1= Gi) el lee) 
(Si ta@ot...+¢2n)" 7 (1—21)+...+(1—2,))” 


Solution. We prove the result using Cauchy induction. We first prove the 
result when n = 2%, by induction on k. 
If n = 2, we must prove 


L122 (1 = £1)(1 = £2) 
(zı +42)? T (2-2, — 22)? ’ 


or 
L12L2 4 — A(xy + £2) F (£1 JE x2)” < (x4 + r2) [1 — (x1 = £2) + T1T2] . 


This in turn gives (x1 — £2)?(1 — x1 — z2) > 0, which is true. 
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To pass from n to 2n we see that 
L1{LQ..-LUntnij... Ln 
(a ty tak een Bo)? 
L1{LQ..-In Lnt1---L2n 
(zitta tirs ttn) (Tari t...+ Lan)” 
(rtean) Eai et Len)” 
(ti Fes Fita Fini Poetr)” 
T1T2... Tn , Int1---L2n 
(x1 t+ao+...+4n)” (n41 +... + Lan)” 
a e ae E E en eR A ý 
n n 
pe ee 
n n 
(1 — z1)... (1 — Tn) (1 — tnai) aa (Li Lan) 
(1 — z1) +... +(1— zn)” (1 — engi) +...+ (1 — zn)” 
(ie EE je E) a 
n n 
e a 
n 


2N 
(1 — x1)... (1 — Zan) 
(1 — z1) +... + (1 — tan)” 
Assume now that our assumption holds for n and let us prove it for n— 1. To 


IA 


do this, take £n = A Then 
n— 1 
Li aet Eni 
L1T2 . . . En—1 ——______— 
n— 1 
yt... r E O 
Creare er) 
n— i 
Ti Ters F lai 
(1 — #1)(1 — z2)... (1 — 2m—1)(1 - — r -— £ ) 


< 


T aa E 
(a-a) +.. +01- sn) + (1 — Et Se £) 
which after reducing the common terms in the numerators and denominators 


becomes exactly the inequality we wanted. 
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Problem 4.19. (ELMO 2013 shortlist) Let n be a fixed positive integer. 
Initially, n 1’s are written on a blackboard. Every minute, David picks two 
numbers x and y written on the blackboard, erases them, and writes the 
number (x + y)* on the blackboard. Show that after n — 1 minutes, the 


An? —4 





number written on the blackboard is at least 2 


Solution. We prove the result by induction on n. When n = 1, the claim is 
obviously true. 

Suppose now that the result holds for all n < N, with N > 1, and consider 
a blackboard with N +1 1’s written on it. After N — 1 minutes, we are left 
with two numbers a, and a» on the blackboard. 

Let Sı be the set of 1’s (from the original set consisting of N+ 1 1’s) which 
were involved in the computation of a;, and Ss be the set of 1’s involved in 
the computation of ag. Put sı = |S ;| and sg = |S2|. Note sı,s2 > 0 and 
Sstsg=N+1. 

By the induction hypothesis, 


4s2—4 4s2—4 
jc ae bold? a 
ay > 2 3 and a> 2 3. 


By the convexity of the function f(x) = 27, we have 


2 2 
4s1—4 4s3—4 


4 
(a1 +a) = (2 3 +273 ) 


4s2 +482 —8 4 
1 2 


4 2 
(s1+53)?—1 4(N+1)2—4 
(2 - 2 ) = 2 3 





> 


-as desired. 
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5 Sequences and Recurrences 


Problem 5.1. The sequence (an)n>ı is defined by a; = 2 and 


2+ an 
l= 24." 


Prove that all its terms are nonzero. 


n> 1. 





An+2 = 


Solution. The recurrence of (an) resembles the formula for sum of tangents. 
Indeed, if 2 = tant,a, = tanb, then 
tan(b,) + tan(t) 
1 — tan(b,,) tan(t) 
Thus we can assume bn+1 = bn + t. This gives by induction on n the relation 


an = tannt. So we reduced our question to showing that tan nt is never zero. 
We prove by induction on n that there exist polynomials p,q, € Z[X| 


such that 

Pn(tan(t)) 
Qn(tan(t)) 
For n = 1, we take pı = t,q; = 1. Next, 


Pn (t) 
t+ Galt) _ tdn(t) + pnlt 


) 
1— ee Qn(t) a tpn (t) 


45, = = tan(b, + t). 


tan(nt) = 





tan (n + 1)t = tan(nt + t) = 


So we may take pn+1(t) = tan(t)+pn(t), nti(t) = In(t)—tpn(t). Moreover, 
the same recursion and an easy induction show that p,(2) = 2” (mod 5) and 
qn(2) = 2”! (mod 5). 

In particular, pn(2) is nonzero and therefore an 4 0. This completes our 
proof. 


Problem 5.2. Let (an)n>0 and (bn)n>0 be sequences defined by 

An+3 = On42 + 2Gn41 + an, n = 0,1,..., ao = 1, a) = 2, aa =3 
and 

bn+3 = bn4a + 2bn4i +bn, 2 =0,1,..., bo =b =2, bg = 1. 


How many integers do the sequences have in common? 
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Solution. Clearly a3 = b3 = 8, while a4 = 16, a5 = 35, ag = 75, and b4 = 12, 
bs = 29, bg = 61. Note that for n = 4,5,6, an > bn > Gn_1, and an easy 
induction shows that for any n > 3, 
An+3 = An+2 + 2An41 + an 
> bn+3 = On+2 a 2bn+1 + bn 
> An+1 + 2an + An—1 = An42. 
Therefore, since this inequality shows that both sequences are strictly in- 

creasing, no bn for n > 4 may appear in (an), and the only values that appear 


in both sequences are {1,2,3,8}, while the only n’s for which an = bn are 
n = l and n = 3 with a; = bı = 2 and a3 = b3 = 8. 


Problem 5.3. (India 1996) Define a sequence (an)n>1 by aj = 1 and az = 2 
and an+2 = 2an+1 — an + 2 for n > 1. Prove that for any m > 1, amam+ı1 is 
also a term in this sequence. 


Solution. We first prove by induction on n > 1 that an = (n — 1)? + 1. 
The base cases n = 1 and n = 2 are satisfied from the hypotheses. 
For the inductive step, we assume that the result holds for all values up to 

some n > 2 and we prove it for n+ 1. We have 

An41 = 2an — Gn-1 + 2 
= 2(n—1)* +2—(n=2)? -1+2 
= (n— 1)? +2(n-—1)+2=n7 41, 
as required. 
Therefore, 
Am@m+1 = [((m — 1)? +1][m? + 1] 
= [m(m — 1)? + 2m? — 2m +2 = [m(m—1)41]?4+1 
= Am(m—1)+2° 


Problem 5.4. (Russia 2000) Let aj, a2,..., an be a sequence of non-negative 
real numbers, not all zero. For 1 < k < n, let 


Ak-i+1 + Ak-i42 +... + Ak 
Mk = max =Á. 
1<i<k i 
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Prove that for any a > 0, the number of integers k which satisfy Mmk > a@ is 
less than 914@24--tan | 
a 


Solution. We prove the statement by induction on n. For n = 1, we have 
mı = a,. If a > a, then there are no k with Mmk > a, so the claim holds 
trivially. If œ < a1, then there is exactly one such k and 1 < a,/a. This 
establishes the base case. 

Assume now that the result holds for all integers smaller than some n > 1. 
Let r be the number of integers k for which Mk > a. 

If mn < a, then the sequence a1, a@2,...,@n—1 also contains r values of k 
for which mk > œ. By the induction hypothesis, 


ph CEE OD Se a esos, 


Q Q 
as desired. 
If instead Mp > a, then there is some 1 <7 < n such that 
An—i+1 + an—i+2 +- .. + an 
1 


> a. 


Fix such an 2. The sequence aj,...,@n—; contains at least r— i values of k for 
which mą > a, so by the induction hypothesis we have 


Q,+ag+...1+An-i 
—— 


PETS 
Then 
(ai +a2 +... + ani) + (Qn-i4i +... + an) > (r — ija + ia = ra. 


Now we divide by a and we obtain the desired inequality. This completes our 
proof. 


Problem 5.5. (USAMO 2003) Let n Æ 0. For every sequence of integers 
A = a9, 01,02,...,@n satisfying 0<a;<i, for i=0,...,n, 
define another sequence 


t(A) = t(ao),t(a1),t(a2),...,t(an) 
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by setting t(a;) to be the number of terms in the sequence A that precede the 
term a; and are different from a;. Show that, starting from any sequence A as 
above, fewer than n applications of the transformation t lead to a sequence B 
such that t(B) = B. 


Solution. Consider some sequence C = Co,...,Cn as the image of A after t 
has been applied some finite number of times. 

Lemma 1. If t(c,) = ck = j, then cj = -+ = Cji =o = Ce HZ (OSI < 
k—j). 

Proof. Since the j terms co,...,c;-1 are all less than 7, no other terms that 


precede cy, can be different from cx. 
Lemma 2. If t(ck) = ck = j, then t?(ck) = t(cy) (here f7(x) = f(f(z))). 


Proof. Since only i terms precede the term c;, we will have t™(c;) < i, for 


any integer m. This means that we will always have t™(co),...,t(cj-1) < Í. 
This means that c; = t(c;) = --: = ck = t(ck), and the lemma follows by 
iteration. 


Thus we may regard a term cy as stable if t(c,) = cy. We will call a 
sequence stable if all of its terms are stable. 


Lemma 3. If cy = j is not stable, then t(ck) > cx. 


Proof. We have co,...,c;-1 < j, so we always have t(ck) > cz. Equality 
implies that cz is stable. 

We will now prove the problem by induction on n > 1. When n = 1, we 
have one of the sequences 0,0 or 0,1, both of which are stable. 

Now, suppose that t”~*(ao),...,¢”~?(an_1i) are stable. We must then have 
t”-2(an) E {n — 2,n — 1,n}. If t?~?(an) = n, then the sequence is already 
stable. If t72 (an) = n — 1, then either it is already stable or t”i (an) = n, 
which is stable. If t"~*(a,) = t’~*(an_1), then t”~?(ap) must already be 
stable. 

The only possibilities remaining are t”~*(a,) = n — 2,t”-*(an_1) =n—1 
and t”~*(an) = n — 2,t"-*(an_1) < n — 2. In the first case, we must have 
t”—l (an) equal to n — 1 or n, both of which will make it stable. In the second 
case, we must have t”~?(an_2) = t™*(an_1) < n — 2, giving us tt (an) =n, 
which will make it stable. This completes our induction. 
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Problem 5.6. (Russia 2000) Let a;,a2,... be a sequence with a; = 1 sat- 
isfying the recursion 


Qn—2 ifan, —2 ¢ {aj,a2,...,an} and a,—2>0; 
an+1 = 
Qn+3 otherwise. 


Prove that for every positive integer k > 1, we have an = k? = an_1 + 3 for 
some n. 


Solution. We use induction to prove that for all non-negative n, a5n41 = 
5n + 1, asn+2 = 5N + 4, A5n43 = SN + 2, G5n44 = 5n + 5 and asni5 = SN + 3. 
The base case n = 0 can be verified easily from the recursion. 

Now assume that the claim is true for all integers less than some n > 1. 
Observe that by the induction hypothesis, (a1,a2,...,a@5n) is a permutation 
of 1,2,...,5n. Thus as, — 2 = 5n — 4 is included in this set, and hence 
A5n41 = G5, + 3 = 5n + 1. Similarly, a5n+2 = a5n+1 +3 = 5n + 4. On the 
other hand, asn+2 — 2 = 5n + 2 is not in {a1, a@2,...,A5n42}, SO A5n43 = 5N+2. 
Continuing in this fashion, we find that asn+4 = as5n+3 + 3 = 5n + 5 and 
Q5n+5 = A5n44 — 2 = 5n + 3. This completes the induction. 

Each positive integer greater than 1 is included in the sequence ag, a3,... 
exactly once. Also, all squares are congruent to either 0,1 or 4 (mod 5), 
respectively. From above, for any n > 1, in one of these residue classes we 
have an = an-ı + 3, and this completes the proof. 


Problem 5.7. Let (£n)n>1 be defined by the relations zı = 1, and 


De n 
a EN E ey, e S 
n Ëi 


Prove that |x2] =n, for all n > 4. 


Solution. Let P” 
falz) = >+. 
n T 


Notice that f is decreasing on [0, n]. 
We have to prove that yn < tn < vVn+ 1 for n > 4. However, we cannot 
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prove the statement in this form by induction, because yn < /z, < Vn+1 








implies 
favn +1) < vn < fr(Vn) 
or 
n J/n+1 1 
NESI + 5 < n41 < VN + Va 
and while 


n J/n+1 
Vn+l1< + 
J/n+1 n 








we actually have 


Vite > vn 


(just square to see this relation). 

So we should strengthen the relation £n > yn to perform the induction 
step. How do we strengthen it? We see that the other endpoint of the interval 
gives a better lower bound for xn41: untl + FET instead of yn + 1. If we 
replace n + 1 by n we get 


n n— 1 n 1 n 
va Fe WE ya 


vn yn yn 


We therefore try to prove by induction that 


aa yg Ste < VET. 

















Ln > 


eee 
(n= 1) fn 


As 
1 
NnS U E 


one part of the induction is done. So we need to prove the other part, namely 


h (Vat poa) < VO? 


which can be rewritten as 


1 n 
OV O S 


1 
Jn n(n—1)f/n n?-n+1 
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or 


1 1 yn 
go te E e 


In order to evaluate differences of radicals, we shall use the identity 


(Vn + 





a2 — b? 
=—b= : 
: a+b 
So we get 
m (ri eni 1 
n + —— -vyn +2 = ae Ne Se 
Jn Vnt2+ty¥n+ Je  2nyn 
1 
We also have ————_—_— for n > 3. So 


n(n — Iyn © Inv 7 


1 1 1 n 
(Vfi+ Te = VTD ee a 


and the induction step is proved. 
We are now left to check the base cases. We have 


1 
Ci a E 2, a =: TA 


So z4 — V4 = 4 = CSTE: and also 74 = 2+ t < y5. This completes our 
proof. 


Problem 5.8. (Russia 2000) For any odd integer ag > 5, consider the 
sequence ao, 41, @2,..., where 


a2 —5 ifan is odd; 
An+1 = : : ) 
oe if an is even 


for all n > 0. Prove that this sequence is not bounded. 
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Solution. We use induction on n to show that a3, is odd and that a3, > 
Q3n—-3 > *:: > ag > 5, for all n > 1. The base case n = 0 is true from the 
hypotheses of the question. 

Assume now that the result holds for all integers less than some n > 1. 
Because agn is odd, agn = 1 (mod 8) and hence a3n41 = a%, —5 = 4 (mod 8). 
Thus a3n+1 is divisible by 4 but not by 8, which implies that a3(,41) = 93" 
is indeed odd. Moreover, a3, > 5 by the induction hypothesis, which implies 
that as > 5a3n > 4a3n + 5. This shows that ag(n+1) = + (a3, — 5) > aBn, 
which completes the induction and shows that the sequence is unbounded. 





Problem 5.9. (China 1997) Let (an)n>1 be a sequence of non-negative real 
numbers satisfying anim < an + am for all positive integers m, n. Prove that 
if n > m, then 


n 
An < may, + (= — 1) Gin: 


Solution. Note that a simple induction on k shows that if we set ag = 0, then 
for any non-negative integers r and k we have 


Akm+r < ar + kam. 
The base case k = 0 is trivial and the induction step is simply 
A(k+1)m+r < Am + Qkmtr S Gm + (ar Eg kam) = Ar + (k + ljam. 


In particular, taking m = 1 and r = 0, we get a, < kay. 
To solve the problem, we write n = km +r with k > 1 and0 <r<m-l1. 
Note that r < m gives k > n/m — 1. Then 


n n 
An = Akmtr < kam + ar < (= ~1) om + (k+1- lapa 
m m 
n n 
< (2 — 1) am + (mk + m — n)a + ray = ma; + (2 — 1) Am: 
m m 
Problem 5.10. Let n > 2 be an integer. Show that there exist n+ 1 numbers 


£1,22,---,Xnt1 E Q\Z, so that {x7} + {x3} +... + {x2} = {x311}, where 
{x} is the fractional part of z. 
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Solution. Notice that if y1 < yo < ... < Yn+2 are positive integers such that 





B78 3 3 
YI typ +--+ + Yati = Yna (1) 
then the numbers £k = TET for 1 < k < n and n41 = ate satisfy the 


required conditions. 

We now show by induction of step 2 that numbers satisfying (1) exist for 
every n > 2. 

The equalities 33 + 43 + 5° = 63 and 3° + 15% + 213 + 36° = 39° settle the 
cases n = 2 and n = 3, respectively. 

For the induction step, notice that if 3 < yo < ... < Yn+1 < Yn+2 aren+2 
integers satisfying (1), then 3 < 4 < 5 < 2y2 < ... < ZYn+1 < ZYn+2 are n + 4 
integers satisfying (1) as well. 


Problem 5.11. Let (an)n>ı be a sequence of real numbers such that 
a 
ai =a =l and an+2 = ün+1 + = for n>1. 
Prove that an < 2 for any n > 1. 


Solution. We will show more strongly that 


1 


an S 2— gaa 


for n > 2 by induction on n. Note that this implies in particular that an < 2 as 
desired and this simpler inequality also holds for n = 1. The base case n = 2 
follows from the hypotheses. For the induction step, suppose the inequality 
holds up to n — 1, then we have 


gn—2 `| g3n-3 + an—2 Sa an—2° 














Qn = An-1 + 
Note that since we only used the weaker bound on a,_2, the argument for the 
inductive step is valid even for n = 3. 


Problem 5.12. (IMO 1995) The positive real numbers 29, 21, ..., £1995 Sat- 
isfy £o = £1995 and 





Li-1 + = 2x; + 3 
Ti—1 Ti 


for i = 1,2,...,1995. Find the maximum value that xo can have. 
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Solution. The given condition is equivalent to (2x; — £i—1)(£i£i-1 — 1) = 0, 


so either x; = tzi or £i = 4 a 
P 





We shall show by induction on n that for any n > 0, £n = DnE, for some 
integer kn, where |kn| < n and en = (—1)"~*". Indeed, this is true for n = 0. 


If it holds for some n, then £n+1 = Sii = Qatar (hence kn+1 = kn — 1 and 
en = En Ort i = = = Drag oe (hence kn+1 = —kn and en41 = —en). 


Thus zo = 21995 = 251995 61995 | Note that e1995 = 1 is impossible, since in 
that case k1995 would be odd, although it should equal 0. Therefore e1995 = —1, 
which gives x2 = 2*1995 < 21994 so the maximal value that zo can have is 
2997. This value is attained in the case x; = 299’—* for i = 0,...,1994 and 

—_ wal _ 9997 
41995 = 21994 = 


Problem 5.13. (INMO 2010) Define a sequence (an)n>0 by ao = 0, a = 1 
and 


a) For every m > 0 and 0 < j < m, prove that 2am divides am+; + (—1)Jam_;. 
b) Suppose that 2% divides n for some natural numbers n and k. Prove that 
2k divides an. 


Solution. a) We have 2am = G@m+41 — @m-1- 
We will prove by induction on j > 1 that 2am| (am+; + (—1)%am-_;). 
Suppose that this is true for all 7 < k. Then we have that 


2am | (2am+e + 2(—-1)*am—z) - 
But 
Dig OO ag aap (EA) ap EL) ae 
SO 
2dm | arna + (—1)*t*@m—e—1 — (@m+e—1 + (-1)**am—e41)) 5 


hence 2am | (Qm+h-+1 + Toa TE 


b) For a fixed m, we prove by induction on n > 0 that 


Am+n = Am—-14n + Aman+1- 
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When n = 0, the identity holds since ag = 0 and a; = 1. Also, since 
ag = 2a, = 2, we have that am+1 = Am—1 + 2am, which is true from the 
hypothesis. 

Assume now that the identity holds for all values up to some n > 1. Then, 
using the inductive hypothesis for n and n — 1 we have 


Amtn+1 = 2amtn + Amtn-1 
= 20m—14n + 24mAn41 + @m—18n—1 + Oman 
= Am—1(2An + An—1) + Am(2an+41 + Gn) 
= Am-14n+1 + A@mOn+2; 
so the statement is proved for n+ 1. Since m was arbitrary, the identity holds 
for any m,n > 0. Notice that this implies in particular that if m|n then am lan. 


So if we prove that 2*|aj., then the problem is solved because aox |an. 
From Q@min = @m—14n + @mQn41, for m = n we have: 


am = Am(Am-1 T Amii) = 2am mi Eg Üm). 


Then 2am|a2m, and since ag = 2, an easy induction gives now that 2" aon, 
which is what we wanted. 


Problem 5.14. (IMO 2013 shortlist) Let n be a positive integer and let 


Q1,-..,Qn—1 be arbitrary real numbers. Define the sequences uo,..., un and 
U0,-++,Umn inductively by up = uy = vo = vı = 1, and 
Uk+1 = Uk + AnUk-1; Uk+1 = Uk + An—kUk-1 for k = l, O A i 


Prove that Un = Un. 


Solution. We prove by induction on k that 


Uk = ` Qi, ---Qi,- (1) 


0<11<...<iz<k, 
tj41—1j3 22 


Note that we have one trivial summand equal to 1 (which corresponds to t = 0 
and the empty sequence, whose product is 1). 
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For k = 0,1, the sum on the right-hand side contains only the empty product, 
so (1) holds due to ug = u1 = 1. For k > 1, assuming the result is true for 
0,1,...,k we have 


Uk+1 = ` Qi, <- -Qi + ` Ai, +--+ Qi * Ak 
0<i1<...<i¢<k, 0<t1<...<i¢<k-1, 
tj+1—1j 22 tjt1—tj 22 
= >; Qi -Qi + ` Qij .+- Ai 
0<i1<...<it<k+1, 0<t1...<it<k+1, 
1441-1722, 1341-1; 22, 
k€{i1,...,t¢} kE{i1,...,t¢} 


= y Qij --- Qik; 
0<i1 <...<ée<k+1, 
tj41—-1j 22 


as required. 
Applying (1) to the sequence b1, ...,bn given by by = an_x for 1 < k < n, we 


get 
Uk = X bi, tae bi, = > Qj, e e Aige (2) 
11 <... <t <k, nN>i1>...>i4>n—-k, 
tj41—15 22 25-17 4122 


For k = n, the expressions (1) and (2) coincide, so indeed un = Un. 


Problem 5.15. (IMO 2006 shortlist) The sequence of real numbers 
a0, @1,@2,... is defined recursively by 





n 
ag = —1, 2 =0, for n>l. 
Show that a, > 0 for n > 1. 


Solution. We prove the statement by induction on n > 1. 
For the base case, we note that a; = 1/2. 





Now assume that aj,...,@n—1 are all positive for some n > 2. We note 
n 
. ETE ; Gn—k . : : 
that an is positive if and only if “~~ is negative. Now, since a1,...,@n— 


k=1 
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are all positive, we know 
a À n (al n D Sess 
n+1 n+1 mA mele ker 
She aat Fara 
Spee k+1 k+2 














This implies that 
T An—k ao ee Ged, ao Land E ao ao 
n— n— n—1— 
= = < = =.(); 
2 EFi T eee ee ee k+2 n+1 n+1 


which is what we wanted. 























Problem 5.16. Let (an)n>0 be a sequence defined by 
ao =a, =47 and 2an41 = Andn_1 + y (a2 — 4)(a2_, — 4). 
Prove that a, +2 is a perfect square for any n > 0. 


Solution. We prove the statement by induction on n. For n = 0, n = 1 and 
n = 2 we have that ap + 2 = aj +2 = 49 and az + 2 = 47’, so the result holds 
in these cases. 

Assume now that the result holds for n — 1 and n, for some n > 1. Then 


2an+1 = Andn—i + y (a2, — 4) (a51 — 4) 
gives 
4a 1 — 4an41@nQn-1 + ae an an, E — 4a? — 4a*_, + 16, 
which simplifies further to 
On+1 + an + O51 = On414ndn—1 + 4. (1) 
By completing the square on the right side, we get 


(an+1 + On + Qn—1)* = 2an—1ün + 2An—14n41 + 2AnAn41 + An—14nAn41 +4. (2) 
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We want to relate an-ı + 2 and a, + 2 to an+ı + 2 to be able to use our 
inductive hypothesis. Also, if we look at the right side of (2), we notice that 
it looks very similar to the factorization 


(an-ı + 2) (an + 2)(An41 + 2) = 4(Qn-1 + an + Gn41) 
+ 4(an—1an + An—14n41 
= AnQn+1) + An—14nAn41 + 8. 


So we add 4(an_1 + Gn + Gn41) + 4 to both sides of (1) and we obtain that 
(Qn—1 + an + an+1 + 2i = (an-ı + 2) (an + 2)(an+ı + 2) 


Since we assumed that an-ı + 2 and an + 2 are both perfect squares, from 
the above relation we would be done if we knew that an+ı was an integer. To 
prove this, we make use of (2). By writing the relation for n and n + 1 we 
have 


2 2 2 2 2 2 
an1 + An + Gn_1 = An41AnGn—-1 + 4a; 49 + an1 + an = An420n414n + 4. 
Subtracting these two relations we get 


2 2 
An 49 — An+1 = An+1an(an4+2 — A@n—1) > Gn42 + An—1 = An414n. 


We computed at the beginning that ag, a, and ag were all integers. So as- 
suming that an—1, an and an+ı are all integers for some n > 1, from the 
above relation we have that an+2 must also be an integer, by induction. This 
completes our proof. 


Problem 5.17. Let ao,a1,a2,... be an increasing sequence of non-negative 
integers such that every non-negative integer can be expressed uniquely in the 
form a; + 2a; + 4ax, where i,j and k are not necessarily distinct. Determine 


21998- 


Solution. We will prove that this sequence is unique, showing that an is 
uniquely determined, by induction on n. 
Clearly ag=0, so the base case holds. 
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Now, suppose we have proven that 
{ Gp; a1; .-., } N {1,2,... n} 


is uniquely determined. If n+ 1 can be written as x + 2y + 4z where z, y, z € 
{ap,a1,..-,} M{1,2...,n} then it cannot belong to the sequence due to the 
uniqueness of this representation, while if not, it definitely must because such 
a representation should exist. So, whether n+1 belongs or not to the sequence 
depends only on the terms of the sequence smaller that n. As these terms are 
uniquely determined, the induction step is done. 

Therefore, it suffices to find an example of such a sequence. The expression 
ai + 2a; + 4a, is strongly related to base 8 expansion and with this idea in 
mind, we easily find that the sequence consists of those non-negative integers 
whose digits in base 8 are only 0 or 1. Then we check that a, is obtained by 
writing n in base 2 and reading the result in base 8. In particular, 


1998 OOP a 0? ao 


SO 
Aig9g = 81° + 89 + 87 + 83 + 87 + 8 = 1, 227, 096, 648. 


Problem 5.18. A sequence of integers a1,a2,qa3,... is defined as follows: 
a, = 1 and for n > 1, an+ı is the least integer greater than a, such that 
a; +a; # 3a,% for any i,j and k in {1,2,3,...,2+1}, not necessarily distinct. 
Determine a1998. 


Solution. The first few terms of the sequence are 
1,3,4, 7,10, 12,13, 16,19, 21. 


We notice that the above sequence consists only of numbers of the form 
3k +1 and 3(3k +1). So let us try to prove by induction on n that x < n 
belongs to the sequence if and only if r = 1 (mod 3) or x = 3 (mod 9). The 
base cases for n < 21 were proven above. 

For the induction step, we distinguish the following cases: 


a) n = 3k+1. Then n must belong to the sequence, as otherwise we would 
find a triple a; + a; = 3a, such that the largest of aj,a;,a, is n. Clearly 
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ak #n. Thus we may assume a; = n, so a; = 3a, — n = 2 (mod 3), which 
contradicts the induction hypothesis. 

b) n = 3(3k + 1). n must belong to the sequence, otherwise we would, 
like above, find a;,a, < n such that a; = 3a, — n. As 3a, = 3 (mod 9) or 
3a, = 0 (mod 9), we find a; = 0 (mod 9) or a; = 6 (mod 9) , contradicting 
the induction assumption. 

c) n = 3k +2. Then n does not belong to the sequence, because one of the 
numbers k+1,k+2,k+3 is of the form 3m + 1, thus belongs to the sequence 
and we get 3k+2+1 = 3(k+1) or 3k+2+4 = 3(k4+2) or 3k+2+7 = 3(k+3) 


d) n = 3(3k +2). Then one of the numbers 3(k + 1),3(k+4+ 2), 3(k+3) is of 
form the form 3m + 1, thus belongs to the sequence and we get 3(3k +2) +3 = 
3(3(k + 1)) or 3(3k + 2) +12 = 3(3(k + 2)) or 3(3k + 2) + 21 = 3(3(k + 3)). 

e) n = 9k. Then n does not belong to the sequence, as 9k + 3 = 3(3k +1). 

From what we have proven it is clear that a4, = 9k — 2, a4k+1 = 9k + 1, 
a4k+2 = 9k + 3, a4k+3 = 9k + 4. As 1998 = 4- 499 + 2, we obtain 


dj990g = 9-499 + 3 = 4494. 


Problem 5.19. Let k be a positive integer. The sequence aj,a2,a3,... is 
defined by aj = k + 1, and ani = a2 — kan + k, n > 1. Prove that am and an 
are coprime (for m Æ n). 


Solution. We rewrite the condition as an41 — k = an (an — k) and from here 
An41 — k = aja2...Gn. So if m < n we get that am|an — k so it only remains 
to prove that (am, k) = 1. 

We do this by induction on m > 1. The base case m = 1 is verified from 
the hypothesis. 

For the induction step, notice that an41 =a? (mod k), which shows that 
(an, k) = 1 => (an+41, k) = 1, completing our proof. 


Problem 5.20. (Bulgaria TST 2011) Let (£n)n>ı be a sequence defined 
by zı = 2 and 

3n +2 
3 — 22,’ 


Is this sequence eventually periodic? 





Ligh E for all n> 1. 


268 Chapter 10. Solutions 


Solution. The answer is no. Assume by contradiction that there exist N,T 
such that for all 7 > N we have x;47 = xi. Observe that 

a implies £n = sian ee 

fae E ome rn ae, 





In+1 = 


so if 2n4147 = In+1, we must also have £n+r = Ln. This shows that we can 
take N = 1. 
Now let us assume that £n = ra in its reduced form. Then 


fie sep Se 
Qn+1 3qn — 2Pn 
If we denote d = gcd(3ppn + 2qn, 3qn — 2pn), we observe that we must have 
d= 1 or d= 13. Now we define two sequences a, and bn by a; = 2, b = 3 
and an+1 = 3an + 2bn, bn+1 = 3b, — 2an. One can check by induction that 
an = 9-6” (mod 13) and bn = 7-6" (mod 13). Thus none of the terms are 
divisible by 13. Therefore, we have that pp41 = 3Pn+2qn and qn+1 = 3gGn—2pn. 
One can now prove inductively that 


Day T d+ = 13(p2 +42) =... = 18". 


By periodicity, there must be some n such that %n44 = 71 = 2, But then 
£n = 0, so 13 | pn and then 13 | qn, which is a contradiction to pn and qn 
being coprime. Therefore, the sequence is not periodic. 


Problem 5.21. (St. Petersburg) Let (£n)n>1 and (Yn)n>1 be two sequences 
given by zı = $, yı = 3 and 


Ln41 = Tn + TŻ, Unii =~ Yn t y for n>1. 
Prove that for any positive integers m and n, we cannot have £n = Ym. 


Solution 1. Notice that zı = 0.1 and yı = 0.125. We prove by induction on 
n > 1 that the last non-trivial decimal of £n is 1, while the last non-trivial 
decimal of y, is 5. This holds for n = 1 from hypothesis. 

T 


Assuming the result for some n > 1, we have £n = zn, for some positive 


integer x whose last digit is 1. Then £n+1 = Oe ae Notice that the last 
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digit of 10% x + x? is 1, which establishes the claim for £n+1. A similar proof 
works for Yn+1, Showing that £n and Ym can never be equal. 


Solution 2. Notice that zo = 0.11, x3 = 0.1221, x4 = 0.122140.1221? > 0.13, 
so £3 < 0.125 = yı < x4. We prove by induction on n that £n+2 < Yn < Tn+3. 
We have just proved the base case. 

Assuming the result for some n > 1, we have tni2 < Yn < Ln43. An 
easy induction shows that all z,,’s and y,’s are positive, so by squaring our 
inequality we obtain z2 49 < Y2 < 22,3. Adding this to the original inequality, 
we obtain that 

Ln+3 < Yn41 < Tn+4, 


completing our proof. 
Problem 5.22. (Taiwan 2000) Let f : N* — N be defined recursively by 
f(1) = 0 and 

n)= max 
fin) i<j<| 7] 


for all n > 2. Determine f (2000). 


DEINE 


Solution. For each positive integer n, we consider the binary representation 
of n. Consider the substrings of the representation formed by removing at 
least one digit from the left side of the representation, such that the substring 
so formed begins with a 1. We call the decimal values of these substrings the 
tail-values of n. Also, for each 1 that appears in the binary representation of 
n, if it represents the number 2%, let 2⁄4 . £ be a place-value of n. 

Let g(n) be the sum of the tail- and place-values of n. We prove by 
induction on n that f(n) = g(n). For convenience, let g(0) = 0. It is clear 
that g(1) = 1. It will therefore suffice to show that g(n) satisfies the same 
recurrence as f(n). We first prove that 


gln) > gli) +g(n- i) +i, (1) 


for all n, j such that 0 < j < |5]. The relation is definitely true for j = 0, 
since we defined g(0) = 0. Now we induct on the number of (binary) digits of 
n — j. For the base case (when n — j has 1 binary digit), we can only have 
n — j = 1. In this case, (n, j) = (2,1) or (n, j) = (1,0), in which cases (1) is 
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easily seen to be true. Now we prove the induction step by distinguishing two 
cases: 


Case 1. If n— j and j have the same number of digits, say k + 1. Let a and 
b be the numbers formed by taking off the leftmost 1’s (which represent 2”) 
from n — j and 7. We want to show that 


g(n) = g(a +b+2%*) > g(2® + a) + g(2* +b) + (2° + 5). 
Subtracting the inequality g(a + b) > g(a) + g(b) + b (which is true by the 
induction hypothesis), we see that it suffices to show that 

g(a +b + 2**1) — g(a +b) > g(2* +a) — g(a) + g(2" +b) — g(b) +2". (2) 


On the right hand side, g(2* + a) equals g(a) plus the place-value 2° - k and 
the tail-value a. Similarly, g(2* + b) = g(b) +2% - E +b. Hence, the right hand 
side equals 


k 


k 
ea a aa 


k+1 
ath. 


As for the left hand side of (2), because a < 2* and b < 2%, the binary 
representation of a+b+2"*! is simply the binary representation of a+b, with 
an additional 1 in the 2*t! position. Hence, g(a + b + 25+!) equals g(a + b) 
plus the additional place value 2**! . EtL, Thus, g(a + b + 2+1) — g(a + b) 
equals the right hand side, proving the inequality in (2). 


Case 2. If n— j has more digits than j, then let n — j have k + 1 digits and, 
as before, let a = n — j = 2". We need to prove that 


A > g(a t 2°) + a 
We know by the induction hypothesis that 

gla + j) 2 g(a) + g(9) + min{a, j}. 
Subtracting, we see that it suffices to prove that 


g(a + j +2") — gla + j) > gla +2") — g(a) + j — min{a, j}. (3) 
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We find as in Case 1 that on the right hand side, 
k k k 
gla + 2") — gla) = 2". 5 +a. 
Hence, the right hand side equals 
2 tat — min{a, j} = 2 : z + max{a, j}. 


On the left hand side of (3), if a+ j < 2f (i.e. so that the 2” digits do not 
carry in the sum (a + j) + 2*), then g(a + j + 2") equals g(a + j) plus the 
additional place-value 2° . £ and the additional tail-value a + j. Hence, the 
left hand side of (3) is indeed greater than or equal to the right hand side. 
Otherwise, if the 2% digits do carry in the sum (a + j) +2*, then gla + j +2") 
equals g(a + j) plus the additional place-value 25+! . EH, minus the original 


place-value 2% . k, Thus, the left hand side equals 


k+1 k k k 
ok eR E aaka Lok ae ok 
5 5 pe > 5 + max{a,7}, 
so again (3) is true. This completes the induction. 
Hence, g(n) > ee) +g9(n—j)+ ]} for all n. We now prove that in 
SISLF 


2 

fact equality holds, by showing that g(n) = g(7j) ++9(n—j)+ j for some j. Let 
2" be the largest power of 2 less than n, and set j = n—2*. Then g(n) equals 
g(n — 2") plus the additional place-value g(2") = g(n — j) and the additional 
tail-value n — 2° = j. 

It follows that f(n) = g(n) for all n. Hence, by finding the place- and tail- 
values of 2000 (with binary representation 11111010000), we may compute 
that f(2000) = 10864. 


Problem 5.23. (Taiwan 1997) Let n > 2 be an integer. Suppose that 
Q1,@2,...,@n are positive real numbers such that k; = ee is a positive 
integer for all į (here ag = an and an+1 = a1). Prove that 


2n < ki +k +... + kn < 3n. 
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Solution. Notice that 


n - - 
batt hn D(t), 
i 


j=] \@i+1 


So the first inequality follows from AM-GM. 

For the second inequality, we prove by induction on n that kj+...+tkn < 3n 
for n > 3. 

The base case is n = 3. By symmetry, we can assume without loss of 
generality that a; is the maximum among a1, a2, a3. Then kja1 = ag+a3 < 2a; 
so kı is 1 or 2. If kı = 2, then we get a, = a2 = az hence kı = ko = kg = 2 and 
the inequality follows. If kı = 1 then a; = a2 + a3. Then from kga2 = a, + a3 
and k3a3 = a, + a2 we get 2a2 = (k3 — 1)ag and 2a3 = (k2 — 1)ag, so by 
multiplying these two we get that (k3 — 1)(kg — 1) = 4. As ko, kg are positive 
integers, we have one of the cases (kg = 2, k3 = 5), (ko = 5, kg = 2) or 
(k2 = 3,k3 = 3). In all of them we have kı + ko + kg < 8. 

Assume now that the result holds for n — 1 numbers, for some n > 4. 
We prove that it also holds for n numbers subject to the conditions in the 
hypothesis. 

Let aj = max{a; | < 1 < ny}. Then kjaj = Qj—1 + Qji+1 < 2a;. So kj < 2 
and since k; is a positive integer we have that kj = 1 or kj = 2. 

If kj = 1, then a; = aj;-1 + aj41. We want to remove the a; from our 
sequence and use induction. Now k;_1aj;_1 = aj;-2 + aj = aj—2 + Aj-1 + A541, 
so (kj-1 — l)aj-1 = ajo + aj41. Similarly we have that (kj41 — l)aj4i = 
Qj—1 + Aj+2. 

So we by removing aj from our sequence and replacing the numbers 
ky,...,kn by ki,...,kj-1 — 1, kj+1 — 1,... kn we obtain a sequence of n — 1 
numbers which satisfies the same hypotheses. Applying the inductive hypoth- 
esis we have that kı +... + (kj-1 — 1) + (kj41 — 1) +... + kn < 3(n — 1), so 
kı +... + kn < 3n, as required. 

If kj = 2, then from 2a; = aj—1 +a;j+1 and the fact that a; is the maximum 
of the numbers, we have that a; = aj—1 = aj+1. We recursively obtain that the 
sequence is constant, which implies that kı =... = kn = 2, so the inequality 
clearly holds. This finishes the induction step and hence the solution. 
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Problem 5.24. (Zeckendorf) Prove that any positive integer N can be rep- 
resented uniquely as a sum of distinct and non-consecutive terms of the Fi- 
bonacci sequence: 


m 
Ne hy G= 
j=1 


Solution. We will prove the existence by induction on N. It is straightforward 
to check that the property holds for N < F4 = 3. 

Assume now that such a sum exists for all numbers up to Fn, n > 4. 
We prove that this suffices to show that it also holds for all N with Fa < 
N < Fa41. If N = Fri, we are done. Otherwise, N = F, + (N — Fn) and 
N — Fn < Fn4i1 — Fn = Fn-1, so N — Fn can be written as 


N — Fn = Fa +...+ Fr, ti+ı < ti — 2, tı <n-2. 


Therefore, we have that N = Fn + Fi, +... + Fe. 

To prove the uniqueness, we use induction again. Notice that if Fa < N < 
F,41, then Fn is part of the sum in the representation of N. Indeed, this follows 
from the fact that a sum of Fibonacci terms with 7; —7;-1 > 2,j =1,...,r—1 
and 711 > 2 is at most 


ie a aad Cg ee ee ae Cs) Pm tae ee ee 
== tr—-1t+l1 7 1. 
Therefore, if N = Fn, then N = Fn is the unique representation of N, and if 
Fa < N < Fn41 then any representation of N contains Fn and N — Fn < Fn-1. 


Now, using the induction hypothesis for N — Fn, we are done. 


Problem 5.25. Let a > 1 be a real number which is not an integer. Prove 
that the sequence (an)n>0 defined by 


An = arr) = ala” 


is not periodic. Here, |x] denotes the integer part of z. 
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Solution. We assume by contradiction that the given sequence is periodic. 
So let T and no be positive integers such that ani7 = an for any positive 
integer n > no. In particular, for n > no we have 

gure) _ ia | Ge la = a”) ie 


Therefore, 

ala +7) _ [a”]) = get ee _ ar; (3) 
We now show that [a"9+T] — [a] = 0. If this does not hold then setting 
n = no in (3) we obtain that a is a rational number. Further, by mathematical 
induction with respect to m, one can prove that 


a a | _ [a”]) = Ca _ ar), (4) 


where m,n € N and n> no. 
Let a = im where p,q € N, (p,q) = 1, q > 1. Then we have that (p”,q’”) = 1. 


Hence, using (4) we have that for any positive integer m 
glare eae). 


We have that g™ > 2™ > m + 1, so from the condition q™ | (aroen — [a°]), 


one can deduce that [a"*7] = [a”°]. 

1 
ate 1) 
achieved by example by taking a sufficiently large integer multiple of a given 
period). But now 


Without loss of generality, we can assume that T > a (this can be 
a 


go — a™ = a™ (af — 1) 
=a™((1+a- 1)? — 1) 
>a™(1+(a—1)T-—1) 
=a”(a—1)T > 1. 
This gives a contradiction. Here we have used that for n € N and h > —1 we 
have (1 +h)” >1-+ nh, which is Bernoulli’s inequality. 


Remark. Notice that in the above solution we have proved something 
stronger than the question asked, namely that our sequence is not even even- 
tually periodic. 
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Problem 5.26. (China 2004) For a given real number a and a positive 
integer n, prove that: 


i) There exists exactly one sequence of real numbers %, £1,..-, Zn; En+1 
such that 
Lo = Ln+1 = Q, 
1 = a: one 
z (Ti + ina) = 2+ 27 =a’, 1=1,2,...,N. 
ii) the sequence 29,21,...,2%n,Zn+41 in i) satisfies |z;| < |a| where i = 
O,1,...,n4+1. 


Solution. Notice first that since the recurrence 5 (Zi + £i+1) = zi + T? — a’ 


holds for i = 1,2,...,n, we cannot use induction in the form P(k) = P(k+1) 
since we cannot prove the base case when k = 1. So we have to come up with 
a different type of induction: 

We prove both parts of the question by induction by showing that P(k) = 
P(k — 1). 

For the first part, we are given %nj4; = 0. Having constructed 27,41, for 
some 1 < k < n, we have the equation 


1 
z Tk + k41) = Zk + r? =a": 
which is equivalent to 


22° + UK = Tei + 2a?. (1) 


Since the value of £k+1 is determined, let us consider the function 
f:ROR, f(x) =22° +a — £k} — 20°. 


Since f'(x) = 6x? + 1, this function is increasing on R. In particular, the 
equation f(x) = 0 has a unique real solution. Hence zz is uniquely determined 
by the equation (1) and we are done by induction. 

For the second part, first notice that since £n}1 = 0, we clearly have 
IZn+1| < lal. 
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Assume now that |x;| < |a|, for some 2 < k <n+1. Then using (1), we 
have 


lt~—1|(2|a~—1]? +1) = |2a2_, + 2x1] = |zk + 20°| < |zk| + 2|a°| < Jal + 2|a°], 
which implies that 
2larz_—i| + |rx—1| — 2|a°| — la] < 0. 
This can be rewritten equivalently as 
(læk-1] — |al)(2|z4-1|° + 2|zx-1lla| + 2ļa|* + 1) < 0, 


which gives that |z,_1| < la|, showing that P(k) = P(k — 1). Finally, notice 
that zo = 0, so |z| < |a|, for all k =0,...,n + 1, as we wanted. 


Problem 5.27. (IMO 2010 Shortlist) A sequence z1, £2,... is defined by 
zı=1 and Tək =—Tk, Tək-1 = (—1)ftİzp, forall k>1. 
Prove that for all n > 1, we have 
ti Ft Feest äna U 


Solution. Let Sn = £1 + £2 +... + £n. We also define Sọ = 0. We split our 
solution into a series of claims which we will prove by induction: 


Claim 1. |z;| = 1 for every k > 1. 


Proof. We do induction on k. The statement is true for k = 1 from the 
hypothesis. Let n > 1 and suppose that the claim holds for every 0< k <n. 
If n = 2m, we have 0 < m < n, then |z,,| = 1, and so |zn| = |Em] = 1. 

If n = 2m — 1, we have that 0 < m < n, then |z,,| = 1, and so |zn| = |zm| = 1. 
This establishes the claim. 


Claim 2. S4m = 28m for every m > 0. 
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Proof. Notice first that for every m > 1, from the hypothesis we have: 


T4m = —LIm = Lm; 
LAm—1 = Tm = Lm; 

m i 
LAm—2 = —T2m-1 = (—1) Lm) 


LAm—3 = Lam—1 = (—1)™** tm 
We now prove the claim by induction on m. It is certainly true for m = Q. 
Now let m > 0 and suppose it is true for m — 1. Then 


Sam = S4m—4 + Lam—3 + Lam—2 + Lam—1 + Lam 


This completes the inductive proof of our claim. 

Now we prove the problem by induction on n: 

A quick check shows that S, > 0 for n = 0,1, 2,3, 4. 

Let n > 4 and suppose that Sp > 0 for every 0 < k <n. Let m= |n/4]. This 
implies that 1 <m <n. 

Then Sm-1ı > 0 and Sm > 0 by induction hypothesis. We distinguish two 
possible cases: 


Case 1. If Sm—1 = 0 then 0 is the sum of m — 1 numbers that are +1 and so 
m is odd. Also £m = 1 since Sm > 0. 

Then LAm—3 = Litim = —1,24m-1 = 1 Can =i, 

We also have that S4m—4 = Sm_—i = 0. 

Now S4m-3, S4m—2; 94m—1, 54m are all > 0. 

Then Sn > 0, since n € {4m — 3,4m — 2,4m — 1, 4m}. 


Case 2. If Sm_-1 > 0, then Sm-1ı > 1, and so S4m_4 > 2. 


Sam—3 = S4m—4 + Lam—3 Z 2-1 = 1; 

S4am—2 = Sam—4 + Lam—3 + Lam—3 = Sam—4 = 2; 
S4am—1 = Sam—2 + Lam-1 Z 2—-1=1; 

Dim = oim ie i 2 eH ea SO. 
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Therefore, S4m—3, S4m—2, S4m—1, 54m are all > 0. 

Hence Sn > 0, since n € {4m — 3,4m — 2,4m — 1, 4m}. 

In both cases we have that Sn > 0. Then, by induction Sn > 0 for every 
n > 0. 


Problem 5.28. Let a, be the number of strings of length n which contain 
only the digits 0 and 1 and such that no two 1’s can be distance two apart. 
Find a formula for a,, in closed form. 


Solution. We begin by first finding a suitable recursion for an. Notice that 
if a string starts with 0, we have an-ı ways to continue the string. If it starts 
with 1, it can either start with 100 or 1100. For the former, there are an_3 
ways to continue the strings, while for the latter we have a,_4 possibilities. 
Thus 


An = An—-1 + An—3 + An—4. 
The first few values for a, can be readily compute to be a, = 2, ag = 4, a3 = 6 


and a4 = 9. Let us now study the first few terms of the sequences a, and Fn, 
where (F;,)n>0 is the Fibonacci sequence: 





From the above table, it seems that ao, = F? +2 and azn+1 = Frio: Fnis. 
We will prove this by induction on n. The base cases are given in the table. 
Assume now that the statement holds for all values less than 2n. Then 


Q2n = A2n-1 + A2n-3 + A2n—4 
2 
=< n+1Ën+2 + PrFn41 ae ar 


2 
= nt1ln+2 T PnP n+2 = Pisa: 
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and 


G2n+1 = A2n + A2n-2 + A2n-3 
= Fit Fhpi + hPa 
= Fĉ o + Fnp1Fn+2 = FateFnss, 
as required. l 


Alternative solution. First consider the easier (and famous) problem of 
counting the number bn of strings of length n such that no two 1’s are adjacent. 
It is easy to check that bọ = 1 and bı = 2. Notice that if a string starts with 
0 we have bn—ı ways to continue the string. If a string starts with a 1, then it 
must start with 10, and hence we have 6,» ways to continue the string. Thus 
we see that for n > 2 we have 


On = bn-1 + Ono. 


It follows by induction on n that bn = Fn+2 is the Fibonacci sequence. 

Now for the actual problem, suppose we take a string of length n with no 
two 1’s two apart and split it into two strings, one with every odd character 
and the other with every even character. Then we get strings of length [n/2] 
and |n/2| with no consecutive 1’s. Conversely, given any two such strings we 
can interleave them to get a string of length n with no 1’s two apart. Thus 


An = On /21O\nj2| = Frn/2]4+2F |n/2}+25 
or equivalently an = F? +2 and azn+1 = PntoF nis. 


Problem 5.29. (IMO 2009 shortlist) Let n be a positive integer. Given 
a sequence €1,..., En—1 with c; = 0 or e; = 1 for eachi=1,...,n—1, the 
Sequences ao, ..., Gn and bo, ..., bn are constructed by the following rules: 


ao = bo = 1, aj = 0); — Tf, 


2 —_ 3 x 1 ——- ’ 

Qi41 = nae, e for each i = 1,...,n — 1, 
3Qi—1 + Gi, ife; = 1, 
2b;_-1 + 3b;, Pe aes | 

bea =| oleate eS, for each i = 1,...,n — 1. 


363-1 + bi, if En; = 1, 
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Prove that an = bn. 


Solution. For a binary word w = 01.. . On of length n and a letter o € {0,1}, 
let wo = 01...0n0 and ow = 00,...0n. Moreover, let W = On ...cı and let 
Ø be the empty word (of length 0 and with Ø = Ø. Let (u,v) be a pair of two 
real numbers. For binary words w, we define recursively the numbers (u, v)” 
as follows: 


(u, v)! =v, (u,v)? = 2u + 3v, (u,v)! = 3u +v, 
2(u, v)” + 3(u,v)*?, ife=0, 
Sw)" + (u,v); ife=1. 


(uu) rs — 


It easily follows by induction on the length of w that for all real numbers 
U1, U1, U2, V2, A1 and A2 


(Aiur + ÀA2U2, ALU + Azv)” = Al (u, v1)” + A2(ua, v2)” (1) 


and that for e € {0,1} 

(u,v) = (v, (u,v)°)”. (2) 
Obviously, for n > 1 and w = £1 . . .En—1 we have ay = (1, 7)” and bn = (1, 7)”. 
Thus it suffices to prove that 


(1, 7)” = ET (3) 


for each binary word w. We proceed by induction on the length of w. The 
assertion is obvious if w has length 0 or 1. Now let woe be a binary word of 
length n > 2 and suppose that the assertion is true for all binary words of 
lengths at most n — 1. 

Note that (2,1)? = 7 = (1,7)® for o € {0,1}, (1,7)° = 23 and (1,7)! = 10. 
First let € = 0. Then in view of the induction hypothesis and the equalities 
(1) and (2), we obtain 


Ca eke Ord eae) CN had 
= 2(1, 7)” + 3(1, 7) 
290 1)? ee) 
= (7,23) = (1, 7)°°* 
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Now let € = 1. Analogously, we obtain 


GPSS ELT 
= a g 
Sg NOAL 
SA O S31) 


Thus the induction step is complete, so (3) and hence also an = bn are proved. 


Problem 5.30. (IMO 2008 shortlist) Let ag, a1, a2, ... be a sequence of 
positive integers such that the greatest common divisor of any two consecutive 
terms is greater than the preceding term; in symbols, gcd(a;,a;41) > Qi-1. 
Prove that a, > 2” for all n > 0. 


Solution. Since a; > gcd(a;, aj4+1) > aj;-1, the sequence is strictly increasing. 
In particular, a9 > 1 and a; > 2. For each i > 1 we also have a,41 — a; > 
gcd(a;,ai41) > a;_1 and consequently a;41 > a; + a;-1 +1. Hence ag > 4 and 
a3 > 7. The equality a3 = 7 would force equalities in the previous estimates, 
leading to gcd(a2g, a3) = gced(4,7) > a, = 2, which is false. Thus ag > 8. So 
we established that the result is valid for n = 0,1,2,3. These are the base 
cases for our proof by induction: 

Take an n > 3 and assume that a; > 2 for i = 0,1,...,n. We must show 
that a@n41 > 2"*1. Let gcd(an,an+1) = d. We know that d > an-ı. The 
induction claim is reached immediately in the following cases: 


if An = 3d then An4t1 2 An + d > 4d > 4an—-1 > 4: gn—-l — IPE, 
ifan=d then ani1 > an +d = 2an > 2-2” = PH, 


The only remaining possibility is that a, = 2d and an+ı = 3d, which we 
assume for the sequel. So an41 = San. 

Let now gcd(an—1, an) = d’. Then d’ > an—2. We write an = md’, for some 
integer m. Keeping in mind that d’ < an-ı < d and an = 2d, we get that 
m > 3. Also an-ı < d= imd Og = Smd . Again, we single out the cases 
which imply the induction claim immediately: 
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ifm>6 then @n41 = gma’ > Od! > 9an—2 > 9 - 2772 > Qrrt. 
if3<m<4_ then an-ı < 5- 4d’ and hence an-ı = d', 
SO Qn41 = 3MAn—1 > 3 - 3an—1 > 3 A ea Lae 


So we are left with the case m = 5, which means that an = 5d’, anit = 2d! , 
ân—1 < d= 2d! . The last relation implies that a,_1 is either d’ or 2d’. Anyway, 
An—1 | 2d’. 

The same pattern repeats once more. We denote gcd(adn_2,an_-1) = d”. 
Then d” > an—3. Because d” is a divisor of an-ı, hence also of 2d’, we may 
write 2d’ = m’d", for some integer m’. Since d” < an—2 < d’, we get m’ > 3. 
Also, @n—2 < d’ = im d”, Anti = 2d! = em! d”. As before, we consider the 
cases: 


ifm > 5 then any1 = Fmd” > F > Fans 2 G28 > 2H; 
if3<m' <4 then an_2 < 4 - 4d", and hence an_2 = d”, 
an+ = man- > P+ 3an—-2 > P- 2? > Bett 


Both of them have produced the induction claim. At this stage we have 
covered all the cases, so the induction is complete and the inequality an > 2” 
holds for all n. 
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6 Number Theory 


Problem 6.1. Show that for any positive integer n, 3” divides 11...11. 
Vo coe 


3” ones 


Solution. For the base case n = 1 we have to prove 3|111, which is true, as 
111 =3- 837. 
Assume now that the result holds for some n > 1. For the induction step, 
note that 
11...11 =11...11-10...010...01, 
Nee Nee ee 
3"+1 digits 3" digits 


where we have 3” — 1 zeroes between every two consecutive ones in the second 
factor. We know that 11...11 is divisible by 3” by the induction hypothesis 
Nee oe 
3” digits 

and 10...010...01 is divisible by 3 because the sum of its digits is 3, therefore 
11...11 is divisible by 3”. 3 = 3"*1, 

ane 

3" +1 digits 


Problem 6.2. Prove that for any two positive integers a and m , the sequence 


is eventually constant modulo m. 


Solution. We prove the result by induction on m. For m = 1, everything 
is clear. We can also suppose that a > 1, since the conclusion for a = 1 is 
immediate. 

Assume now that the result holds for all positive integers which are less 
than some m > 1. 

Assume first that a, m have a common prime factor p. Write m = pêk, 
where gcd(p, k) = 1. Since a > 1, the sequence of exponents 


a a? 
COASA yss 


is increasing, hence all the terms after a certain point will be divisible by 
p°. By the induction hypothesis, since k < m, the sequence is eventually 


constant modulo k. It is also eventually constant 0 modulo pĉ, so by the 
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Chinese Remainder Theorem, the sequence is also eventually constant modulo 
pk =m. 

We are left to treat the case when a and m are coprime. We know from 
Euler’s Theorem that a?" = 1 (mod m). Notice that starting from the 
second term, the exponents of a in the given sequence are 1,a,a%,a®%,..., 
which is our original sequence. So it suffices to look at this sequence modulo 
d(m). Since ¢(m) < m, we are done by our induction hypothesis. This 
completes our proof for this case as well. 


Problem 6.3. (Poland 1998) Let x, y be real numbers such that the numbers 
T +Y, T? +y, £3 +y’, and zt + yf are all integers. Prove that for all positive 
integers n, the number x” + y” is an integer. 


Solution. We will prove the result by induction on n > 1. First notice that 
(x+y)? = z? +y? 4+ 2zy, 
so 2xy is an integer. But if 2xy is odd, the left hand side of 
2(a + y)* = 2(a* + y*) + 4(2ay)(2* + y*) + 3(2zy) 


is an even integer, but the right hand side is odd. Thus 2zy is even and zy is 
an integer. 
Now, for n = 1 and n = 2, the conclusion holds from the hypothesis. 
Assume that the result is true for all integers n < k, k > 3 and let us prove 
it for n = k + 1. We have 


ghth 4 yftI = (mf + y*)\(a + y) — eyle"! + y"7?). 
As the right hand side is an integer, the conclusion follows. 


Problem 6.4. (Ibero American 2012) Let a,b,c,d be integers such that 
the number a — b + c — d is odd and it divides the number a? — b? + c? — d?. 
Show that for every positive integer n, a — b + c — d divides a” — b” + c” — d”. 


Solution. We prove the question by induction on n > 1. The following 
observation is an immediate consequence of the modulo congruences properties 
and will be useful throughout the proof: 
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If (x — y) | (z1 — tı) and (x — y) | (z2 — t2), then (x — y) | (2122 — tite). 
Back to our original problem, notice (a + c) — (b + d) divides 


(a +c)? — (b +d}? = [(a? + ê) — (b? + d?)] + 2(ac — bd). 


Since our assumption is that (a + c) — (b+ d) divides (a? + c?) — (b? + d?), it 
follows that it also divides 2(ac — bd). As we are told that (a+ c) — (b+ d) is 
odd, it must divide ac — bd. 

The base cases for our induction are n = 1 and n = 2 which are both 
immediate from the hypotheses. 

For the induction step, we let n > 3 and suppose that (a + c) — (b+ d) 
divides both (a"—! + e-t) — (0-1 +d") and (a~? +. c®-?) — (6"- 2 +d"). 
From the above observation, we have that 


((a + c) — (b + d)) | ((a + c)(a”7! +c") — (b+ d) (7t +a™")). 


Further, 
(a + c) (at +c") — (b + d)(b” ' +d") 


= (a” +c”) — (6” +d”) + ac(a"~? + eo) — bd(b"~? + dA), 


The induction hypothesis together with the above observation imply that 
ac(a"~* + c™~*) — bd(b”-? + d”~?) is divisible by (a +c) — (b + d). Hence 
(a+c) —(b+d) divides (a” + c”) — (b” + d”), as we wanted. 


Problem 6.5. (AoPS) Let m and n be positive integers with gcd(m,n) = 1. 
Compute 


gcd(5™ + 7™, 5” +77), 


Solution. We claim that gcd(5™ + 7™,5” + 7”) is 2 when 2 | mn, and 12 
otherwise. We prove this by induction on n+m. By symmetry, we can assume 
throughout the proof that m < n. 

The base cases are m = 0, n = 1 for which we have ged(5™ + 7™,5” +7") = 2 
and m = n = 1, for which ged(5™ + 7™, 5” +7”) = 12, respectively. Thus our 
claim holds in these situations. 
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Assume now that the result holds for some positive integers m,n with 
m <n and m+n > 2. Notice that 


w a E E rr oo hor) 
= ged(5™ + 7”, 7?—™m5™ _ Br) 
Spel ee a), 


We distinguish two cases: 
If n > 2m, then 


gcd(5™ + 7, 77 — 5° ™) 
= ged(5™ + 7, 7-7 (5™ +. 7™) — (77—-™ — 5™-™)) 
= ged(5™ + 7™, 77 775™ 4 50) 
= ged(5™ + 7, 77-2 4 5072m) 


If 2m > n, then 


gcd(5™ + 7, 77 "™ — 57 ™) 
Seed OF aT Oe ae be) 
=ged(5? 27" 5" 5° 7") 
= ged(5™ + 77, 57” 4 74m”) 


Since m+n—2m < m+n (unless m = 0, a base case) andm+2m—n < m+n 
(unless m = n = 1, a base case), by the induction hypothesis, ged(5"+7™, 5°+ 
7”) is 2 when 2 | mn, and 12 otherwise. As 2 | mn & 2 | m(2m — n), this 
completes our proof. 


Problem 6.6. Let n be a non-negative integer. Prove that the numbers 
0,1,2,...,n can be rearranged into a sequence ao, @1,...,@n, such that a; +í 
is a perfect square for all 0 <2< n. 


Solution. We will prove the statement by induction on n > 0. We think of 
the sequence as giving us pairings of two copies of the numbers 0,1,...,n. We 
check below the first 4 base cases: 
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For n = 0 we have 0+ 0. 

For n = 1, we pair them 0+ 1 and 1 +0. 

For n = 2, we pair them 0+ 1,1+ 0,242. 

When n = 3, we pair them 0+ 0,143,242, 3-41. 

For n = 4, we pair them 04+ 4,14+3,2+2,3+4+1,4+0. 

Assume now that the result holds for all values smaller than some n > 4 
and we prove that it also holds for n. Since n > 4, there exists a unique k > 2 
such that k? <n < (k+1)?. Then 0 < (k +1)? —n < n, and we can use the 
pairings 


((k+1)? —n)+n, ((kK+1)? —n+1)+(n—-1),..., n+ ((k+1)? —n). 


By the induction hypothesis, since ((k +1)? —n) —1 < n, we have suitable 
pairings for the numbers 0,1,...,((k + 1)? — n) — 1, which completes our 
induction step. 


Problem 6.7. We call a positive n triangular if it can be written as n = 
ator) for some positive integer a. Show that 11...19 is triangular, where the 
subscript denotes the fact that 11...1 is written in base 9. 


Solution. We prove the result by induction on the number k of ones in the 
representation of 11...19 in base 9. The base case k = 1 works, since lg = 1 


and 1 = t2, 
Now assume that i 
t 
eet 
— 2 
k ones 
Then 
9t(t+1 
11...19 =9-11...19 +1 = WME 
S— ee N 2 
k+1 ones k ones 
974942  (3t+1)(3t+ 2) 
——— 5a 


so 11...19 is a triangular number, too. 
— u 


k+1 ones 
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Problem 6.8. Let a,b,m be positive integers such that gcd(b,m) = 1. Prove 
that the set {a” + bn: n = 1,2,...,m*} contains a complete set of residues 
modulo m. 


Solution. We prove the result by induction on m. We distinguish two cases: 


Case 1. If gcd(m,ab) = 1. The statement is clear for m = 1. 

Assume that the result is true for all integers less than some m > 2 and 
write m = p]! -...- ppt, where pı < po <... < py are distinct prime numbers. 
Let mo = aa By the induction hypothesis, for all integers r there exists a 


number k < m2 such that we have 
af +bk=r + mogo, some qo €Z. 


Since gcd(b(p; — 1)-...- (pe — 1), pt) = 1, there exists a non-negative integer 
q < p such that 


qb(pı — 1) -.-.- (Pe — 1) = —qgo (mod pz). 
Set n = k + moq(pı — 1) -...- (pı — 1). Since (m) | mo(pı — 1) -...- (pe — 1), 
we have 
a” + bn = a* + b(k + moq(pi — 1)-...- (pm — 1)) 
= r + mo(qo + qb(pı — 1)-...- (pe — 1)) 


=r (mod m). 
Finally, notice that 
0< k <n <m +molpi — 1)... (p — 1) (p — 1) 
2 


< me + molpi — 1)m = mé(1 +p? — p) < mép? = m*. 


Case 2. If gcd(m,a) > 1, set m = uv, where u > 1, such that a is divisible by 
all prime divisors of u and gcd(v,a) = 1. Let r be an arbitrary integer. Then 
there exists s € {0,1,...,u — 1} such that 


bs=r (modu). 
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We also know that gcd(a”,v) = 1, hence gcd ((a~')*bu, v) = 1. Using the 
previous case, there exists k < v? such that 


(a¥)* + (a-+)8buk = (a +)8(r — bs) (mod v). 
Now set n = uk + s. Then n < uv? +u — 1 < u(v? +1) < u?v? = m? and 
a"ts 4+ buk =r—bs (mod v). 


This implies that a” +bn =r (mod v). Finally, for any p dividing a we know 
that vp(u) < u, since p“ > 2% > 1+ u, hence 


a” +bn = ats 4 b(uk+s)=O0+bs=r (mod u), 
and our proof is complete. 


Problem 6.9. (K6mal) Let a and n be two positive integers such that a” — 1 
is divisible by n. Prove that the numbers a+ 1, a? +2,..., a” +n are distinct 
modulo n. 


Solution. We will proceed by induction on n. The base case n = 1 is clear. 

Assume now that the result holds for all integers less than some n > 2. Let 
k be the order of a modulo n, that is, the least value such that af = 1 (mod n). 
We know by Euler that k < n and from hypothesis we have that k | n. Since 
k < n, by the induction hypothesis we have that a+ 1,a? + 2,...,af + k are 
distinct modulo k. Now let us prove that for 1 < x,y < n we have a? + x # 
a” +y (mod n). Write x = kz +t and y = ku + v, where 1 < t,v < k and 
0< z,u < %. Then a® = a* (mod n) and a¥ = a” (mod n). We distinguish 
two cases: 


Case 1. If t Æ v, then a? + x = a + t and from the induction hypothesis we 
have ab +t a? +v =a +y (mod k). 


Case 2. If t = v, then z Æ u, hence 


a? +x =a + kz +t =a” +ku+v+k(z-—u) 
a” +y+kļ(z—-u) ža” +y (modn). 


This completes our proof. 
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Problem 6.10. Let f : R > R be given by f(z) = az? + bx + c, where a,b,c 
are positive integers. Let n be some given positive integer. Prove that for 
any positive integer m, there exist n consecutive integers a1,Q2,...,Qn, such 
that each of the numbers f(a1), f(a2),..., f(@n) has at least m distinct prime 
factors. 


Solution. We prove the result by induction on m. For m = 1, the statement 
clearly holds. 

Assume now that the result holds for some m > 1 and let aj,...,Qn be 
such that each of the numbers f(a1), f(a2),..-, f(a@n) has at least m distinct 
prime factors. Take 


A= f(ai)* + f(a)? f(an)’. 


For each j = 1,...,n, let 8; = A+ aj. Notice that the integers (1,..., Bn are 
also consecutive and 


f (Bj) = Faz) -+ Ci f(a;)), 


for some integer C4. Hence the term 1+ C;f(a;) is coprime to f(a;), so f(6;) 
has at least one prime factor more than f(a;). This completes our proof. 


Problem 6.11. (Iran 2005) Find all f : N* — N* such that for every 
m,n E€ N*, 
f(m) + f(n) |m+n. 


Solution. We will prove by strong induction that f(n) = n. Letting m = 
n = 1, we obtain that 2f(1) | 2, hence f(1) | 1 => f(1) = 1. This establishes 
the base case. 

Assume now that the result holds for all positive integers which are less 
than some n > 1. By Chebyshev’s theorem, we know that there exists a prime 
number between n and 2n, so there exists m < n such that m+n = p is prime. 

Since f(m) + f(n) divides p, we have that f(m) + f(n) is either 1 or p. 
But f(m)+ f(n) >1+1= 2, so it cannot be 1. Therefore f(m) + f(n) =p. 
Since f(m) = m from the induction hypothesis, we obtain f(n) =p—m=n. 
This completes our proof. 
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Problem 6.12. (Kvant M2252) Prove that 
Pe EPa t Oen RS” mod 2" or ars 9. 


Solution. We will use in our proof the following two facts 
i) If k is odd, then k?” = 1 (mod 2”*?); 
ii) (k + 2")* = k*(1 + 2") (mod 2”+2). 


i) can be proved either using the identity 


gn—1 


k?” —1=(k—1)(k+1)(k? +1)...(k? +1), 


or by induction on n. Fact ii) is an easy consequence of the binomial theorem. 
Back to our original problem, let us define 


SS tne ap a Ore. 


Then Sn+1 = Sn + Rn, where Rp = (2% + 1)?°42 4... 4 (2H — 1)2°7-1, 
Notice that all of the 2” — 1 terms in Rn are of the form m = 2” + k, with 
k < 2”. Therefore, we can write 


m” =m .m* =m* = k*(14+2") (mod 2"*?), 


using facts i) and ii) presented above. This implies that 
Ry = (1+ 2") (143° +5°+...+(2"—1)7"7') =(14+2")S, (mod 2"*). 


Thus, Sn+1 = 2S,(1 + 2%-+) (mod 2"**). We now use induction on n. For 
n = 2, we see that indeed S2 = 28 = 4 (mod 8). 

Assume now that the result holds for some n > 2. Then we have Sp = 
2n+lk 4 9" for some k € Z. By what we have established above, we obtain 
that 


Onai = (QPF i ue Pr Ee et) = gntl (mod rte): 


which completes our proof. 
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Problem 6.13. (GMA 2013) Prove that for any positive integer n and any 


prime p, the sum 
ew 


siog) 


k=0 
is divisible by pl? T. 
Solution. We begin by proving the following 


Lemma. For all n > p we have 


p p p = 
Sn (1) 50-1 =e (5) Sn—2 ae l =. i Sn—p+1 = 0. 


Proof. Let ¢ be a primitive p-th root of unity. We know that 
Ert if ptt 
E p ifpļ|i 


Using this identity, one sees that 


IE 
S 0—o)*. 
P 5=0 


xr?P—i 


— 7, we have that 





Since C, i = 1,2,...,p — 1 are roots of the polynomial 
1 — ¢* are roots of the polynomial 


1-0-7) pa A T p f 
XL 1 p—1 


By setting xz = 1 — Č, i = 1,...,p — 1 and adding up, we see that for every 
n > p, one has 


p p p _ 
Sn (2) Sn-1 T & Sn—2 Sear (, — .) Sn—p+1 = 0, 


proving the lemma. 
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Back to the original problem, we can now prove the result by induction on 
n. Things are clear ifn =1,2,...,p—1. 

Assume now that n > p and that the result holds for all positive integers 
less than n. We also know that for all 1 < j < p—1, we have p | G). By the 


n—j—1 
induction hypothesis, we know that for 1 < j < p— 1, pl >-1 | divides Sn—j. 
Furthermore, for all 1 < j < p—1, we have 
es | 339 = 
fap al ached uae es eae ds 
p-i p-i psd 
Therefore, all the terms of the sum 
4 Ori = (2) Sn—2 ta (, á 1) Snr 
n—1 
are divisible by piel hence the same is true for Sn by our lemma. This 
completes our proof. 


IV 





Problem 6.14. (Bulgaria 1996) Let k > 3 be an integer. Show that there 
exist odd positive integers xz and y with 2° = 7x? + y?. 


Solution. We prove the result by induction, showing that for each k > 3 
there are odd positive integers £k, Yk such that 


QF = Txt + yf. 


For k = 3, choose x73 = y3 = 1. For the inductive step, we use the identity 








+b\? /TaFby’ 
2(7a? +?) = 7 (4 ) +( zi ) | 
2 2 

If 2 = 7x? + y? with £k, yk odd, then either (x, + yk)/2 or |£k — ykl/2 is 
odd, as their sum is xz or yx, both of which are odd. If (£k + yķ)/2 is odd, 
then take £tk+1 = (£k + Yk)/2 and Yk+1 = |T£k — Yk|/2. 

If (£k +yk)/2 is even, then |x, — yk|/2 is odd and define zk+41 = |£k — Yk|/2 
and yYyk+1 = (Tzk +Yk)/2. This completes the induction step and therefore the 
proof. 


294 Chapter 10. Solutions 


Problem 6.15. (USAMO 1998) Prove that for each n > 2, there is a set S 
of n integers such that (a — b)? divides ab for every distinct a,b € S. 


Solution. We will prove by induction on n, that we can find such a set Sn 
consisting of non-negative integers. 

The base case is n = 2 for which we take Sn = {0,1}. 

Now suppose that for some n > 2, the desired set S, of n non-negative 
integers exists. Let L be the least common multiple of those numbers (a — b)? 
and ab which are non-zero, with (a,b) ranging over all pairs of distinct elements 
from Sn. We define: 


Snei ={L+a:4€ Sp} U {0}. 


Notice that S,41 consists of n + 1 non-negative integers, since L > 0. 
Moreover, if i, j € Sn41 and either i or j is zero, then (i — j)? divides ij. 
Finally, notice that if L +a,L +b E€ Sn+1 with a,b, distinct elements of 
Sn, then 
(L+a)(L+b)=ab=0 (mod (a—b)?), 


so ((L +a) —(L+b))? divides (L + a)(L + b), thus completing our induction 
step. 


Problem 6.16. (Brazil 2011) Prove that there exist positive integers a, < 
a2 < ... < dgo11 such that for all 1 < i < j < 2011 we have gced(a,a;) = 
aj — Qi. 


Solution. First notice that the condition gcd(a;,a;) = a; — a; is equivalent 
to aj — a; | a;. Indeed, if gcd(a;,a;) = a; — ai, then a; — a; | ai; conversely, if 
a; — a; | ai, then a; — a; | aj, so a; — a; | gcd(a;,a;) and from Euclid we know 
that gcd(a;,a;) < a; — ai, so we are done. 

We will now construct a sequence a, < ag < ... < an with the required 
properties by induction on n. For the base case n = 2 we can take for example 
ay = 2 and ag = 4. 

Assume now that we have constructed n—1 numbers a, < ao < ... < Gn—1 
which satisfy the required properties. Consider the n numbers 


ag < ao +a, <agt+ag<...<agt+Qn-1, 
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where ag will be chosen later. By the observation we made at the beginning, 
the condition gcd(a; + ao,a; + ao) = (a; + ao) — (ai + ao) is equivalent to 
a; — a; | ao + a;i, and we already have a; — a; | ai, so this is equivalent 
to a; — a; | ag. Also the condition gcd(ao,a; + ao) = a; is equivalent to 
a; | ao. Therefore, taking ap to be the least common multiple of all the 
numbers aj,...,@,—1 and the numbers a; — aj, 1 <i < 7 < n — 1, we obtain 
the construction for n. This completes our proof. 


Problem 6.17. (Bulgaria TST) Let a,m > 2 and let ord? = k (ie. af = 
(mod m) and aê #1 (mod m) for any 0 < s < k). Prove that if t is an odd 
number such that every prime that divides t also divides m and gcd (t, ae = 
1, then ordf; = kt. 


Solution. We prove the statement by induction on the number of prime 
factors of t, taking into account also their multiplicity. We start with the 


case when t is a prime. We then have t | m. Let d = ae so that we have 
af = 1 + md. Then 





a% = (1+ mdt =1 (mod mt), 


thus s = ord? | kt. We know that mt | aê — 1, so m | af — 1, and since 
k = ordy, we must have k | s | kt, thus s = k or s = kt. If s = k, then 
1+md = af = 1 (mod mt), which implies that t | d, which is a contradiction. 
Hence s = kt. 

Now assume that t has at least two prime factors (not necessarily distinct) 
and write t = rto, where r is prime and tọ > 1. Since r is prime, by the base 
case we proved above we have that ordir = kr. 


We first prove that gcd (to, ast | = 1. If a prime rọ divides to, then it 


mr 
also divides t, so rọ | m | mr. Now 





qk? — 1 = ak—1 gk-1) 4 gkr-2)4 0 44 
mr =m r 
J qk(r—-1) + qk(r-2) + RE + 1 
m ; 


do = 








k(r—1) k(r—2) . 
a ta- +... +1 is an 


Since aë = 1 (mod m), we have aë = 1 (mod r), so 
integer. 
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If r Æ ro, then aë = 1 (mod ro), so we also have 


qk(r-1) + gk(r—2) + te + 1 


= ] 
P (mod ro) 





Thus gcd (ro, a 1) al 

If r = ro, then we can set aë = 1 +br (mod r?) for some integer b. Therefore, 
for all j = 0,1,...,r — 1, by using the binomial theorem we find that a” = 
1+ jbr (mod r?), hence 


ge eg a N Ae EO T = r+or(r-1) (mod r°). 


Since t is odd, so must be r, so we obtain that 


qk(r-1) + qk(r—-2) + ae + 1 


= =1 (mod r) 





and again gcd (ro, a” 1) = 
-1 





Combining these two cases we see that gcd (to, = =1) = 1 and hence we can 


apply the induction hypothesis, completing our MET 


Problem 6.18. (China TST) Prove that for all positive integers m,n there 
exists an integer k such that 2* — m has at least n distinct prime divisors. 


Solution. We prove the result by induction on n, the base case n = 1 being 
clear. 

Assume now that there is some integer kn such that An = 2*" — m has 
at least n distinct prime divisors. Without loss of generality, assume that An 
is odd (we can take out the power of 2 dividing m and work with the rest, 
so we can assume m is odd). By Euler’s theorem we then have 29(An) = 1 
(mod AŻ), so 

gknt+b(An) — m = A, (mod Aĉ). 


2 
We deduce that antenna = 1 (mod A,). Therefore, there exists a 


prime p { An such that p | gent 64pm Taking kn41 = kn + ¢(A2), w 
complete the induction step and hence the proof. 
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Problem 6.19. (Serbia) Prove that for all positive integers m there exists a 
positive integer k > 2 such that 3* — 2" — k is divisible by m. 


Solution. We define a sequence (£n)n>0 by £o = 2 and &n41 = 37” — 27". We 
prove that for all positive integers d, there exists some n for which £tn+1 = Xn 
(mod d) (notice that this implies the statement of the problem by taking d = m 
and k = zn). We proceed by induction on d. The base case d = 1 is clear. 

Assume now that the result holds for all integers less than some d > 2. 
Then ¢(d) < d and since the statement holds for ¢(d), there is some n such 
that 2n41 = £n (mod ¢(d)). Then by Euler’s theorem we have 


 37r+ = 37. (modd) and 27+! =2®7 (mod d), 
proving our result. 


Problem 6.20. Let k be a positive integer. Prove that for all non-negative 
integers m there exists a positive integer n with at least m prime factors (not 
necessarily distinct) such that 2°” + 3*”” is divisible by n°. 


Solution. We begin by proving the following: 


Lemma. If a and b are positive integers with gcd(a,b) = 1 and p an odd 
prime such that vp(a + b) = s > 1, then v(a? +) =s +1. 


Proof. Let a+ b= x be an integer divisible by p. Then 
aP +b?  (x—b)P +b 


a+b x 
= gP! — bpr? +... — (5) bP 27 + bP} 


= pb?! (mod p°). 





As a and b are coprime, it follows that vp (Z2) = 1. As 








A 


vola + BP) = vyla +0) + rp (<A 


we obtain the result. 
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We will now prove the statement of the original question by induction on 
m > 0. For m = 0, we can take n = 1. 

Assume now that m > 1 and we have found an integer n,,-; which has 
at least m — 1 prime factors such that n3,_, divides kNm- 4+ 34m1, We 
distinguish two cases: 


Case 1. If there exists a prime p such that p ł nm-1, but p | knmi 4 3M m1, 

aoe 
Since p | ghtim—1 Bh m1, by the above lemma we have that p3 | 2*? ™m-1 + 
ZEP ni —1 So we can take Nnm = Pnm-—1 and we are done. 


Case 2. If nm—1 and knmi + 3*m—1 have the same prime factors, then 
2 2 2 2 
we use the fact that mm—1 4 2°m-1 + 3°%m-1 (since 2°%m-1 + 3f m-1 > 


3 m-1 > nı- Therefore, there exists a prime q such that v,(n?,_,) = a 
and Vy (rai + gEnm-1 = B > a+ 1. By taking nm = qnm_i, we have 


qget3 | gft? = Vg (26n + ghnm ), This completes our proof. 


Problem 6.21. Prove that for all positive integers k there exists an integer 
n which has exactly k prime divisors and n? | (2 + 1). 


Solution. We first prove two important lemmas: 


Lemma 1. Let a be a positive integer and p an odd prime. Then the following 
statements are equivalent: 

a) pla +1)=s>1; 

b) vyp(a? +1) =s+1. 
Proof. If (a +1) = s > 1, then writing a? = (a + 1 — 1)? and using the 


binomial theorem we obtain that ot = p (mod p°). Since 








a 


vp(aP +1) = vla +1) +r (E 


we are done. Conversely, if p | a? + 1, using Fermat’s Little Theorem we find 
that a + 1 is divisible by p and by the identity we used above, we are done. 


Lemma 2. Let a be a positive integer. Then there exists a prime q such that 


q | oH, but gf (a + 1), except for the cases a = 2 and p = 3. 
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aP+1 ae 
EE also divides 





Proof. Assume the contrary. Then any prime q dividing 


a+ 1. Notice that gcd (S41 a + 1) = 1 or p. So we must have q = p and 


hence that both ot and a+ 1 are powers of p. We know from the previous 


lemma that if p | (a + 1), then vp (e+) = 1. So we must have that aiH = p, 
while 














aP +1 
a+] 


except for the case a = 2 and p = 3. This completes the proof of the lemma. 

Back to our original problem, we will prove the resuit by induction on k. 
We know from Lemma 1 that if p | 2 +1, then pê | 2™° +1. For k = 1 we 
can thus take nı = pı = 3. Since 29 + 1 = 513 = 27-19, for k = 2 we can take 
n2 = pip2, where po = 19. 

Assume now that for some k > 2 we have constructed the corresponding 
Nk = Pip2.--Pk Such that ng | 2"*-1 + 1 and ne | Pk + 1. By Lemma 2, 
there exists a prime pg+1ı such that pk+ı { 2P1P2--Pk-1 + 1 = a+ 1 (and hence 
Pk+1 is not one of p1,..., Pk), but pry, | 2P1P? Pk +1 = aPk +1. Now set 





>a?-a+tl1l>at+l1>p, 


Nk+1 = PktiNp. Since nj | Pk +1 | 2MkPk+1 +1 and by Lemma 1 we have 
Pia | 2kPk+1 + 1, we deduce that neve. a EA RPR + 1 = Phr + 1. 
This completes our proof. 


Problem 6.22. (Polish Training Camp) Let k be a positive integer. The 
sequence (an)n>1 is given by 


X dag =k”, forall n>1. 
d|n 


Prove that every term of the sequence is an integer. 


Solution. We shall prove the result by induction on n. The base case n = 1 
is clear. 

Assume now that n > 2 and that the result is true for all integers less than 
n. From the hypothesis we have that 


Nan + ` dag = k”. 
d|n,d<n 
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We shall prove that n | | k” — D9 daq |. Let p be a prime dividing n and 
d|n,d<n 
let n = p’x, for some x coprime to p. From the induction hypothesis we know 


that | 
k- X dag=k"-— J dag 
d|n,d<n d|p" iz 
= [pra = pp *a 


= p's (KP” Ve — 1) (mod p”). 
If p | k, then we are done. Otherwise, by Euler’s Theorem, we have that 


p | (kP Pe = 1) 


In either case, we obtain that p” divides | k” — ` daq |. As this holds 
djn, d<n 
for all p | n, we obtain the desired conclusion. 


Problem 6.23. Prove that there is a permutation (a1,a2,...,@n) of 
(1,2,3,...,n) such that none of the numbers aj, a1+4@2,...,@1+@2+...+@n-1 
is a perfect square. 


Solution. We prove the statement by strong induction on n. For the base 
cases n = 1,2,3 we can take the permutations (1), (2,1), and (3,2, 1), respec- 
tively. 

Now assume we have proved the assertion for n < k, some k > 4. If 
1+2+...+(k-— 1) is not a perfect square, then we can take the permutation 
to be (a1,a2,...,ak—1, k), where (a, a2,...,@,—1) is the suitable permutation 
of (1,2,...,4 —1) from the induction hypothesis. If 1+2+...+(k—1) is 
a perfect square, then 1+2+...+(k—2) and 1+2+...+ (k-—2)+k& are 
not, so we can take the permutation to be (aj, a2,...,@%~-2,k,k — 1), where 
(a1, Q2,...,@z—2) is a suitable permutation of (1,2,...,k — 2). 


Problem 6.24. Prove that any integer can be represented in infinitely many 
ways as +17+ 22 + 37+...1+¢?, for a convenient t and a suitable choice of 
the signs + and —. 
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Solution. We divide our proof into two steps. We first show that each number 
can be written in the given form in at least one way. Then we prove that if a 
number can be written in at least one way in the given form, it can be written 
in infinitely many ways. The key ingredient for our proof is the identity 


(¢+1)* — (¢4+. 2)? — (¢4+.3)? +447 =4 


This shows that if n can be represented as a sum of t terms, then n + 4 can 
be written as a sum of t+ 4 terms. This will be our induction step (from n 
to n+ 4) for the first part of the proof. We are left to check the base cases 
n=0,n=1,n=2,n=3. For these we have 


O=174+2?-3°4+ 4-57-6747; 


bst 
2 = 1? -2° — 3° +47; 
ee oe 


This completes our induction, establishing the first part of the proof. 
For the second part of the proof, notice that from the identity 


GFI = (+I = EFI 4¢447- =4 
we immediately deduce the identity 
(t+1)—(t+2)?— 643) +(t+4) —(t+5)} + (t+6)+(t+7)?—(t+8}7 = 0. 


Therefore, if n can be represented as a sum of t squares, then n can be repre- 
sented also as a sum of t + 8 squares. This completes the second part of our 
proof, establishing the result. 


Problem 6.25. (Romania TST 2013) Find all positive integers n that can 
be written as 


a (a? + ay — 1)(a¥ + ag —1)--- (a? + ax — 1) 
(b? + by — 1)(b3 + b2 —1)--- (b2 + bk — 1)’ 


for some positive integers a;,b; E€ N* and some k € N*. 
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Solution. First, notice that a? = a — 1 is always odd, hence any such n must 
be odd. Next, notice that for any odd prime p 4 5 with p | (a*+a—1) we 
have p | ((2a + 1)? — 5), so 5 is a quadratic residue mod p, hence p = 1,4 
(mod 5). 

We now claim that all odd integers with all prime factors to 0, 1 or 4 
modulo 5 can be written in this manner. We call such a number good. 


; t= 
We can prove this by induction. The base cases are covered by 1 = a 


and 5 = — Suppose we have written all good numbers strictly less than 
17 


k > 5, which we assumed to be good. If k is not prime, then it is a product of 
two good numbers and these can be written in the given form, so their product 
is also good. Otherwise, if k is prime and good, then we can finda 0 < a< k—1 
such that k | a2—5. Since we also have k | (k—a)? —5, after possibly replacing 
a by k — a, we may assume a = 2b + 1 is odd. Thus k | b? +b -— 1. Since 
bt bt l < k and obviously it is a good number, we know E it can be written 


in tie required form and hence so can its reciprocal meit Thus writing 
k= a ' viet finishes this case, hence the induction step and the proof. 


Problem 6.26. (USA TST 2006) Let n be a positive integer. Find, with 
proof, the least positive integer d, which cannot be expressed in the form 


n 
S (-1)% 2i 
i=1 
where a; and 6; are non-negative integers for each 7. 


Solution. The answer is d, = 2-44 + 1. We first show that dn cannot be 
obtained. For any p, let t(p) be the minimum number n of terms required 
to express p in the desired form and call any realization of this minimum a 
minimal representation of p. If p is even, any sequence of b; that can produce 
p must contain an even number of zeros. If this number is non-zero, then 
cancelling one against another or replacing two with a b; = 1 term would 
reduce the number of terms in the sum. Thus a minimal representation cannot 
contain a b; = 0 term, and by dividing each term by two we see that t(2m) = 
t(m). If p is odd, there must be at least one b; = 0 and removing it gives a 
sequence that produces either p — 1 or p+ 1. Therefore, we obtain 


t(2m — 1) = 1 + min{t(2m — 2), t(2m)} = 1 + min{t(m — 1), t(m)}. 
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With d, as defined above and c, = at we have dg = c, = 1, so 


t(do) = t(c1) = 1 and 





t(dn) = 1 + min{t(dn-1,t(cCn)} and t(cn) = 1+ min{t(d,_-1), t(cn_1)}. 


Therefore, by induction, t(c,) = n and t(d,) = n+1 and dn cannot be obtained 
by a sum with n terms. 

Next we show by induction on n that any positive integer less than dn can 
be obtained with n terms. By the inductive hypothesis and symmetry about 
zero, it suffices to show that by adding one summand we can reach every p in 
the range dn_1 < p < dn from an integer q in the range —dn-1 < q < dn-1. 
Suppose that c, +1 < p < dn — 1. By using a term 2?”~!, we see that 
t(p) < 1+ t(lp — 27"—1]). Since 


Ce Se E E a I 


it follows from the induction hypothesis that t(p) < n. Now suppose that 
dn-ı < p < cn. By using a term 22"~?, we see that t(p) < 1 + t(lp — 2?"-?)). 
Since 


2n—2 2n—2 
Cn — 2 =2 — dn—1 = Cn—1 < dn-1, 


it follows again that t(p) < n. 


Problem 6.27. (USAMO 2003) Prove that for every positive integer n 
there exists an n-digit number divisible by 5”, all of whose digits are odd. 


Solution. We will use induction on n > 1. 

For the base case n = 1 we can take the number 5. 

For the induction step, assume that we have constructed a number A of k 
odd digits, which is divisible by 5*. Notice that each of the numbers 1, 3, 5,7, 
9 gives a different residue modulo 5. Since there are just 5 residues modulo 
5, they must cover all residues modulo 5. Hence there exists c € {1, 3,5,7,9} 
such that 


T E 


BE (mod 5) or c- 10° =—A (mod =) 


Then the number 10*c + A is the desired number. So the statement is also 
true for n = k + 1, which completes our proof. 
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Problem 6.28. (IMO 2004) We call a positive integer alternating if every 
two consecutive digits in its decimal representation are of different parity. Find 
all positive integers n such that n has a multiple which is alternating. 


Solution. The answer depends on the very essence on the decimal number 

system, thus on the powers of two dividing n. For example, if 10 divides n, 

then the last digit of any multiple of n is 0, so if an alternating number is 

divisible by n its ten’s digit must be odd, implying that n is not divisible 

by 20. Let us prove that this is also a sufficient condition, namely that the 

numbers which are not multiples of 20 have a multiple which is alternating. 
The numbers not divisible by 20 split into four groups: 


m,2"-m,5"°-m,2-5"-m, where gced(m,10) = 1. 


We first treat the case of m with gcd(m, 10) = 1. Among the numbers of 
the form 101010101...01 there are two who give the same remainder upon 
division on m. Subtracting the smaller from the larger and cutting the irrele- 
vant zeroes, we get a number of the form 1010...01 (which is alternating) and 
divisible by m. The method above can be generalized to construct a number of 
the form 100...100...0...100...01 divisible by m, where between any two 
consecutive unities there are k zeroes. ‘This number is not alternating, but we 
shall need it for the next cases. 

Turning to the other cases, we first prove that 2% has an alternating mul- 
tiple of k + 1 digits, by induction on k. The base case is clear. 

Now assume that we have constructed an alternating multiple M of 2* 
with k + 1 digits. If M is divisible by 2*+1, just add 10*+! or 2-10*+! to it 
to make it into an alternating multiple of 2*+! with k + 2 digits. If it is not 
divisible by 2**!, then we may add 2 or subtract 2 from the digit representing 
10*—! in the decimal representation of M (if the digit is larger than 1, subtract 
2, otherwise add) and make it into an alternating number divisible by 2*+?. 
Again we add 10**! or 2-10*t! to it to ensure the induction step. 

By induction on k, we can also prove that 2-5” (hence also 5”) has an 
alternating multiple of k+1 digits. The base case is clear. Now let us consider 
a multiple M of 2-5* with k+1 digits. If M is also divisible by 5*+1, add 1 or 
2 in front of it to do the induction. Otherwise, look at the second digit of M 
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(i.e. the one accompanying 10%). Only its parity matters, so we can change it 
into one of the other four possible values, and it is clear exactly one of these 
changes will turn M into a multiple of 5’+!. Again, by adding 1 or 2 in front 
of the resulting number we complete the induction. 

We have showed that we can find an alternating multiple of 2", and 2-5* 
having k + 1 digits. We may assume that it has an even number of digits, as 
otherwise we can add one more digit at the beginning such that the multiple 
is still alternating. Thus its leading digit is odd. Now if it has d digits, then 
multiplying it by a multiple of m of the form 10°(@+) + 10¢-D@D 4.0.41 
(which we proved above exists), we construct an alternating multiple of 2*°m 
or 2- 55m. 

Thus for n of the form 2% - m, 2-5*-m or 5*-m, an alternating multiple 
exists. So the answer to our question is all numbers except for the multiples 
of 20. 


Problem 6.29. (IMO shortlist 2000) Does there exist a positive integer n 
such that n has exactly 2000 prime divisors and n divides 2” + 1? 


Solution. We prove the existence of an odd positive integer n divisible by 3, 
having exactly k prime divisors and dividing 2” + 1, by induction on k. 

The base case is k = 1 for which we take n = 3. 

Now assume that we have found n with k prime divisors and n | (2” + 1). 
As (x? — x+ 1,x + 1) | 3 (because z? — z + 1 — (x + 1)(x — 2) = 3), we deduce 
that either 22” — 2” + 1 is a power of 3 or 2%” — 2” + 1 has a prime divisor p 
which does not divide 2” + 1 and thus does not divide n. 

The first case is impossible, as 2?” — 2” + 1 is not divisible by 9 since 
22n = 26% = 1 (mod 9), 2” = 26M+3 = —1 (mod 9), so 2” -2# +1 = 3 
(mod 9). Thus there is a prime divisor p | 2°” — 2” + 1 which does not n. 
Then p | (257 +1) and 3 | (27 — 2” +1), so 3np | (2" + 1)(27" — 2” + 1), 
hence 3np | (297 + 1) and since (2°" + 1) | (29°? + 1), we have that 3np is the 
desired number. 


Problem 6.30. (IMO shortlist 2002) Let p1, po,..., pn be distinct primes 
greater than 3. Show that 2P1P2" Pn + 1 has at least 4” divisors. 


Solution. We will prove the result by induction on n. Before we do that let 
us prove some preliminary results: 
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Lemma 1. If gcd(a,b) = 1 and a,b are odd, then gced(2% + 1,2? + 1) =3. 
Proof. Let d = gcd(22 + 1,2? + 1). 3]d and 
d| god (272 — 1,226 — 1) = gecd(2a,2e)_ 1 = 9? — 1 = 3, 
sod = 3. 
Lemma 2. If a is an odd positive integer and 3 { a, then 9 { (2° + 1). 


Proof. If a = 3k+1 we have 2° +1 = 2(23*+1)—1 = 9t—1, and if a = 3k4+2 
we have 27+ 1 = 4(2% + 1) -3 = 9t— 3. 





Back to our original problem, let N = pı -po-...: Pn and N’ = x, 
The base case n = 1 is easy to prove, since 2? + 1 has the divisors 
1,3, ZL 2P + 1 and we have 3 Æ s because p > 3. 


Assume that we have proved the result for n— 1, where n > 2. This means 
that 2%’ +1 has at least 4"~! divisors. Notice that 


(25 +1) | (2% +1), 2841] (2% +1), 
so by applying Lemma 1 to a = p,,b = N’, we get 
Pa +1 QN4] 














3 2N' 4+1 
On the other hand, we clearly have 
ANL -e 
Pn Pn 3 ON’ + 1’ 





N . e 
es has at least four divisors: 


which means that 5 


Pn +1 3 2N p1 AE 


di = 1, do = ——— Ee d d4 = = 
i a 3° 3am ty Qn? OO oN 


and the inequalities give pnd, < dk+1. For each d | OF iat 1), each of did is a 
divisor of 2% + 1. Since 


N’ Qn + 1 N’ N’ (pn—1) N'(pn—2) 


= ged (2% F 1, Dn) | Pn) 
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we cannot have did = d,d’ with i < j as gcd(d;,d) | Pn would force d; | dipn, 
and hence d; < dipn, contrary to our construction. Thus the divisors d;d are 
distinct. 

Hence 2% +1 has at least 4-4"—! = 4” divisors. 
2 + b2 





Problem 6.31. (IMO 1988) Show that if a,b and q = : are non- 


ab+1 
negative integers, then q = gcd(a, b)?. 


Solution. We will prove the result using induction on ab. For ab = 0, things 
are clear. 

For ab > 0, by symmetry, we can assume without loss of generality that 
a < b. Assume that the result holds for all possible values less than ab. ‘To 
use the induction hypothesis, we look for an integer 0 < c < b such that 


a? + e 


, O<c<b. 
ac+1 





We can find the value of c explicitly, since 


a? +b He 
ab+1  ac+l1 








q, 


SO 
b? — ¢? b+c 
— =q & — =qSc=agq-b. 
ab — ac a 
Since c = aq — b and q = (a,b), we have that q = (a,c) as well. Therefore, 
from the inductive hypothesis for q = (a, c)? we have the result for q = (a, b)?. 
The only thing left to show is that we indeed have 0 < c < b. For this, notice 


that 








a? +b a+b a b 
= = = Se) 
ab+1 ab b a 
SO 
a? b? 
aga toS p POS Uag a ee 
Moreover, 
a? + c? 





—İ 
q = H ana a ee CeA 


ac+ 1 
This completes our proof. 
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Problem 6.32. (IMO 1999 shortlist) Prove that there exist two strictly 
increasing sequences (an) and (bn) such that an(an+1) divides b2 +1 for every 
natural n. 


Solution. We begin our solution by noting that it suffices to find positive 
integers Cn, dn such that an | (c2 +1), (an + 1) | (d? +1), because then, since 
(dn, Gn +1) = 1, we can find bn = cn (mod an), bn = dn (mod an +1). 

Let us show that an = 5°” works.We have a, + 1 = 5°” +1 = (5")* +1, so 
all we need to show is that there is some cn such that 52” | (c2 +1). 

We can show something more general: if p is a prime of the form 4k + 1, 
then there is a tn such that p” | (t2 + 1). 

We construct tn inductively. Since p = 1 (mod 4), the Legendre symbol 
(=) = 1, so tı exists. 

For the induction step, assuming that p”~1 | (t2_, +1) we have to find 
k € {0,1,...,p —1} such that p” | ((tn-1 + kp”™t)? +1). This reduces to 


2 
p | (fsa + 2ktn—ı ), and it is clear that we can find such a k. 





Problem 6.33. Prove that for any two positive integers n and m, we have 
gcd (Fn, Fm) = Figcd(n,m): 


Solution. We first note that two special cases are trivial. If n = m, then the 
identity becomes gcd( Fin, Fm) = Fm, which is obvious. If n = m + 1, then the 
identity becomes gcd(Fm+1, Fm) = 1. This follows easily by induction on m. 
The base case reads gced(Fo, F3) = ged(1,1) = 1. The inductive step follows 
since 


Ped Emili tim) = ocd a = Fa ln) — cd faa a) SH L 


We will prove the general result by induction on n + m. 

Ifn+m = 2, then, since n and m are positive integers, we must have 
n = m = 1, and this case was treated above. 

Now let k be a positive integer, and assume that the relation gcd (Fy, Fm) = 
Fgca(n,m) holds for any two positive integers n and m with n+m < k. We 
will then show that it also holds for any two positive integers n and m with 
n+tm=k. 
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Let n and m be two such integers. The case n = m was handled above, 
so without loss of generality, we can assume that n > m. Then, n-m isa 
positive integer. Now, applying Cassini’s identity: Fintn = Fm4iln+FmFn-1 
to the positive integers n — m and m, we get 


En = Fin-m)+m = Fa-mb m4 + f(n—m)-1F m- 
Thus 
ged ( Fis Fm) = eed fin ade + Pela Em) = 2d Prem itty m): 
But we saw above that Fm+1 and Fm are relatively prime, so this gives 


gcd(Fn, Fm) = gcd(Fn—m, Fm) = F gca(n=m,m) = Fgcd(n,m)» 
where the second inequality is the induction hypothesis. 


Problem 6.34. Let n be a positive integer which is not divisible by 3. Show 
that z3 +y’ = z” has at least one solution (z, y, z) with z, y, z positive integers. 


Solution. We prove the result by induction on n, when n Æ 0 (mod 3). The 
base cases are n = 1 and n = 2. For n = 1, we have 18 + 2? = 9. For n = 2, 
we have 1° + 2° = 37. 

For the induction step, assume that we have 


r? +y3 =z, for n#0 (mod 3). 
We then take 2743 = Zn£n, Yn+3 = ZnYn, 2n+3 = Zn and we have 


3 3 — BST 29 3 
Tn+3 lr Yn+3 JE A =e Yn) 
— ,3,n _ ~nt+3 _ ~n+3 
= ZnZn = Zn — “n+3° 
This completes our proof. 


Remark. There is also a short proof for the above question which does not 
use induction: If n = 3r +1, take z = a(a® + 6°)", y = b(a® + b3)", and 
z=a?+0b°. If n = 3r + 2, take z = a(a? + b$)?" +l, y = b(a? + 3)" +1, and 
z = (a +0°)?. 
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Problem 6.35. Let n be a positive integer. What is the largest number of 
elements that one can choose from the set A = {1,2,...,2n} such that the 
sum any two chosen numbers is composite? 


Solution. We prove by induction on n that if we choose n + 1 numbers from 
A, then there exist two numbers whose sum is prime. 

When n = 1, there is nothing to prove, as 1 + 2 = 3 is prime. 

Assume now that the statement holds for all integers 1 < n < m — 1, 
m > 2, and we show that it also holds for n = m. 

By Chebyshev’s theorem, there is a prime number in the interval (2m, 4m), 
call it p. Let p = 2m + k, for some k > 0. Then k is odd and k—1 < 2(m—1). 
Notice that if we choose m+ 1 numbers from the set {1,2,...,2m}, we either 
choose more than half of elements in the set {1,2,...,4—1} or by Pigeonhole 
Principle, we choose both elements of one of the following pairs: 


k+2m-1 k+2m+1 
(k, 2m), (k, 2m —1),...,(—7——=, —=S——) 

In the first case, the conclusion follows from the induction hypothesis ap- 
plied to n = (k — 1)/2, while in the second case the result holds because the 
sum of elements in each of the above pairs is p. 

This completes our induction. 

To finish the question, notice that an example with n elements is given by 
choosing the elements 2,4,6,...,2n. 


Problem 6.36. (Bulgaria 1999) Find the number of positive integers n, 
4 < n < 2* —1, whose binary representations do not contain three equal 
consecutive digits. 


Solution. Let a, be the number of numbers having k digits in binary and 
not containing three consecutive digits. Then the answer to our question is 
a3 +ag+...+ax. To establish a recurrence for az, we use a method which 
is very helpful for many similar problems: we split the sequence into more 
sequences which are easier to investigate. 

More precisely, we define a(00)n, a(01)n, a(10)n, a(11)n to be the number 
of numbers of n binary digits that do not contain three consecutive equal digits 
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and end up in 00, 01, 10 and 11, respectively (in binary). By looking at the 
third digit from the end we establish the following relations: 


a(00)n = a(10)n-1; 
a(01)n, = a(00)n—1 + a(10)n-1; 
a(10)n = a(11)n-1 + a(01)n-1; 
a(11)pn = a(01)n-1. 


From these, we get that 
a(00)n + a(11), = a(10)n—1 + a(01)n-1 
and 
a(10)n, + a(0l)n = a(00)n-1 + a(11)n—1 + @(10)n—1 + a(01)n—1 = Qn-1. 
Hence a(00)n + a(11)n = an-2, So 
a(00)n +a(11)n + a(10), + a(01)n = an-1 + an-2. 


Since a3 = 3, a4 = 5, we conclude that an = Fn+1 by induction on n. So the 
desired number is F4 + F5 +...+ Fy. Now the relation Fi + Fo +... + Fk = 
F429 — 1 (which follows by a simple induction on k), gives us that the answer 
to our problem is Fk+2 — 1 — Fy — Fo — F3 = Fko — 5. 


Problem 6.37. Prove that every positive integer is a sum of one or more 
numbers of the form 2"3°, where r and s are non-negative integers and no 
summand divides another (for example, 23 = 9 + 8 + 6). 


Solution. We prove the statement using strong induction. The base cases 
n = 1, n = 2 and n = 3 are clear. 

For the induction step, assume that the result holds for all integers less 
than some n > 4. We distinguish two cases: 

If n is even, then > can be properly represented. By multiplying each of 
the powers in the representation by 2, we get a representation of n. 

If n is odd, then let 3° < n < 3*+1. If n = 3* the representation is clear. 


If n > 3f, then n8 is an integer which can be represented as a desired sum. 
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Multiply each term in the representation of n=3" by 2 and add 3*. We claim 
7 y 


we get a good representation for n. Clearly no summand coming from the 
; n—3 oie . 
representation of “;— can divide another such summand. Also since all such 


K ; _3k . 
summands are even they cannot divide 3%. Since 2 = is less than 3%, no 


summand coming from the representation of n3" can be divisible by 3°. 











Problem 6.38. Let p > 3 be a prime and let aj, a2,...,a@p)-2 be a sequence 
of positive integers such that p does not divide either a, or af — 1 for all 
k = 1,2,...,p— 2. Prove that the product of some elements of the sequence 
is congruent to 2 modulo p. 


Solution. Clearly 2 is not really relevant modulo p, so we may suspect that 
any non-zero residue modulo p may be represented as the product of some 
elements of the sequence. A natural approach by induction would be the 
following statement: 

The set of products of elements of the set {1,a1,a2,...,a,} contains at 
least k + 1 distinct residues modulo p (we added 1 to our set because we need 
a set of k + 1 numbers to build k + 1 different residues and the condition 
pt{ ay — 1 implies that none of a;’s is equal to 1). 

The base case k = 1 is true as a; and 1 have different residues modulo p. 

Now assume that there are j elements 6), 62,...,6; with different non- 
zero remainders modulo p represented as the product of some elements of 
the set {1,a1,...,a;-1}. The numbers bja,,b2a;,...,bj;a; also have different 
non-zero remainders modulo p. ‘These remainders cannot be a permutation of 
b1, b2,...,6;, because otherwise by multiplying we would get 


bib at bj = (a;b1)(a;b2) ee (a;b;) (mod p), 


thus af = 1 (mod p), which is a contradiction. So one of the numbers ajb; 
does not give the same residue modulo p as any of the elements in the set 
{b1,b2,...,bj}. Hence the set {b1,b2,...,bj, ajbi} is the desired set of j + 1 
numbers. This establishes the induction step. 

According to the above result, the product of some elements of 
{1,a1,...,@p—2} is congruent to 2 modulo p, because all the p — 1 different 
nonzero residues modulo p were proved to be represented as such a product. 
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We can remove 1 from the set since it is irrelevant for the products, and we 
get that the product of some numbers from {a1,a2,,...,@p—2} is 2 modulo p. 


Problem 6.39. Let n be a positive integer. Prove that the number of ordered 


pairs (a,b) of relatively prime positive divisors of n is equal to the number of 


divisors of n?. 


Solution. We will prove the result by induction on the number of distinct 
prime factors of n. As usual, we denote the cardinality of a set S by ||, and 
the number of positive divisors of an integer n by T(n). 

The base case n = 1 is immediate. Now suppose n has only one prime 
factor, n = pë. Then T(n?) = r(p?*) = 2k + 1, and 


l{(a,b): a|n,b |n, ged(a, b) = 1}| 


= |{(#,1): 1 <i <k} + H(p); 1 <i <k} +H, D} = 2k +1. 


For the induction step, suppose that n = mp*, where the prime p is not a 
factor of m. Since the function 7 is multiplicative and ged(m?, p?*) = 1, we 
have T(n?) = r(m?)(2k +1). By the induction hypothesis we obtain 


|{(a,b) : a | m,b |m, gcd(a, b) = 1}| = T(m’). 
We now see that 
|{(c,d) : c| n,d | n, gcd(c,d) = 1}| = [{ (a,b) : a | m, b | m, ged(a, b) = 1} 
+ |{(ap*,b) : a| m, b| m, ged(a,b) = 1,1 < i < k}| 
+ |{(a,bp): a| m,b| m, gcd(a,b) = 1,1 < i < k}| 
= T(m?) (2k + 1), 
which completes the proof. 


Problem 6.40. Prove that for each integer n > 3, there are n pairwise distinct 
positive integers such that each of them divides the sum of the remaining n—1. 


Solution. We proceed by induction on n > 3. The base case is n = 3, for 
which we can take (3,6,9) as an example. 
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Assume now that the statement holds for some n > 3 and let 
(£1, T2,..., Zn) be n pairwise distinct positive integers with this property, and 
let s be their sum. Then the statement also holds for (x1, £2,..., £n, 8), since 

from the induction hypothesis we have 


n n n 

TA X zj+s = D ED , Wee {l,...,n}. 
j=l j=l j=l 
j#t j#t j#t 


The check for s is immediate. This completes our induction step and thus the 
proof. 


Problem 6.41. (USAMO 2008) Show that for all positive integers n we 
can find distinct positive integers a1, @2,...a@, such that a,-a2---a,—1 is the 
product of two consecutive integers. 


Solution. We prove the result by induction on n. For n = 1, choose a; = 3 
and we have aj — 1 = 1(1 + 1). For n = 2 choose a; = 1, ag = 7 and we have 
that a, - a2 — 1 = 2(2 + 1). 

Assume now that the result holds for some n > 2, that is, there are distinct 
positive integers a1,...@,, such that aj-a2---a,—1 = k(k+1), for some positive 
integer k. This implies that 


Q1-°G2°+'Qn = k? +k 41, 
SO 
(k= ky Dar az an= (k —k4+1)(R+k41) =k tkn 
So we choose an41 = k? — k + 1 and we have that 
a1 -a2 anyi — 1 = k? (k? +1). 
Also, from a - a2---an — 1 = k(k + 1), we have that none of a1,...,an can 


be equal to k? — k + 1, since 2(k? — k + 1) > k? + k for any k > 3. Hence 
Q1,..-,Q@n41 are all distinct. This completes our induction. 
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Problem 6.42. We begin with a triple (a,b,c) of positive reals a,b,c, such 
that a < b < c. Starting with the given triple, at each step, we perform the 
transformation 


(x, y, z) S (|x =? y|, ly žl; |z B z|). 


Prove that we can eventually reach a 0 in one of the triples if and only if there 
exist positive integers n > k > 0 such that and 


nb = ka + (n — k)c. 
Solution. Let 
nb = ka + (n — k)c, (5) 


wherenEN, ke Zandn>k> 0. 

We prove by induction on n that we can eventually reach O in one of the 
triples. 

If n = 1, then b = a or b = c, thus |a — b| = 0 or |b — c| = 0. | 

For the induction step we show that if the statement holds true for 1 < n < 
S — 1, where S > 2, S € N, then it also holds for n = S. 

Let Sb = pa + (S — p), S> p> 0, SEN, pEZ. 


IfO<p< z’ we have that 
(S — p)(a — b) = p(b — c) + (S — 2p) (a — ©). 
Therefore, 0 will be in one of the triples obtained from the triple 


(la — bj, |b — cl, |c — al). 
S 
If 3 < p < S, the conclusion follows from the fact that 


p(b—c) = (S — p)(a — b) + (2p — S) (a — c). 


If p = 0 or p= S then we clearly have the result as well. 

Conversely, let us now prove that, if 0 is in one of the triples, then (5) holds. We 
notice that, if for some triple (5) holds, then it also holds for any triple obtained 
before this triple: assume that we have obtained the triple (x — y, y — z, x — z) 
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from the triple (x,y,z), where x > y > z > 0 and let y — z > x — y. We have 
that 
n(y — z) = k(x — y) + (n — k)(z — 2). 


Therefore, 
(n + k)y = nz + kz. 


Hence, if 0 is in one of the triples obtained from the triple (a,b,c), then the 
triple (d, d,e), where 1-d=1-d+0-e, is the triple that precedes the triple 
containing 0 in the sequence of transformations. So (5) holds for this triple and 
therefore, (5) holds for (a,b,c) too. This completes the proof of the question. 


Problem 6.43. (Poland 2000) A sequence pı, p2,... of prime numbers sat- 
isfies the following condition: for n > 3, pn is the greatest prime divisor of 
Dn—1 + Pn—2 + 2000. Prove that the sequence is bounded. 


Solution. Let bn = max{pPn, pn4i} for n > 1. 

We first prove that bn+1 < bn + 2002 for all such n. Certainly pn+1 < bn, so it 
suffices to show that prio < bn + 2002. If either pn or pn+1 equals 2, then we 
have Pn+2 < Pn + Pn+1 + 2000 = bn + 2002. Otherwise, pn and pn+1 are both 
odd, so Pn + Pn+1 + 2000 is even. Because pn+2 Æ 2 divides this number, we 
have 


Pn + Pn+1 + 2000 = Pn + Pn+1 


< f 
9 5 + 1000 < 6, + 1000 


Pn+2 < 
This proves the claim. 
Choose k large enough so that bı < k - 2003! + 1. We prove by induction that 
bn < k- 2003! +1 for all n. If this statement holds for some n, then 


bn+1 < bn +2002 < k - 2003! + 2003. 


If bn+1 > k- 2003! + 1, then let m = bn+1 — k- 2003!. We have 1 < m < 2003, 
implying that m | 2003!. Hence, m is a proper divisor of k - 2003! + m = bn41, 
which is impossible because bn+1 is prime. Thus pn < bn < k 2003! + 1 for all 
n, which establishes the result we wanted to prove. 


Problem 6.44. Prove that for all positive integers m, there exists an integer 
n such that ¢(n) = m!. 
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Solution. For k > 1, let py, be the k-th prime number. We will prove by 
induction on m that if pẹ < m < pk+ı then there is a number n whose 


prime factors are p1,...,pķ with some (positive) multiplicities and such that 
pln) =m. 
The base cases are 1! = (1), 2! = (4), 3! = (18), 4! = (72). 


Suppose now the result holds 3 all aa smaller than m. If m = pg, then 
by the induction hypothesis, we have 


(pr — 2)! = o(p - PP +... Pear); 


for some positive integers e€1,...,€ķ—1. By the multiplicative property of œ, 
we have 


pe! = De (Dk — 1) (pr — 2)! = (pk) (Pe — 2)! 
= (pe) b(pT PP > +. PET) 
= o(p PF >- it 4 Po 
This proves the statement for m = px. 
Assume now that pp < m < prii. Then m = Mt p;*. Also by the induction 
= 


hypothesis, we have 


lpi - ph? -...- pk) = (m — 1)! 
for some positive integers 61,..., Bp. Since the ; are positive we have 
m! = m-(m—1)! =p% - p$?-...-pe*b(py! pg -... + pR) 
= (pi Bier - po? a , pfr tary, 


This completes the inductive step and the proof. 


Problem 6.45. (Bulgaria 2012) Let p be an odd prime and let a1, ... , a@2p—1 
be distinct integers lying in the interval [1, p°] such that their sum is divisible 


by p. Prove that there exist positive integers bı,...,b2p—1 none of which is 
divisible by p, such that their representation in base p contains only 1 and 0 
2p—1 


and such that }— ajb; is divisible by p”°!”. 
j=l 
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Solution. We shall prove the statement for any exponent n > 1 of p, not just 
2012. We begin by showing the following: 


Lemma. If 71,...,2p—1 are positive integers, none of which is divisible by p, 
then for all 1 < r < p—1 we can choose some of the x;’s such that their sum 
is r modulo p. 


Proof. Let 1 < k < p—2 be such that the numbers 71,...,7r, have different 
residues modulo p. Adding zķ+ı to each term, we obtain the sequence 


Cee FE TCE T Tesis Pea Fip 


Notice that no two terms in the new sequence will give the same residue 
modulo p. Also notice that the residues given by the second sequence cannot 
be a permutation of the residues from the first sequence, as we would then 
have 


rı +Tr2 +... +rk= (rı + £k+1) +... + (rk +£k41) (mod p), 


giving k- £k+41 = 0 (mod p), which contradicts the fact that p 7 £k+1. There- 
fore, we obtain at least one new residue by this construction and inductively, 
we can obtain all the non-zero residues. This proves our lemma. 

Back to our problem, we prove by induction on n that we can choose numbers 


b; with at most n digits in base p and all base p digits either 0 or 1, such that 
2p—1 
the sum ` ajbj is a multiple of p”. 
j=l 
2p—1 
The base case is n = 1. For this, we know that p | ` a;, SO we can choose 
i=1 
bi = bg =... = bəp—1 = 
For the induction step, assume that there are n-digit positive integers 
bi,...,bap-1, none of which is divisible by p, such that their representation 
in base p contains only 1 and 0 and such that 


2p—1 
` ajbj =p”. A, where A€ N*. 
j=1 
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We can assume that A is not divisible by p (as otherwise we would be done). 


Since a1,...,@ap—1 € {1, p’|, there are at least p — 1 numbers in this sequence 
which are not divisible by p. Without loss of generality, let them be aj,..., ap. 
By our lemma, we can find aj,...,@z such that 


aj +ag+...ta,+A=0 (mod p). 


Now set b; = bi + p”, fori =1,...,k and b} = bj, for j =k+1,...,2p—1. 


These numbers satisfy all the required conditions, and by above we have that 
2p—1 


` aib is divisible by p"*!, which completes our proof. 

l=1 

Problem 6.46. (Poland 2010) Prove that there exists a set A consisting of 
2010 positive integers such that for any nonempty subset B C A, the sum of 
the elements in B is a perfect power greater than 1. 


Solution. We prove by induction on t that for every 0 < t < 22010 _ 1 there 
exists a set U; of 2010 positive integers such that at least t nonempty subsets 
have their sums of elements a perfect power greater than 1. The base case 
t = 0 is trivial since we can just take any set of 2010 positive integers. 

Assume now that we have constructed a set U, for some 0 < t < 22010 — 1, 
There are t subsets of U; whose sums are perfect powers and let the sums 
of these subsets be n7"?,...,n;"*. Let V be any other subset of U; and let c 
be the sum of elements of V. We define Ut+ı to be the set consisting of all 
elements of U, multiplied by clem(m1,...mMe) ie. 


Ut+ı = {a- eG) aU). 


Notice that the t subsets of U; whose sums were perfect powers give subsets 
of Ut+ı whose sums are perfect powers. Moreover, the sum of elements in the 
subset of U;41 which corresponds to V is now c!+!e™(™1,-..™) hence a perfect 
power. This completes the inductive step. 

The set Uy2010_, will be the desired set A. 


Problem 6.47. (AMM) For a positive integer m, we let o(m) be the sum 


o(m) = > d. 


l<d<m 
dim 
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Prove that for every integer t > 1 there exists an m such that 


m <a(m) <a(a(m)) <... < (m), 


where oë =cgogo...og. 
Ne o 


k terms 
Solution. We prove the following, stronger statement: For all positive inte- 
gers t, there exists a positive integer n;, such that for all positive integers m 
for which n; | m and ged(nz, p) we have 


m < olm) <a(a(m)) <... < (m). 
We prove this by induction on t. The base case is t = 1, for which we can take 
nı = 12. 


Assume now that we have constructed n for some t > 1. Choose a prime p 
which does not divide n; and let k > 1 be such that 


p=1 (mod n2(p—1)). 
(one can take for example k = ¢(n?(p — 1))). We claim that m4, = p*-1- ni 
satisfies the required properties for the induction step. 


Indeed, let m be such that ne41 | m and gcd(ne41, aa = i 
Also let A(m) = m + o(m). Notice that v»(m) = k — 1 and A(p*') | A(m), 
so we have n? | ae | A(m). Hence 


GA cag 


TUt 





a(m) = A(m) —m=—m_ (mod n2) > gced(nz, 


From the induction hypothesis, o(m) satisfies the conditions of the problem, 
so we have 
a(m) < 07(m) <...<a°(a(m)) = ott (m). 


Since gcd(nz, 7) = 1, we also have m < o(m) and we are done. 


Problem 6.48. (Moscow 2013) For a positive integer m, we denote by S(m) 
the sum of digits of m. Prove that for any positive integer n, there exists an 
integer k such that 


S(k) =n, S(k*)=n?, S(k) =n’. 
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Solution. We prove by induction on n, the following, stronger statement: For 
any positive integer n, there exists a positive integer k, such that the decimal 
representation of k consists only of 1’s and 0’s, the decimal representation of 
k? consists only of 0’s, 1’s and 2’s, and 


S(k) =n, S(k*)=n?, S(k*) =n’. 


For n = 1 we simply take k = 1. Assume now that the result holds for some 
n > 1 and let kn be the corresponding desired number. Let d be the number of 
digits of kn. Now take kn+1 = kn + 10104, We prove that this number satisfies 
the conditions for n + 1. We clearly have S(kn+1) = 1+ S(kn) =n+1 and 


S(k2 1) = S(k2 + 2ky101* + 10°°¢) = $(k?) + 29 (kn) +1 = (n+ 1)’, 


since k2 < 1024, 2k,,10!94 < 10204, so the numbers k>; 2kn - 10194 and 10% do 
not share common digits which can affect their addition. Moreover, since k? 
consists only of the digits 0, 1 and 2, the same holds for k?,,. By a similar 
argument we have that the number 


kapi = hp + 3k, - 10° + 3k,10°% + 10° 
satisfies S'(k? = (n+1)%. This completes our proof. 
n+1 


Problem 6.49. Establish whether there exist positive integers aj < ag < 
... < an <... such that every number in the sequence a?, a? + a3,..., at + 
a2 +... +a2,... is the square of a positive integer. 


Solution. Let us take a; = 3 and for k > 1 we set 


2 


We first show that for n > 2, an is an even number. We do this by induction 
on n. 

For n = 2, we have ag = SSL = 4. 

Assume now that the result holds for all numbers as,...an, where n > 2. 

By definition we have 


a? +a +... +a? -—1 
a, ae 
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As all of a2,...,an are divisible by 2, we have that a2 + ... + a2 is divisible 
by 4. So by adding a? — 1 = 8, we obtain a number divisible by 4. Thus 


a? +a +... +a2-—1 
a oe 


is even, as we wanted. 
Note that az41 > ak since 


af —24+...4+a2,, + (a, — 1)” 


> 0 
9 ) 


Qk+1 — 2k = 
for any k > 1. 
On the other hand, we have that 


ssi ees abe} 


af taz +... +a + ary: =( 5 


a? +az+...t+a¢+1 


z is a positive integer for 


and by what we proved above, 
any k > 1. 
Therefore, the sequence we constructed satisfies all the conditions of the prob- 


lem. 


Problem 6.50. For which pairs (a,b) of positive integers do there exist only 
finitely many positive integers n such that n? | a” + b”? 


Solution. Let (a,b) be a pair of positive integers for which there exist only 
finitely many positive integers n such that n? | a” + b”. 
We begin by proving that if a and b have different parity, then a = 2 and 
b = 1 (or vice-versa). 
So let us assume that a > 3. We show by induction on k that the sequence 
(nk)k>ı defined by nı = 1 and 
a™k + OP 


= Vk>1 
UK+1 nn Z 


satisfies ng € N, nz | a™ +b", and ny < no <... 


6. Number Theory 323 


If k = 1, the result clearly holds, as nı = 1 and 1 | (a+ b). 

For the induction step, we prove that if the result holds for k > 1, then it 
also holds for k + 1. 

From the induction hypothesis we have that nz; € N, 


ne |a” +b" and ny <no<...< ng. 


Note that a”* + 6”* is an odd number and therefore ng is odd as well. Let 
ak + 6" = n2 - mg, where my is an odd number. We have that 
k 


qk 6% 3k 
Nee = ———_-_ > — > nk: 
nk nk 


Indeed, the number of terms in the sequence v3, v. ee TEH k is equal 
to nz, and 


=e aa 3-1 Gs = Si 


where m € N. Thus /3"" > ng, hence 3% > n2. 


It follows that 
ark + 6% 


> 1. 
z 
nk 


mkg = 
We have that mk is an odd number, hence 


qtk-1 + bk-1 = gtk Tk a. bk Mk 
= (a™ z bP) ((qgrk met = (ar) mk? Fank Ca a) 
= NkNk+1(Nk+1 + Ák + Mp(b?)™ t) 


Si Ap nk EOS, 


where Ay € Z. Thus, ng}; | (a+! + b"*+1) and ni < ng <... < Nk < Nk+1: 

This shows that we cannot have a > 3. The same proof applies if we 
assume b > 3. It follows that a = 2, b = 1 (or vice-versa). When a = 2, b = 1 
we obtain n? | (2” + 1). It is a nice exercise to show that this can only happen 
when n=lorn=s3. 
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We now treat the case when a and b are even numbers. We consider the 
sequence (nk)k>1 given by np = 2*. From Bernoulli’s inequality, it follows 
that 2*-! > k. Hence (2*)? | (a?" + bET, for any k > 1. 

In a similar way one can prove that if p € N and p > 1, p | a, p | b, then 
(p*)? | a?" +P", for any k > 1. 

This leaves us with the case when a and b are odd and coprime. Let 
a+b = 2} . m, where k € N and m is odd. 

First suppose m > 1. We prove by induction on l, that if we consider the 
sequence nı = 1, 

n nı 
N41= S, for l>1, 
then n € N, 2*- (nj)? | (a™ +6"), 2°41} (a™! + b™) and ni < no <... <n. 

If l = 1, then 2% . 1? | a +b and 24+! fa +b. 

For the induction step we show that if the statement holds for l, then it 
also holds for L+ 1. We have that a + b > 3 - 2}, hence 





a+ b\m™ 
a™ + 6™ ( 9 ) gk-1 . 3m 
SORR ee a 


On the other hand, we have that nj; > 1 is odd. Let nj41 = nj-m), where 
mı > 1 is odd. It follows that 


gti 4 prH = (aM 4 Cue 
= Frm ((2"rymigs, — BY? = (frn — BMY? BM (BM )™") 
= mnie (Enma Al T m;b™ m1), 
where A; € Z. Therefore, the number 
a™!+1 4 bri+1 — N A (25n? A; + pri(rm—1)) 


is divisible by 2" - n?,, and it is not divisible by 2**". 
This proves that we must have m = 1. Thus, a+b = 2", a and b are 


relatively prime. 
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Let n > 1 and 
n lan Fon: (6) 
Note that n is odd, as for n even, we would get 4 { (a” + b”), while both 
a” and b” are 1 modulo 4. 
Let p be the least prime divisor of n. Then p is odd and from (6) we deduce 
that p ła, p{b (because if it divides one, it must divide the other as well). 
By Fermat’s little theorem, we obtain that 


per ta (1 Sor ee 


On the other hand, we have that a” +b” | a?” — b?". Thus, p | a?” — b?”. If 
a = b, then a = 1, b = 1 and these values satisfy the conditions of the problem. 
If a > b, then 


p | (a — 0", a?) — Poh) = gre) _ pnp) & g? _ 9? 


We also have that a+ b = 2*, therefore p | a — b and p | (a” — b”). On the 
other hand, p | a” + b”. Hence, p | a and p | b. This leads to a contradiction. 

Thus, up to permuting a and b, the pairs (a,b) satisfying the conditions of 
the problem are (2,1), (1,1) and (2% — 2l + 1,2l — 1), where k € N, k > 2 and 
PD ca, 
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7 Combinatorics 


Problem 7.1. (IMO 2002) Let n be a positive integer and S' the set of 
points (x, y) in the plane, where xz and y are non-negative integers such that 
x+y <n. The points of S are colored in red and blue so that if (x,y) is 
red, then (z’,y’) is red as long as x’ < x and y’ < y. Let A be the number 
of ways to choose n blue points such that all their z-coordinates are different 
and let B be the number of ways to choose n blue points such that all their 
y-coordinates are different. Prove that A = B. 


Solution. Let a; be the number of blue points with x-coordinate equal to k 
and b; the number of blue points with y-coordinate equal to k. Using n — 1 
times the law of the product, we have that A = apa ---an_1. In the same 
way we have that B = bob1 --- bp_1. 

We are going to prove that the numbers ao, qj,...,@n—1 are a permuta- 
tion of the numbers bo, b1,...,6n—1 using strong induction. If we do this, we 
establish that their product is the same, so A = B. 

If n = 1, S consists of only one point. Then ag and bọ are both 1 or 0 
depending on whether the point is painted blue or red, so aọ = bọ. 

Now assume that the assertion holds for every k < n and we want to prove 
it for n + 1. 

There are two cases: 


1) Every point (x,y) with z + y = n is blue. If this occurs, we let S be 
the set of points (x, y) such that x+y < n and let a}, be the number of points 
in S’ with k in the z-coordinate and bi, the number of points in S’ with k 


in the y-coordinate. Then aĝ, aj, ...,@h—ı is a permutation of bo, bj,...,b,-4 
from the induction hypothesis. Moreover, we know that an = bn = 1 and 
ak = a, + 1, by = bp + 1 for every k < n. So bo, b1,..., bn is a permutation of 
A0, Ql; - -3 an- 


2) At least one of the points (x,y) with x+y = n is red. Suppose that the 
point (k,n — k) is red. Let Sı be the set of points (x,y) with z +y <n+1, 
x < k and y > n-— k. Notice that ao, a1,...,ak—-1 and bn-k+1,On-k+2,;. -On 
are the a; and b; that would be associated with S1. Therefore, from the 
induction hypothesis, one must be a permutation of the other. In a similar 
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manner we obtain that ak+1, @k42,.--, An iS a permutation of bo, b1,..., bn—441- 
Finally, ak = bn-k = 0, so putting all together, we have that ao, a1,...,Q@n is 
a permutation of bo, b1,..., bn. 


Problem 7.2. (IMO 2013 shortlist) Let n be a positive integer. Find 
the smallest integer k with the following property: Given any real numbers 
Q1,...,@q such that aj +ag+...+ag=nand0<a; < 1 for i = 1,2,...,d, 
it is possible to partition these numbers into k groups (some of which may be 
empty) such that the sum of the numbers in each group is at most 1. 


Solution. The answer to the problem is k = 2n — 1. If d = 2n — 1 and 
ai =... = Oona = PAE then each group in such a partition can contain at 
most one number, since a > 1. Therefore, k > 2n — 1. It remains to show 
that a suitable partition into 2n — 1 groups always exists. 

We proceed by induction on d. For d < 2n — 1, the result is trivial. If 


d > 2n, then, since 





(a1 +a2) +... + (a2n-1 + azn) < N, 


we may find two numbers a;i, ai+1 such that a; + aj41 < 1. We “merge” these 
two numbers into one new number a; + aj41. By the induction hypoth- 
esis, a suitable partition exists for the d — 1 numbers aj,...,a;-1,a; + 
Qj41,Q;42,...,@g. This induces a suitable partition for aj,..., aq. 


Problem 7.3. (TOT 2002) The spectators are seated in a row with no empty 
places. Each is in a seat which does not match the spectator’s ticket. An usher 
can order two spectators in adjacent seats to trade places unless one of them 
is already seated correctly. Is it true that from any initial arrangement, the 
usher can place all the spectators in their correct seats? 


Solution. The answer is yes. We prove this by induction on the number n of 
spectators. 

The case n = 2 is clear, since a single switch fixes everything. Assume 
now that the result holds for all numbers up to some positive integer n > 2 
and consider the situation when we have n+ 1 spectators. Denote by S; the 
spectator which has the ticket with number k. 
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Assume Sn+1 is seated in the seat m for some m < n. If the spectators 
in seats m to n+ 1 are in order Sn+1, Sm, Sm+i,---,5n, then we can fix them 
all by successively swapping Sn+1 until he reaches his correct position. We 
are then done by the induction hypothesis applied to the first m — 1 seats. 
Otherwise, there is a least | > m such that the seat l is occupied by some Sy 
with x Æ l— 1. By construction, for m < k < l, the seat k is occupied by S;_4 
so we have in seats m to l the spectators Sn+1, Sm,- -, 51-2, Sx. We perform 
a chain of switches to move S, from the seat l to seat m + 1 and we obtain 
another derangement $y41,5z7,5m,...,5j-2 where now Sọ is in the seat k +2 
form < k < l— 1. This brings S, to the seat m+ 1 and now we can swap him 
with S,41, bringing Sn+1 one seat closer to his actual place without putting 
anyone else in his correct seat. We repeat this process until Sn+1 is in seat 
n+ 1 and then use the induction hypothesis. 


Problem 7.4. (USSR 1991) Several (more than two) consecutive positive 
integers 1,2,...,n are written on a blackboard. In one move, it is permitted 
to erase any pair of numbers, say p and q and replace them by the numbers 
p+q and |p — q| instead. In several moves, a student was able to make all 
numbers on the blackboard equal to k. Find all possible values of k. 


Solution. The answer to the question is that k can be any number of the 
form 2° for any s satisfying the inequality 2° > n. 

First notice that after any move, there are only non-negative integers on 
the board. If the sum and the difference of two integers are both divisible 
by an odd number d, then these numbers themselves are also divisible by d. 
Since 1 was among the initial numbers, k has no odd prime divisors. ‘Thus 
k = 2°. Since at any move, the maximum of the numbers on blackboard does 
not decrease, k = 2° > n. 

To prove that each number k = 2° > n can be obtained, we shall use 
induction. Observe that if at some stage zero appears on the blackboard, then 
each number can be doubled in two moves: 


(0,a) > (a,a) > (0, 2a). 
Thus, if the following zeros and powers of 2 are on the blackboard: 


0,...,0,2"2,..., Fm 
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with at least one zero, then after several moves, it is possible to obtain 


0,2",...,2°, k = max(k1,..., km). 


Lemma. There is a sequence of moves that transforms the numbers 1, 2,..., 7, 
where n > 3 into the numbers 0, 2°+!,...,2°+!, where s is the greatest integer 
satisfying the inequality 2° < n. 


Proof. It is easy to check that the lemma holds for 3 < n < 6. For example, 
1,2,3,4,5 > 1,2,2,4,8 > 0,1,4,4,8 — 0,8, 8,8, 8. 


Now assume that n > 6. Suppose that for n’ < n the statement of the 
lemma is true. Let us represent n in the form n = 2° +b, where 0 < b < 2°. If 
b = 2°, then n = 2°*! and the inductive step is trivial, since by the induction 
hypothesis 1,2,...,n — 1 can be transformed into 0,2°+!,...,2°+!. Suppose 
that 0 < b < 2° (note that this implies either n = 7 or n > 8) and divide 
1,2,...,n into four groups: 

a) 1,2,...,2°-—b-1; 


c) 25 —1,...,2° — b; 

d) 2°+1,...,2°+6. 

After b moves involving the pairs (2° + 7,2° — i), we get the following four 
groups: 

a) 1,2,...,25— b- 1; 

b) 25; 

c) 2,4,6,..., 2b; 

d) gstl, gst : DTi, 

et 26 orre end (2° —b—1)+b= 2° — 1 > 7 for n > 8, in 
the first or third group, there are more than two numbers, so the induction 
hypothesis can be applied to this group giving at least one zero. For the other 
group, either it has at least three elements and we can also apply the induction 
hypothesis or this group contains only powers of 2. In both cases we get only 
zeros and powers of 2 on the blackboard. This proves the lemma. 

Let us now turn the original problem. Suppose that we want to obtain 
the numbers 2™,2™,...,2™ on the blackboard, where 2” > n. First, using 
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the lemma, we obtain the numbers 0, 2°t!,...,2°+!. Then, by doubling, if 
necessary, we can obtain 0,2™,...,2™, and finally 2”,2™,...,2™. 


Problem 7.5. (USSR 1990) We are given 4m coins, among which exactly 
half of the coins are counterfeit. All genuine coins have equal weights, all 
counterfeit coins also have equal weights, but a counterfeit coin is lighter than 
a genuine one. How can one determine all counterfeit coins in no more than 
3m weighings, using a balance without weights? 


Solution. We prove by induction the following, stronger statement: for an 
even number n, if n coins are given and if it is known how many coins among 
them are counterfeit, then it is possible to determine all counterfeit coins in 
[3n/4] weighings: 

For n = 2 the statement is true, since everything can be determined in one 
weighing. Suppose that n > 4. Let us compare two arbitrary coins. If they 
have different weights, we can classify them and since 


eag 


the problem reduces to the same problem for n — 2 coins. 

So suppose instead that the compared coins have equal weights. Then we 
shall compare this pair of coins with another pair. If the weights differ, then 
we shall compare the two coins of the second pair and all four coins after that 
will be classified. Since 


era +9 [a] 


the problem reduces to the problem for n— 4 coins. If the two pairs have equal 
weights, we compare these four coins with another foursome. If these two sets 
of coins differ in weight, then the first can be classified and the problem again 
reduces to n — 4 coins. If the two sets have equal weights, we compare these 
eight coins with another eight and so on. 

If at some stage of this procedure a group of 2™ coins differs from another 
group of 2” coins, then the coins of the first group (which are identical) can 
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be classified. Since 


eg | tems |B] 


the problem reduces to the problem for n — 2™ coins. Finally, if there are not 
enough coins to form another group of 2” coins, then 2” > n/2 and the 2™ 
coins can be classified by choosing n — 2™ of them and comparing them with 
the remaining n — 2” coins. This completes our proof. 


Problem 7.6. (IMO 2006 shortlist) An (n, &)-tournament is a contest with 
n players held in k rounds such that: 


i) Each player plays in each round, and every two players meet at most 
once. 


ii) If player A meets player B in round i, player C meets player D on round 
i, and player A meets player C in round 7, then player B meets player 
D in round Ĵĵ. 


Determine all pairs (n, k) for which there exists an (n, k)-tournament. 


Solution. Let t be the greatest integer such that 2° divides n. We will show 
that there exists an (n,k)-tournament if and only if k < 2’—1. 

We first prove that if k < 2° — 1, then there exists an (n, k)-tournament. 
Since we may partition our n players into > different groups of size 2t it 
suffices to prove this for n = 2°. 

For convenience, let us label the 2° players with the elements of (Z/2Z)*, 
and label the different rounds with distinct non-zero elements of (Z/2Z)*. In 
the round with label j, let player a meet player a + j. We then have a (2°, k) 
tournament, for if a—b = c—d =i, then a—c = b—d, for all a,b,c,d € (Z/2Z)*. 

We next prove that if k > 2° — 1, then there is no (n,k)-tournament. For 
this, we first prove an intermediate result: 


Lemma. The number of players in any minimal sub-tournament of an (n, k)- 
tournament is a power of 2. 


Proof. We induct on k. The case k = 0 is trivial. 
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Suppose now that all minimal sub-tournaments of any (n,k — 1)- 
tournament have sizes that are powers of 2. Then in any (n,k)-tournament, 
the minimal sub-tournaments, ignoring the last round, are powers of 2. Let 
S be the set of players for such a minimal tournament, and for any player a 
in the (n, k)-tournament, let K(a) be the player whom a meets in round k. 
Then either K(S) = S, or K(S) and S are disjoint; furthermore, K induces 
a bijection from S to K(S), so S and K(S) have the same cardinality. It 
follows that the minimal sub-tournament of the (n, k)-tournament containing 
any element of S has size either |S| or 2|S|, completing the inductive step and 
proving the lemma. 

To finish the question, we show that we cannot have an (n, k)-tournament 
if k > % — 1. Assume the contrary. Then every minimal sub-tournament of 
our tournament has a multiple of 2°+! players, since each must have a size that 
is a power of 2, and no two players meet more than once. It follows that 2+! 
divides n, which is a contradiction. This completes the proof of our initial 
claim. 


Problem 7.7. In an m x n rectangular board of mn unit squares, adjacent 
squares are ones with a common edge, and a path is a sequence of squares in 
which any two consecutive squares are adjacent. Each square of the board can 
be colored black or white. Let N denote the number of colorings of the board 
such that there exists at least one black path from the left edge of the board 
to its right edge, and let M denote the number of colorings in which there 
exist at least two non-intersecting black paths from the left edge to the right 
edge. Prove that N 2 > IMM. 


Solution. Suppose that a two-sided m x n board T is considered, where 
exactly k of the squares are transparent. A transparent square is colored 
only on one side (then it looks the same from the other side), while a non- 
transparent one needs to be colored on both sides, not necessarily in the same 
color. 

Let C = C (T) be the set of colorings of the board in which there exist two 
black paths from the left edge to the right edge, one on top and one underneath, 
not intersecting at any transparent square. If k = 0, then |C| = Nĉ?. We prove 
by induction on k that 25C | < N*. This inequality will imply the statement 
of the problem, as |C| = M for k = mn. 
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Let q be a fixed transparent square. Consider any coloring B in C. If q is 
converted into a non-transparent square, a new board T” with k—1 transparent 
square is obtained, so by the induction hypothesis, 2°—!|C(T’)| < N?. Since 
B contains two black paths at most one of which passes through q, coloring 
q in either color on the other side will result in coloring C”. Hence |C'(T"’)| > 
2\C(T)|, implying 2°|C(T)| < N? and finishing the induction. 


Problem 7.8. (IMO shortlist 1998) Let U = {1,2,...,n}, where n > 3. A 
subset S' of U is said to be split by an arrangement of the elements of U if an 
element not in S occurs in the arrangement somewhere between two elements 
of S. For example, 13542 splits {1,2,3} but not {3,4,5}. Prove that for any 
n — 2 subsets of U, each containing at least 2 and at most n — 1 elements, 
there is an arrangement of the elements of U which splits all of them. 


Solution. The proof is by induction on n. The base case n = 3 is clear. 

For the induction step, assume that the result holds for all integers which 
are less than some n > 4. Consider the subsets Uj,U2,...,Un—2 of S. We 
want to remove an element x from S and apply the induction hypothesis for 
some n—3 of U;\{x},...,Un—2\{x}. Assume k of the sets have n—1 elements. 
We wish that after the removal, they are left with n — 2 elements, so that we 
could use the induction hypothesis. This gives us k forbidden values for x, one 
for each set. Next, we would like to ensure no set of two elements becomes 
a singleton after removal. Unfortunately this is not always possible, but we 
can ensure that at most one becomes a singleton. This is because we have 
n—k elements and at most n — 2 — k two-element sets, so we cannot have each 
element belong to at least two of these sets. 

So perform the removal we described above. Next, we ignore one of 
the obtained sets. Let it be the singleton or an arbitrary set if there 
is no singleton. Suppose we have removed Up_2\{xz}. By the induc- 
tion hypothesis, there is an arrangement of {1,2,...,n}\{z} that splits 
U;\{x}, U2\{x},...,Un-3\{x}. It is clear that however we insert x into this 
arrangement, the sets U;,U2,...,Un—3 will be split. So it remains to ensure 
Un—2 is split. But this is simple to achieve: if £x € Un_2 then we place zx 
either at the beginning or at the end of the arrangement, and one of these two 
variants will satisfy our requirement; if x ¢ Un_2, then we place x between 
two elements of U,,2 and we are done. 
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Problem 7.9. Let n Æ 4 be a positive integer. Consider a set S C {1,2,...,n} 
with |S| > [z]. Prove that there exist x,y,z E€ S with z + y = 3z. 


Solution. We proceed by induction on n. For n < 15 we can verify our 
statement directly. 

For the induction step, assume that the result holds for all integers less 
than some n > 16. Let A be a set that has no triples x,y,z with z + y = 3z. 
We need to prove that |A| < |B]. 

First suppose A contains some element t with zs < t< 2, Then 3t — 
n — 1 > 5, so by the induction hypothesis A N {1,2,...,3¢ — n — 1} contains 
at most | Sn | elements. Group the numbers larger than 3t — n — 1 into 
pairs (3t — n,n), (3t — n + 1,n — 1),... such that the sum of the numbers in 
each pair is 3t. Since t € A, A can contain at most one element out of each 
pair (and if t is even then A cannot contain 3t/2). Thus A contains at most 








| 22+1=3t | elements larger than 3t — n — 1. Hence 
3st-n-—1 2n +1-—3t 3gt-n 2n+1-3t n+l 
EEEE 
Hence 
n 
Al< |2, 
asl 
as desired. 


Thus we may assume A does not contain any element in this range. Let 


n+5 
3 








2 1 
B=An|L, = in}. 


| sid C=An| - 


Since n > 16, (245| > 7. Therefore by the induction hypothesis we have 


AES 


Also we obviously have |C| < n — | 22 |. Thus we get 


asialle- 
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This upper bound is only sufficient to solve the problem if n = 6k +3 in which 
case it becomes 


JA| < (k+1)+ (2441) =3k4+2= FE 


Still with a little case checking we can knock off the other possibilities. If 
n Æ 6k + 4, then we find that the bound above gives 


A| < [5 Hi; 


Thus we only need to show that we cannot have equality in all the bounds 


above. For the equality in the bound on |C|, we need C to contain every 


number larger than | 22 |. But A cannot contain both x and 2x for any x 


(since x + 2x = 3x). Thus the largest element of B is at most 


5 (Fg ]+3)]-1= [3]. 


Thus our upper bound on |B| becomes E gi so the upper bound on |A| 


oe al<[53l]+(n-[F]). 


which one can check implies 
|A| < 5 for n Æ 6k +4. 


That leaves only the case n = 6k + 4. In this case B = AN {1,2,...,2k + 3} 
and C= AN {4k + 3,...,6k + 4}. In this case our upper bound on |A| reads 
n 


2. 
d T 


|A| < (k +2) + (2k + 2) = 3k + 4 = | 
If 2k + 3 € B, then 4k + 6 cannot be in C and the inequality improves to 


A| < 5 Jei 
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Thus we are done unless we have equality in all the remaining places. In 
particular, C must contain all the numbers 4k +7,...,6k+4. Hence B cannot 
contain any of the numbers 3(2k+3)—(4k+7),...,3(2k+3)—(6k+4). But these 
are all the numbers from 5 to 2k+ 2. That leaves B with k + 2 numbers that 
must come from just some subset of {1,2,3,4} and 2k +3. Except for k = 2 
and n = 16 this is a clear contradiction (if 2 is in B, then 1 and 4 are not in 
B). For n = 16, this leaves just the possibility A = {1, 3, 4,7, 11, 12, 13, 15, 16}, 
which fails since 1+ 11 = 3-4. 

If 2k+3 ¢ B, then by the induction hypothesis B has at most k+1 elements and 
we again improve to |A| < [2] +1. Thus we are done unless we have equality in 
all the remaining places. Thus C must contain all the numbers 4k+3, ...,6k+4 
and hence B cannot contain 2k + 2. If n Æ 16, then the induction hypothesis 
implies 2k +1 € B. But then B cannot contain any number of the form 
3(2k + 1) — c for c € C, which leaves B with just 2k + 1, a contradiction. If 
n = 16, then we get the extra possibility A = {1,3,4, 11, 12, 13, 14, 15, 16}, 
which again fails since 1 + 11 = 3- 4. 


Problem 7.10. A word consists of n letters from the alphabet {a,b,c,d}. A 
word is called convoluted if it has two consecutive identical blocks of letters. 
For example, caab and cababdc are convoluted, but abcab is not. Prove that 
the number of non-convoluted words with n letters is greater than 2”. 


Solution. We prove the result by induction on n. For n < 3, we can easily 
check the cases manually. 

For the induction step, suppose n > 4 and that the result holds for all 
positive integers less than n. To solve the problem, let us first try to establish a 
recurrence for the number a,, of convoluted words. We also denote the number 
of non-convoluted (simple) words by bn. We clearly have an + bn = 4”. Since 
we want to use recursion, let us delete the last letter from a word of n letters. 
If the remaining word of n — 1 letters is convoluted, so is the original one. If 
not, then the two consecutive blocks of letters must occur at the end so the 
word if of the form AXX. Moreover, AX is a simple word thus, we can obtain 
such a word in the following way: choose a simple word T with length / at least 
Z and add the last n — l letters of the word at the end. Note, however that 


2 
some convoluted words may be counted twice, as, for example abacabcabc, but 


7. Combinatorics 337 


every word is listed. For this reason, we can deduce only the inequality that 
an < 4an—1 + (biz +...bn-1). 

We can rewrite this as 
bn > 4bn-1 — (biz) +...bn-1). 


Now it is an easy induction to show that bn > 2b,_1. The base case is easy 
since bı = 4 and b2 = 12. For the inductive step, we note that by the induction 
hypothesis 


1 1 
biz] +... bn—1 < bn-1 (1+3+3+) = 20424; 
and hence 
bn > 4bn-1 — 2bn-1 = 2bn-1. 


From this, it is a trivial induction to show that bn > 2”. 


Problem 7.11. (IMO 2006 shortlist) We have n > 2 lamps Lj,..., Ln in 
a row, each of them being either on or off. Every second we simultaneously 
modify the state of each lamp as follows: if the lamp L; and its neighbors 
(only one neighbor for i = 1 or i = n, two neighbors for other i) are in the 
same state, then L; is switched off; otherwise, L; is switched on. 

Initially, all the lamps are off except the leftmost one which is on. 


a) Prove that there are infinitely many integers n for which all the lamps 
will eventually be off. 


b) Prove that there are infinitely many integers n for which the lamps will 
never be all off. 


Solution. We order the lamps so that Lı is the leftmost lamp. 

For part a) of the question, we show that for n = 2*, all lamps will be 
switched on in n — 1 steps and off in n steps. We do this by induction on k, 
with the base case k = 1 being clear. 

Assume now that the result holds for some k > 1 and let n = 2°t+!. Let 
A = {li,..., Lox} and B = {Lox41,...,Don+1}. Notice that the first 25 — 1 
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steps do not affect the state of the lamps in B. Hence, after 2* — 1 steps, the 
lamps in A will all be on and those in B will all be off. After the 2*-th step, 
Lox and Lək+ı are both one and the other lamps are off. The key observation 
is that from this point on, the lamps L; and Lox+1_,;, fori =1,..., 2k — 1 will 
have the same state and there is no other interference between the lamps in A 
and those in B. As B starts with only the leftmost lamp on, by the induction 
hypothesis, it will have all its lamps off in 2% steps. The same will be true 
for A by our previous observation. So there are 2° + 2* = 2*+! steps in total, 
which completes the proof of this part of the question. 

For part b), we show that if n = 2* + 1, the lamps will never be all off. 
After the first step, only Lı and Lz will be on. Based on what we proved for 
a), after 2% — 1 steps, all lamps except Ln will be on, so after the 2*_th step, 
all lamps will be off except for L,_; and Ln. This position is symmetric with 
respect to the one we had after the first step, so by periodicity, we will never 
have all the lamps off. 


Problem 7.12. (IMO 2005 shortlist) Let k be a fixed positive integer. A 
company has a special method to sell sombreros. Each customer can con- 
vince up to two persons to buy a sombrero after he/she buys one; convincing 
someone already convinced does not count. Each of these new customers can 
convince up to two others and so on. If a customer convinces two people to but 
sombreros and each of these two people in turn makes at least k persons buy 
sombreros (directly or indirectly), then that customer wins a free instructional 
video. Prove that if n persons bought sombreros, then at most Ea of them 
got videos. 


Solution. Suppose m persons receive videos. We wish to prove n > m(k +2). 
Since this is clear for m = 0, let us assume without loss of generality that m 
is positive. Under this assumption, we will now prove the stronger bound 


n>(m+1)(k+1)+™m, 


by induction on m. 

We say a person A is a direct successor of B if B directly convinced A to 
buy a sombrero. We say A is an indirect successor of B if B caused A to buy 
a sombrero, directly or indirectly. We will call a person who receives a video a 
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blossom. We will call direct successor of a blossom who is not a blossom him- 
or her-self a bud. 

For the base case of our induction, when there is only one blossom, that 
blossom must have at least two buds, each of which must have at least k 
indirect successors. Hence n > 2k +3 = (m+ 1)(k+1)+m. 

Now, suppose there are m blossoms. Since there are only finitely many 
blossoms, there exists at least one blossom which has no blossoms as indirect 
successors. We remove this blossom, one of its buds, and all indirect successors 
of that bud; we then make the disconnected bud a direct successor of whatever 
person was a direct successor of the blossom we removed, if there was such a 
person. All other blossoms stay blossoms; all other buds stay buds. We have 
thus removed at least 2+ k people, and we have removed one blossom. If there 
are n’ people remaining, then the inductive hypothesis now tells us 


n—(2+k)>n'>(m)(k+1)+(m-1), 


or 
n>n +k+2>(m+1)(k+1)+m. 


Therefore for all m, we have 


n>(m+1)(kK4+1)4+m=m(k+2)+k4+1>m(k+42), 


as desired. 
We note that the bound n > (m+1)(k+1)+™ is sharp, for it is possible 
to have blossoms Aj,..., Am, with Aj;41 a direct successor of A;, and all buds 


having exactly k indirect successors. 


Problem 7.13. Let r be a positive integer. Consider an infinite collection of 
sets, each having r elements such that each two of these sets are not disjoint. 
Prove that there is a set with r — 1 elements that is not disjoint from any 
member of the collection. 


Solution. Assume this is not the case, so for any r — 1 elements, there is 
a set from the collection containing none of its elements. Let us prove by 
induction on j < r—1 that we can find a finite number of sets A1, Ao,..., Am 
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from our collection such that no set of j elements can meet all A1, Ao,..., Am 
simultaneously. The base case 7 = 0 is clear. 

Now assume we have proven the statement for 7 = k, so we have found 
A,,Ag,...,Am such that no set of k elements meets all of them. If there is 
no set of k + 1 meeting all of them, the induction step is proven. If there is 
such a set B with |B| = k +1, then B C A, U Ag... U Am, as otherwise B 
would contain an element not contained in any of A1, Ao,..., Am, so we could 
remove it and the remaining set of k elements would contradict the induction 
hypothesis. As A; U A2... U Ám has a finite number of subsets, there are 
a finite number of such sets: By, B2,..., Bı. But as |B;| < r—1, there is 
a set C; from the collection which does not intersect B;. Now consider the 
sets A), Ao,...,Am,C1,Co,...,Cy. If a set of k + 1 elements would meet all 
these sets, then it would be one of By, Bo,..., Bı, but then it would not meet 
the corresponding set from C1, C2,...,Cı, which is impossible. Therefore, the 
induction step is verified by the collection A1, Ag,..., Am, C1, Co,..., Cj. 

Thus we can find a finite numbers of sets A1, Ag,..., Am from our collection 
such that no set of r — 1 elements meets them all. But then any set of the 
collection would be contained in A1 U A3 ...U Am, as otherwise it would contain 
an element not belonging to any of Aj, Ao,...,Am and removing it would 
produce a set of r—1 elements meeting Aj, A2,..., Am. But A; U A2... U Am 
is finite, so it has a finite number of subsets, which contradicts the fact that 
the collection in the problem is infinite. 


Problem 7.14. We have n finite sets A1, Ag,..., An such that the intersection 
of any collection of them has an even number of elements, except for the 
intersection of all subsets, which has an odd number of elements. Find the 
least possible number of elements that A; U Ag U...U Án can have. 


Solution. Set A; = (A; U A2 U... U An) \ Aj. For a nonempty subset J of 


{1,2,...,n} let 
X= () A; () Ar. 
jeJ kJ 
In words, Xy is all elements which are in the sets A; for j € J and in no other 
Apk. From this it is clear that the sets X 7 are pairwise disjoint. Also, any 


element of N A; must be in Xy for some superset J of J. In formulas, this 
1E] 
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says 
LJ Xs =() Ai. 
JDI icI 
Now let us prove by a downward induction on |I| that |X7| is odd for 
all nonempty sets J. The base case |I| = n is just the statement that the 
intersection of all the A; has an odd number of elements. For the induction 
step, assume we know |X| is odd for all sets J larger than J. The previous 
formula shows that N A;, which contains an even number of elements by 
ve 
hypothesis, is a disjoint union of 2"—!/ of the sets Xy all of which have an 
odd number of elements by the induction hypothesis except Xz. Since 2”~!/! 
is even, it follows that X, also has an odd number of elements. 
Thus each Xz has an odd number of elements and hence at least one 
element. Since every point in some A; is in X 7 for some J, we see that 


n 
A; = |]J XJ 

i=1 J#0 

has at least 2” — 1 elements. 

The equality case can be achieved and the construction is inspired by the 
solution: if we let A; be set of all numbers between 1 and 2” — 1 whose i-th 
binary digit is 1, then we can see that each of the sets X; is a singleton. It is 
easy to check that this example satisfies all the required conditions. 


Problem 7.15. (USSR 1991) A k x l minor of an n x n table consists of 
all cells which lie on the intersection of any k rows with any l columns. The 
number k+l is called the semiperimeter of this minor. It is known that several 
minors, each of semiperimeter not less than n, jointly cover the main diagonal 
of the table. Prove that these minors jointly cover at least half of all cells. 


Solution. We prove the result by induction on n. We denote the statement 
of the problem for an n x n table by P(n). We will prove that P(n) is true by 
proving P(1) and P(2) and the fact that P(n — 2) implies P(n). 

There is nothing to prove for P(1) and P(2), because for a 1 x 1 table the 
only cell is a diagonal one, and for a 2 x 2 table, the number of diagonal cells 
is exactly half of the number of all cells. 
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A cell in the table is characterized by a pair of integers (i,j), where 7 is 
the number of the row and j is the number of the column to which this cell 
belongs. 

Observe that in one case we do not actually need the induction. Consider 
all pairs of cells which are symmetric about the main diagonal; they have 
coordinates (2,7) and (j,i) for some i Æ j. If in each such pair at least one of 
the two cells is covered, then the minors jointly cover at least n+ (n? —n)/2 = 
(n? + n)/2 > n*/2 cells and P(n) is true. 

Let us now assume that P(n—2) is true for some n > 3 and consider annxn 
table. We only have to consider the case in which for some i, j neither cell (i, 7) 
nor cell (j,i) is covered by the minors. Delete the i-th and j-th rows and the 
t-th and j-th columns and reduce the minors correspondingly if they contained 
some of these rows or columns. We obtain an (n—2) x (n—2) table and several 
reduced minors which again jointly cover the main diagonal. No reduced minor 
could contain both the i-th row and j-th column simultaneously (otherwise 
this minor would cover the cell (i,7)). Similarly, no reduced minor could 
contain simultaneously both the j-th row and the i-th column. Therefore, the 
semiperimeter of a reduced minor is not less than n — 2. Now we can apply 
the induction hypothesis to show that the reduced minors cover at least half 
of all cells of the reduced table. 

To complete the induction, it suffices to prove that among the deleted 
4n — 4 cells, at least 2n — 2 were covered by the minors. Consider the minor 
that covers the cell (i,2). Since its semiperimeter is at least n, it covers at least 
n — 1 of the deleted cells in the i-th row and i-th column. The minor that 
covers (j, j) (note that this could be the same minor) also covers n — 1 deleted 
cells in the j-th row and in the j-th column. But since (i, j) and (j,i) are not 
covered, the two minors jointly cover at least 2(n — 1) cells. This completes 
the proof. 


Problem 7.16. (IMO 2013 shortlist) Let n > 2 be an integer. Consider 
all circular arrangements of the numbers 0,1,...,n; the n + 1 rotations of 
an arrangement are considered to be equal. A circular arrangement is called 
beautiful if, for any four distinct numbers 0 < a,b,c,d<nwitha+c=b-+d, 
the chord joining the numbers a and c does not intersect the chord joining 
numbers 6 and d. 
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Let M be the number of beautiful arrangements of 0,1,... n. Let N 
be the number of pairs (x,y) of positive integers such that x +y < n and 
gcd(xz,y) = 1. Prove that M = N +1. 


Solution. Given a circular arrangement of [0, n] = {0,1,...,n}, we define a 
k-chord to be a (possibly degenerate) chord whose (possibly equal) endpoints 
add up to k. We stay that three chords of a circle are aligned if one of them 
separates the other two. Say that m > 3 chords are aligned if any three of 
them are aligned. For instance, in the figure below, A, B, and C are aligned, 


while B, C, and D are not. 


SX 


Claim. In a beautiful arrangement, the k-chords are aligned for any integer 
k. 


Proof. We proceed by induction. For n < 3 the statement is trivial. Now 
let n > 4, and proceed by contradiction. Consider a beautiful arrangement 
S where the three k-chords A, B, ČC are not aligned. If n is not among the 
endpoints of A, B, and C, then by deleting n from S we obtain a beautiful 
arrangement S\{n} of [0,n—1], where A, B, and C are aligned by the induction 
hypothesis. Similarly, if 0 is not among these endpoints, then deleting 0 and 
decreasing all the numbers by 1 gives a beautiful arrangement S \ {0}, where 
A, B, and C are aligned. Therefore both 0 and n are among the endpoints of 
these segments. If x and y are their respective partners, we haven >0+2= 
k=n+y2>n. Thus 0 and n are the endpoints of one of the chords, say it is 
C. 
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Let D be the chord formed by the numbers u and v which are adjacent to 
0 and n and on the same side of C as A and B, as show in the figure below: 





Set t = u +v. If we had t = n, the n-chords A, B and D would not be 
aligned in the beautiful arrangement S \ {0,n}, contradicting the induction 
hypothesis. If t < n, then the t-chord from 0 to t cannot intersect D, so the 
chord C separates t and D. The chord E from t to n — t is on the same 
side of C. But then the chords A, B and E are not aligned in S \ {0,n}, a 
contradiction. Finally, the case t > n is equivalent to the case t < n via the 
beauty-preserving relabelling x —> n — x for 0 < x < n, which sends t-chords 
to (2n — t)-chords. This proves the claim. 

Having established the claim, we prove the desired result by induction. 
The case n = 2 is trivial. Now assume that n > 3. Let S be a beautiful 
arrangement of [0,n] and delete n to obtain the beautiful arrangement T of 
[0,n — 1]. The n-chords of T are aligned, and they contain every point except 
0. Say T is of Type 1 if 0 lies between two of these n-chords, and it is of Type 
2 otherwise, i.e., if 0 is aligned with these n-chords. We will show that each 
Type 1 arrangement of [0,n — 1] arises from a unique arrangement of [0, n] 
and each Type 2 arrangement of [0,n — 1] arises from exactly two beautiful 
arrangements of [0, n]. 

If T is of Type 1, let 0 lie between chords A and B. Since the chord from 
0 to n must be aligned with A and B, n must be on the other arc between A 
and B. Therefore, S can be recovered uniquely from 7’. In the other direction, 
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if T is of Type 1 and we insert n as above, then we claim that the resulting 
arrangement S is beautiful. For 0 < k < n, the k-chords of S are also parallel 
by construction. There is an antisymmetry axis l such that x is symmetric to 
n — x with respect to l for all x. If we had two k-chords which intersected for 
some k > n, then their reflections across l would be two (2n — k)-chords which 
intersect, where 0 < 2n — k < n, a contradiction. 

If T is of Type 2, there are two possible positions for n in S, on either side 
of 0. As above, we check that both positions lead to beautiful arrangements 
of f0, n]. 

Hence, if we let Mn be the number of beautiful arrangements of [0, n], and 
let Ln be the number of beautiful arrangements of [0, n— 1] of Type 2, we have 


Mn = (Mn-1 J Lasi) + 2Ln-1 = Mn-1 + Ln-1. 


It then remains to show that Ln—ı is the number of pairs (x,y) of positive 
integers with z + y = n and gcd(z,y) = 1. Since n > 3, this number equals 
nm) = #{x:1 <x < n,gcd(z,n) = 1}. 

To prove this, consider a Type 2 beautiful arrangement of [0, n — 1]. Label 
the positions 0,...,n—1 (mod n) clockwise around the circle, so that number 
0 is in position 0. Let f(z) be the number in position 7; note that f is a 
permutation of [0,n — 1]. Let a be the position such that f(a) =n-— 1. 

Since the n-chords are aligned with 0, and every point is in an n-chord, 
these chords are all parallel and 


f(ii)+f(-1) =n forall i. 


Similarly, since the (n — 1)-chords are aligned and every point is an (n — 1)- 
chord, these chords are also parallel and 


f@)+f(a-t)=n-1 forall i. 
Therefore f(a — i) = f(—7) — 1 for all i. Since f(0) = 0, we get 
f(-—ak)=k forall k. (1) 


Recall that this is an equality modulo n. Since f is a permutation, we must 
have (a,n) = 1. Hence Ln- < d(n). 
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To prove the equality, it remains to observe that the labelling (1) is beauti- 
ful. To see this, consider four numbers w, x,y, z on the circle with w+y = r+<z. 
Their positions around the circle satisfy (-aw)+(—ay) = (—ax)+(—az), which 
means that the chord from w to y and the chord from z to z are parallel. Thus 
(1) is beautiful, and by construction it has Type 2. The desired result follows. 


Problem 7.17. Prove that among any 2k + 1 integers, each having absolute 
value at most 2k — 1, one can always choose three that add up to 0. 


Solution. We prove the result by induction on k. The base case k = 1 holds, 
since the numbers must be —1,0, and 1 in this case and hence they add to 0. 

Assume now that the result holds for some k > 1. Then consider a set of 
2k +2 integers in [—(2k+1),2k+1]. We have to show that 3 of these integers 
sum to 0. Assume the contrary. If 0 is chosen, then we can pair off each number 
with its negative, and by the Pigeonhole Principle, we must pick 2 numbers 
from one of the pairs, which along with 0 yield a set which sums to 0. If 0 is not 
chosen, then at least 3 integers from the set {—(2k+1), —2k, 2k, 2k+1} must be 
chosen, as otherwise at least 2k+1 integers were chosen from |—(2k—1), 2k—1| 
which by the induction hypothesis yields a set of 3 which sums to 0. 

Therefore, we may assume without loss of generality that 2k and 2k+ 1 
were both chosen, else we could replace each number by its corresponding 
negative without changing the fact that the sum we are interested in is 0. We 
now distinguish 2 cases: 


Case 1. If —(2k + 1) was chosen. Then 1 cannot be chosen because of the 
triple {—(2k+1),1,2k}. Pair off the negative integers not including —(2k+1) 
so that in each pair the sum is —(2k + 1), and pair off the positive integers 
not including 2k + 1 and 2k so that in each pair the sum is 2k + 1. Then by 
Pigeonhole Principle, at least 2 numbers from some pair were chosen. This 
pair along with either 2k + 1 or —(2k + 1) yields a set which sums to 0. 


Case 2. If —(2k + 1) was not chosen. Then —2k must have been chosen, and 
therefore —1 cannot be chosen because of the triple {—2k, —1,2k +1}. Pair off 
the negative numbers not including —2k and —(2k+1) so that in each pair the 
sum is —2k — 1, and pair off the positive integers not including 2k and 2k + 1 
into pairs which sum to 2k (with k being a singleton). By the Pigeonhole 
Principle, 2 distinct numbers from some pair must have been chosen. Thus 
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we get a pair of distinct integers which sum to either 2k or —(2k +1). This 
pair along with —2k or 2k + 1 yields a set which sums to 0. This completes 
our proof. 


Problem 7.18. Prove that a cube C can be divided into n cubes for all 
n > 55. 


Solution. This is a three-dimensional version of the problem with dividing a 
square into n squares, and it is done in the same way. Only this time we have 
more cases to consider, and the examples are harder to construct. 

Again, a cube can be divided into k? cubes for any k € N. In particular, 
if C is divided into n cubes we can divide one of them in 8 producing a 
division into n + 7 cubes. Thus we need to check the base cases for n = 
55, 56, 57, 58, 59, 60, 61. 

n = 55: Divide C into 27 cubes, and four of these 27 into 8 cubes each, so 
we have a total of 27 + 4-7 = 55. 

n = 56: Divide C into 8 cubes, and then divide the top four of these eight 
into 27 smaller cubes. The top face of C is now partitioned into a 6 x 6 grid. 
Looking at the grid as nine 2 - 2 squares, join eight of these nine squares with 
the squares below them into 8 cubes. We obtain a total of 8+4-26—8-7 = 56 
cubes. 

n = 57: Divide C into 64 cubes, then join 8 of them to form a new one. 

n = 58: Divide C into 27 cubes and join 8 of them into a new one. Then 
do the same thing with two cubes of the partition. 

n = 59: Divide C into 64 cubes and join 27 of them into a new one. Then 
divide 3 of the remaining cubes into 8 each. 

n = 60: Divide C into 8 cubes, then divide two of these into 27 each. 

n = 61: Divide C into 27 cubes and join 8 of them into a new one. Then 
consider 4 of the remaining cubes that share a part of a face of C, let us call 
this part P, and divide them into 27 cubes each. Consider the 9 cubes having 
as one face the ninth part of P, obtained by joining 8 little cubes into a single 
one. 


Problem 7.19. For a permutation aj,a2,...,@, of the numbers 1,2,...,n 
one is allowed to change the places of any consecutive blocks, that is from 


Al,- Qi, Qit1s- ++, Qi+p, Gitptls+++»Gitgq, Qi+q+1: -30n 
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one can obtain 


Ql,- Qi, Qitp+1, +++» Qit+q, Gi41)-+ +5 itp, Vit+gqt1s--+,4n- 


Find the least number of such changes after which one can obtain n, n—1,..., 
2, 1 from 1,2,...,n. 


Solution. One part here does not use induction, namely the estimation. We 
prove that we need at least |4]+1 moves. We call a pair of consecutive numbers 
in a permutation normal if the left number is smaller than the right number. 
Initially there are n—1 normal pairs and at the end zero. It is clear that the first 
and the last moves can decrease the number of normal pairs by at most 1. Now 
we will prove all the other moves can decrease the number of normal pairs by 
at most two. Indeed, if we pick consecutive pairs (a,b), (c,d), (e, f) and swap 
the blocks b...c and d...e, then three pairs will be modified: (a,b), (c, d) 
and (e, f) will become (a, d), (e, 6), (c, f). It is not possible that all the initial 
pairs were normal while all the final pairs were not, because this would imply 
a < b,c < d,e < f so ace < bdf from one side, and a > d,e > b,c > f so 
ace > bdf from the other side. Therefore, if we did k moves, the number of 
normal pair has decreased by at most 1+2(k—2)+1 = 2k—2. So 2k—2 > n-1 
and from here we get that k > [5] +1. 

Now we prove the part which uses induction: that we can reverse the order 
in [5] + 1 moves i.e. we can reverse 1,2,...,2k— 1 in k moves and 1,2,...,2k 
in k + 1 moves. It suffices to prove the former, because the latter follows 
directly from it: if we reverse the first 2k — 1 numbers in k moves, by one more 
move we bring 2k in the front. 

We do this by induction on k. When k = 2, it is simple. The case k = 3 can 
be exemplified by (1,2,3,4,5) > (1,4,5,2,3) — (5,2,1, 4,3) > (5, 4,3, 2, 1). 
Next, we prove by induction the following statement: 

“For k > 3 there exists a sequence of k moves reversing a sequence of 2k—1 
numbers such that the first move swaps the blocks in positions 2,3,...,k and 
k+1,k+2,...,2k—1.” 

The base case was done above. Now let us prove the step k — 1 — k. 
Consider the first move, which transforms 


1,2,...,2k+1 to 1,k+2,k+3,...,2k+1,2,...,k,k+1. 
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Now we can “glue” 1 and k + 2, i.e. considering them a a single entity in 
our next operations, and we can disregard the k + 1 at the end. We get a 
sequence of 2k — 1 objects in which the first move was already done. So by the 
induction hypothesis, we can make k — 1 more steps to completely reverse it, 
i.e. get 2k +1,2k,...,2,[1,4 +2]. Then the operations will bring our initial 
sequence to 2k+1,2k,...,k+3,k,k—1,...,2,1,k+2,k+1. One more move 
takes |k + 2,k + 1] to its place between k + 3 and k. We are done. 


Problem 7.20. Let m circles intersect at points A and B. We write numbers 
using the following algorithm: We write 1 at points A and B, at every midpoint 
of an open arc AB we write 2, then at the midpoint of the arc between every 
two points with numbers written we write the sum of the two numbers and 
so on repeating n times. Let r(n,m) be the number of appearances of the 
number n after writing all of them on our m circles. 

a) Determine r(n,m); 

b) For n = 2006, find the least m for which r(n,m) is a perfect square. 


Example. For a single arc AB the numbers written on successive rounds 
are: 1—1;1-—2-—1;1-—3-—-2-—3-1;1-4-3-—-5-—-2-5-3-4-]1; 
1—5-4-7-3-—-8-—-5-7-—2-7-5-8-3-7-4-5-1. 

Solution. Observe that it suffices to look at only one circle, and even at one 
of the arcs between A and B, and multiply the result by 2m to get r(n,m). 
Even more, we can divide this arc into two halves and look at one of the 
halves, because the construction will be symmetric on these halves. Now let 
us investigate this case. Producing a+ b from a and b reminds us of an 
inverse of the Euclidean Algorithm. As the Euclidean Algorithm finds out 
the greatest common divisor, we might have an idea to look at the greatest 
common divisor of two consecutive numbers. As (a+ b,a) = (a+b, b) = (a,b) 
and initially (1,1) = 1 we conclude that two consecutive numbers on the circle 
are coprime, by induction on the number of steps. Even more, if at one step 
the numbers k,l with k < l are neighbors on the circle, then it is clear that l 
was obtained by summing k with l — k at the previous step. This allows us to 
work backwards from a given configuration. Thus, if at some point the pair 
(n,m) occurs on the circle, at the next point the pair (n,n +m) occurs on the 
circle, and at the next point the next pair (n,n+ 2m) and so on, after k steps 
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the pair (n,n+km) appearing on the circle. Vice-versa, if the pair (n, n+ km) 
appears on the circle, then the pair (n,n + m) appears k steps earlier. 

Let Hı be the arc after one step (1 — 2), Hə after two steps (1 — 3 — 2), 
and so on. 

Now a careful observation allows us to conjecture the general result of the 
problem: after n steps, on the regarded half of the circle, all pairs (u,v) of 
numbers at most n such that (u,v) = 1 appear in exactly one of Hy, Ho,..., Hn 
and appear there exactly once. 

The proof is by induction on n. The base case is clear. Firstly we establish 
the appearance part: if (u,v) = 1 and u < v < n, then max{u,v — u} < 
n, thus by the induction hypothesis, (u,v — u) appears on exactly one of 
Hı, Ho,...,Hn—1. Hence (u,v) appears one exactly one of Ho, H3,..., Hn, 
and this settles the claim (notice that (u,v) cannot appear on Hı because Hy 
consists of one pair 1 — 2 which cannot appear at higher level because all the 
newly added numbers will be greater than 2). 

Hence according to the induction for any 0 < 7 < n with (j,n) = 1 
the pair (n,7) will appear once on one Hy (1 < k < n). Correspondingly, 
(n,7 +(n—k)n) will appear on Hn. So it contains a pair (n,m) where m = j 
(mod n). This pair should be unique, because each pair (n,m) has arisen from 
its prototype (n, 7), as we have prove earlier, and (n,7) appears just once on 
Hı, Ho,...,Hn. So there is exactly one pair (n,m) with m = j (mod n) for 
every residue 7 modulo n coprime with n, and no other pairs involving n. 
Hence the total number of them is ¢(n) If n appears k then it will be involved 
in 2k pairs so k = on) Therefore r(n; m) = 4m 2) = 2md¢(n). 

As $(2006) = $(2-17-59) = 2° - 29, for 2m@(2006) be a perfect square we 
need m to be 29 times a perfect square so m = 29 is the least. 


Problem 7.21. (Hungary 2000) Given a positive integer k and more than 
2" integers, prove that a set S of k + 2 of these numbers can be selected such 
that for any positive integer m < k + 2, all the m-element subsets of S have 
different sums of elements. 


Solution. Let us introduce some terminology first: Given a positive integer 
m, we call a set weakly m-efficient if its m-element subsets have different sums 
of elements, and we call a set strongly m-efficient if it is weakly 1-efficient for 
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1 <i <m. Also, given any set T of integers, let o(T) be the sum of the 
elements of T. 

With this setup, we prove the result of our question by induction on k. 
For k = 1, it is easy to check that we may let S consist of any three of the 
given integers. 

Now assuming that the claim is true for k = n, we prove that it is true 
for k = n+ 1. Given more than 2”+! different integers a1,a9,..., a+, let 2% 
be the largest power of 2 such that a; = a; (mod 2%) for each i = 1,2,...,t. 
Write b; = “a^ for 1 < į < t, yielding t distinct integers b;,bo,...,b:. By 
the Pigeonhole Principle, applied to the 6;’s there exist more than 2” different 
integers of the same parity. By the induction hypothesis, from these integers 
we may choose an n+ 2-element, strongly (n+2)-efficient set S1. Furthermore, 
there exists a b;, of the opposite parity because the b; are not all of the same 
parity: bı = 0 is even, and by the maximality of a, at least one of the b; is 
odd. 

We claim that the (n + 3)-element set S2 = S1 U {b;,} is strongly (n + 3)- 
efficient. Suppose, for the sake of contradiction that X and Y are two distinct 
m-element subsets of S with the same sums of elements, where 1 < m < n+3. 
Because X Æ Y, m > 1. Notice that X and Y cannot both be subsets of 
Sı because Sı is weakly m-efficient. Nor can they both contain b;, because 
then X \ {bi} and Y \ {b;,} would be two distinct (m — 1)-element subsets of 
Sı with the same sums of elements, which is impossible because Sı is weakly 
(m — 1)-efficient. Therefore, one of X and Y contains b;, and the other does 
not. This in turn implies that o(X) and o(Y ) are of opposite parity, which is 
a contradiction. 

Let ® be the map which sends any set A of reals to {54 : a € A}. There 
exists an (n + 3)-element subset S C {a1,a2,...,a¢} such that ®(S) = Sə. 
Suppose that there existed X,Y C S such that X # Y, |X| = |Y| = m, and 
o(X) =a(Y). Then we would also have 








P(X), BY) C O(S) = S2, D(X) F OY), |O(X)| =m = |Y), 


and 
(a(x) = Wma _ ma _ (aY). 
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However, this is impossible because S is weakly m-efficient. Therefore, S 
is strongly (n + 3)-efficient as well. This completes the induction step and our 
proof. 


Problem 7.22. (Russia 2000) There is a finite set of congruent square cards, 
placed on a rectangular table with their sides parallel to the sides of the table. 
Each card is colored in one of k colors. For any k cards of different colors, it 
is possible to pierce two of them with a single pin. Prove that all the cards of 
some color can be pierced by 2k — 2 pins. 


Solution. We prove the claim by induction on k. If k = 1, we are told that 
given any set containing 1 card (of the single color), two cards in the set can 
be pierced with one pin. This does not make sense unless there are no cards 
to start with, in which case all the cards can be pierced by 0 = 2k — 2 pins. 

Now assume that the claim holds when k = n — 1, (for some n > 2) and 
consider a set of cards colored in n colors. We rotate the table such that the 
sides of the cards are horizontal and vertical. Let X be a card whose top edge 
has minimum distance to the top edge of the table. Because all of the cards 
are congruent and identically oriented, any card that overlaps with X must 
overlap either X’s lower left corner or X’s lower right corner. Pierce pins Pı 
and P> through these two corners. 

Now let S be the set of cards which are not pierced by either of these 
two pins and which are colored differently than X. None of the cards in S 
intersects X and they are each colored in one of n — 1 colors. Given a set 
T C S of n—1 cards of different colors, it is possible to pierce two of the 
cards in T U {X} with a single pin. Because no card in T overlaps with X, 
this single pin actually pierces two cards in T. So we may apply the induction 
hypothesis to S and pierce all the cards of some color c in S with 2n — 4 pins. 
Combined with the pins P) and Pz, we find that all the cards of color c can 
be pierced with 2n — 2 pins. This completes our proof. 


Problem 7.23. (Russia 2000) Each of the numbers 1,2,...,N is colored 
black or white. We are allowed to simultaneously change the colors of any 
three numbers in arithmetic progression. For which numbers N can we always 
make all the numbers white? 
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Solution. We clearly cannot always make all the numbers white if N = 1. 
Suppose that 2 < N < 7, and suppose that only the number 2 is colored 
black. Call a number from {1,..., N} heavy if it is not congruent to 1 modulo 
3. Let X be the number of heavy numbers which are black, where X changes 
as we change the colors. Suppose we change the colors of the numbers in 
{a—d,a,a+d}, where 1 <a-—d<a<a+d<N. Ifd is not divisible by 3, 
then a—d, a, a+d are all distinct modulo 3, so exactly two of them are heavy. 
If instead d is divisible by 3, then a — d, a, a+ d must equal 1,4,7, none of 
which are heavy. In either case, changing the colors of these three numbers 
changes the color of an even number of heavy numbers. Hence X is always an 
odd number, and we cannot make all the numbers white. 

Next we show that for N > 8, we can always make all the numbers white. 
To do this, it suffices to show that we can invert the color of any single number 
n. We prove this by strong induction. If n € {1,2}, then we can invert 
the color of n by changing the colors of the numbers in {n,n + 3,n + 6}, 
{n+3,n+4,n+5} and {n+4,n+5,n+6}. Now assuming that we can invert 
the color of n — 2 and n — 1 (where 3 < n < N), we can invert the color of n 
by first inverting the colors of n — 2 and n — 1 then changing the colors of the 
numbers in {n —2,n —1,n}. 

Hence, we can always make all the numbers white if and only if N > 8. 


Problem 7.24. For n > 1, let O, be the number of 2n-tuples 
(%1,.--,2%n,Y1,--->Yn) with all entries being either 0 or 1 and for which the 
sum 71y1 +... +2ZnYn is odd, and En the number of 2n-tuples of same type 
for which the sum is even. Prove that 


Er Dea 





Solution. We prove the statement by induction on n. The base case is n = 1, 
for which we have On = 1, En = 3. 
For the induction step, it suffices to find suitable recurrences for Op and 
n 


En. Any sequence from Opn+ı has either i even or odd. If it is even, 
i=1 
then we are forced at the end to have £n+1 = Yn41 = 1. Otherwise we have 
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at the end that £n+1Yn+1 = 0 and this can be done in three ways. Thus 
Ont1 = En + 30n. 
A similar reasoning shows that En+1 = 3En + On. Thus we have that 
On+1 _ En + 30n 
En+1 3En T On 


Now using the induction hypothesis, we are done. 


Problem 7.25. (TOT 2001) In a row there are 23 boxes such that for 
1 < k < 23, there is a box containing exactly k balls. In one move, we can 
double the number of balls in any box by taking balls from another box which 
has more. Is it always possible to end up with k balls in the k-th box for 
Lh 23% 





Solution. We prove more generally, that we can always achieve the task for 
any number n > 1 of boxes. We do this by induction on n. The result is clear 
when n = 1. 

Assume now that the result holds for some n > 1. Then we can arrange 
the boxes in a line in increasing order (from left to right) of the number of balls 
in them, without regard to the box numbers. We now perform the following 
operation: we start with the rightmost box and we move balls from each box 
to the next one to its left, so that the box to its left will have twice as many 
balls as it initially did (this is possible by the ordering we chose among boxes). 
This is illustrated in the figure below 


1 2 3 ... n-1 n n+l 
2n 1 
2n-—-2 n+1 
n 
6 
4 4 
2 3 


2 o A a n n+1 1 


7. Combinatorics 355 


Notice that in this manner, we end up with a cyclic permutation of the 
number of balls from the initial arrangement that we made. This means that 
if we keep performing this operation (but now starting with the box with the 
highest number of balls and moving to its left), we must eventually end up 
having (n+1) balls in the box with number (n+1). Then from the induction 
hypothesis, we can sort the balls from the other n boxes remaining, and we 
are done. 


Problem 7.26. Consider a 2” x 2” square. Prove that after removing a 1 x 1 
square from one of its corners, the remaining region can be tiled by “corners” (a 
corner is a 2 x 2 square with one of the four corner unit squares removed). 


Solution. The base n = 1 is clear, as the obtained region is itself a corner. 

Now assume that we can tile a 2* x 2" region with one corner square 
removed. Consider a 2*+1! x 2*+1 region. Without loss of generality, we can 
assume that the removed square is at the lower-right corner. If we draw the 
two lines parallel to the sides of the big square through its center, we will 
divide the 2*+! x 2*+! region into four 2% x 2* regions, call them S1, S2, 93, 
S4. The removed square is from S4. Now we look at the central 2 x 2 square. 
It contains a unit square from each of S1, S2, 53, S4. So we can place a corner 
to cover the unit squares belonging to S1, S2 and S3, respectively. This will 
leave S1, 52,53 without a unit square in the corner, too. Thus we can apply 
the induction hypothesis for S1, S2, 83, S4 to produce the desired tiling. 


Problem 7.27. Consider 10 x 10 grid square, such that in some of its squares 
there are written ten ones, ten twos, ..., ten nines and one ten (such that in 
each square there is at most one number written). Prove that one can choose 
ten squares from different rows, such that in the chosen squares we have the 
numbers 1,2,...,10. 


Solution. This problem could also be solved as an application of Hall’s The- 
orem: the graph has vertices which are the rows and numbers, with a row 
joined to a number if the number occurs in that row; since any set of k rows 
has at least 10k—9 numbers written in it, they must include at least k different 
values; thus, by Hall’s Theorem, a matching exists and this is exactly what 
is requested. We give, however, a self-contained proof below, by proving the 
following more general result: 
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Consider a rectangular grid, such that each row has n squares. Prove that 
if in some of its squares there are written n ones, in some of its squares there 
are written n twos, ..., in some its squares there are written n m — 1’s and 
in one square there is written m, m > 2, (in each square there is at most one 
number written), then one can choose m rows and from each row a number, 
such that in the m chosen squares we have the numbers 1,2,...,m. 

We prove this statement by induction on m > 2. The base case is m = 2. 

Note that in the row which contains the number 2 there are written at 
most n — 1 ones. So there must be a different row containing a one. Hence, 
we can choose a square from this row which has the number 1. 

Let us show that if the statement holds true for m = 2,...,k, k € N, then 
it also holds for m = k + 1, k > 2. 

From the whole grid consider only the squares where the numbers 
2,3,...,k,k + 1 are written. From the induction hypothesis on m = k, there 
exist k rows where we have the numbers 2,3,..,k +1. Let us denote the cor- 
responding rows by (2),(3),..., (k+ 1). The total number of numbers written 
in the rows (2), (3),...,(k +1) is not more than nk and there are nk + 1 
numbers written in the whole grid. So apart from the rows (2),(3),...,(k+1), 
there must be at least one extra row which has a number written in one of its 
squares. 

Let us denote by Mı the set of numbers that are written in the rows 
different from (2), (3},..., (k +1). Obviously, if 1 € Mj, then the statement 
is proved. If a € Mı and in the row (a) we have the number 1, then the 
statement is proven. Consider all the rows (a), where a E€ Mı. Denote by M2 
the set of numbers in all the rows (a) for a E Mı which not belong to Mı. We 
have that 1 ¢ M2. Now, let us consider all (a) rows, where a € M2. Denote by 
M3 the set of all numbers written in the considered rows that do not belong 
to the set Mı U Mo. 

Iterating this construction, either the statement is proven or we obtain the 
following sets My, Mo,..., Mı, where Mj41 = Ó and 1 € M;,i=1,2,...,1. 

Note that in the rows (a) where a € Mı U M2 U... U M; are written only 
the elements of the set Mı U M2 U... U Mı. 

Now, if we consider all rows (a), where a € Mı U M2 U ... U Mı, then by 
the induction hypothesis one can choose different rows, in which are written 
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all the numbers a, a € Mı U M2 U... U MI. 
The choice for all the numbers a with a € Mı U Mə U... U MGi is obvious. 
This ends the proof of the statement. 


Problem 7.28. (IMO 2009) Let a1,a2,...an be different positive integers 
and M a set of n — 1 positive integers not containing the number s = a; + 
a2 +... +an. A grasshopper is going to jump along the real axis. It starts at 
the point 0 and makes n jumps to the right of lengths a1, a2,...,@n in some 
order. Prove that the grasshopper can organize its jumps in such a way that 
it never falls in any point of M. 


Solution. We will prove the statement by strong induction on n. For n = 1, 
there is nothing to prove. For the inductive step, without loss of generality, 
we can order the steps as aj < ag < ... < an and the elements of M as 
by < ba <... < bp_y. Let s’ =a, +a2 +... +an-1. If we remove an and bn—1, 
there are two cases: 


1) s’ is not among the first n— 2 elements of M. In this case, by induction, 
we can order the first n — 1 jumps until we reach s’. If at any moment we fell 
on 6,1, we change that last step for a, and then we continue in any way to 
reach s. From the induction hypothesis we know that we have never fallen on 
b,,b2,...,bn—2. Also, if we had to use the change, since there are no elements 
of M after 6,1, we do not have to worry about falling on a bę in the rest of 
the jumps. 


2) s’ is one of the first n — 2 elements of M. If this happens, then since 
s’ = 8 — an is in M, among the 2(n—1) numbers of the form s — ai, S — a; — an 
with 1 < i < n — 1 there are at most n — 2 elements of M. If we look at 
the pairs of numbers (s — ai, S — aj; — an), since we have n — 1 of these pairs 
and they contain at most n — 2 elements of M, there is a number a; such that 
neither s — ai, nor s —a; — An are in M. Notice that after s — a; — an we have 
s’ and bn—1, which are two elements of M. Therefore, there are at most n — 3 
elements of M before s — a; — an. Then, by the induction hypothesis, we can 
use the other n — 2 jumps to reach s — a; — an, then use a, and then use a; to 
get to s without falling on a point of M. 

This completes the inductive step and hence the solution to our problem. 
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Problem 7.29. (IMO shortlist 2004) For a finite graph G, let f(G) be the 
number of triangles and g(G) the number of tetrahedra formed by edges of G. 
Find the least constant c such that 


9(G)° < c- f(@)*, 
for every graph G. 


Solution. If |G| = n, we could try an induction on n. Notice first that if G 
is the complete graph then we get 


o= (i) ana (@)=($) ~ 5. 


(G)? 6B 
F(G)4 248 32 

It is natural to suspect that this is the best possible c, because each tetrahe- 
dron contains four triangles, whereas a triangle can even belong to no tetrahe- 
dron, and the maximal number of tetrahedra a triangle belongs to is attained 
for a complete graph. 

The most popular induction approach would be to take a vertex A, consider 
the subgraph G induced by the neighbors of A and G2 induced by all the 
vertices except A, and try to use induction step on G,,G2. But we confront 
with a problem as we cannot really know the relationship between the triangles 
and edges of G; that arises in our computations. 

So let us lower the level and try at first to establish a relation between 
the number of edges e(G) and the number of triangles f(G) in a graph G. 
Reasoning as above, we can suspect that f(G)? < e(G)°. The base cases 
[G| < 3 are obvious. 

Now let us perform the induction step. Pick up a vertex A and consider 
the subgraphs G induced by the neighbors of A and G2 induced by the non- 
neighbors of A. Let |G | = k, e(G1) = 1, e(G2) = s, f (G2) = t. We establish 
that e(G) = k+ s, f(G) =t+l. Now we know from the induction hypothesis 
that t? < 28°, and it is also clear that l < a I< s. So 


f(G)? = (t+)? = + 20+F. 


SO 
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Moreover, we also have 
2 2 2 2 
“AG 3_ 4 k 3_ 7.3 = 
z€ ) 9 (8 + k) 55 + 3 


But t? < 253, hence 


2 2 
2 2 3 
k e 


1 
l < vis < -z vsk, 


N 
SO 
2 1 2 
tl < nj 2svs -Vsk = zs k 
and also 


sk? 2 
I? < Ig < © < Êk. 
< ls < 5 a 


So we conclude that f(G)? < 4e(G)°. 
Now let us use this result to our main induction. We define G1, G2 as above. 
Set f(G2) = s, g(Go) = t, e(Gi) =k, f(Gi1) =l. We know that 


3 2 
ME ee ae oe 
t Bases Sa =e 
Now we get f(G) =s+k,g(G) =t+l. Thus 
9(G)? = (tD =P 4 30714 3H +P, 
3 4_ 39 4_ 3 4,33 a ee ee 
a9 4 (G) = g5(8 + &) = 358 +38 k+ 75s k + 58k Ton 
We break it down again: 


It follows that 


then 
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and finally 


I < <sk? < <sk?. 


E 
i 


So 
g(G)° < SG) 


The example of the complete graph shows us that 2 is the best constant. 


Remark. Using the method described above, one can prove by induction on 
n + k the following generalization: 
If we set ||G||, be the number of complete subgraphs with k vertices of G, 
the we have 
Glia < IGE, 


k+1 
where c = one = F, and this constant is the best possible, as shown by 


the complete graph. 


Problem 7.30. Prove that a graph with ("t*7°) vertices contains either a Kn 
or a Ky i.e. either n mutually connected vertices or k mutually not connected 
vertices. 


Solution. The proof is by induction on n + k. If n+ k = 2, then a graph 
with at least one vertex satisfies the condition, and the same holds if at least 
one of n or k is 0. 

Assume now that the result holds whenever n + k < m, for some m > 3 
and let n+ k =m. Take a vertex A and let Sı be the set of its neighbors, S2 
be the set of its non-neighbors. Then 


n+k-2 n+k-3 n+k-3 
> — z= — 
S11 + [Sal > ( kal 1 ( —_ )+( —_ ) 1, 


therefore either |S1| > ("TETA or |S2| > ("1*5°). In the first case, by the 
induction hypothesis Sı contains either a Kn—ı or a Ky. If it contains a Kk 
we are done, so are we if it contains a K,_; because we can add A to it. In the 
second case, by the induction hypothesis S> contains either a K, or a Kpz_1. 
Again, if it contains a Kn we are done, and if it contains a K,_; we add A to 
it and establish the induction step. 
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Problem 7.31. In a simple graph with a finite number of vertices each vertex 
has degree at least three. Prove that the graph contains an even cycle. 


Solution. We prove the result by induction on the number n of vertices. The 
base case n = 4 is true because we the have a cycle with length four. 

Now assume that we have proven the problem for all graphs which have 
fewer than n vertices. Take a graph G with n vertices. Assume by con- 
tradiction that it does not satisfy our condition. Consider a minimal cycle 
X1Xq...X2~p41. Then the vertices X; and X; are not connected to each other 
unless they are consecutive on the cycle, so from each of them emerges at least 
one edge outside the cycle. These edges point to different vertices, because if, 
for example, X; and X; are connected with the same vertex Y then the two 
cycles YX;Xji41...X; and YX;Xj_-1...X; have sum of lengths 2k + 5 thus 
one of them has even length. Thus we can suppress X1, X2,..., Xək+1 into 
one vertex X and join X by Y if and only Y is connected to one of the X; 
in G. In this new graph G’, X will have degree at least 2k + 1 and the other 
vertices will preserve their degrees from G. Thus by the induction hypothesis, 
G’ must contain an even cycle. If X is not in this cycle, then the cycle appears 
also in G, so G contains an even cycle, contradiction. If X is in this cycle, 
say the cycle is X A; Ag... Agi_1, then A; and Agj_; are connected to different 
X; and X; in G. Thus we have two cycles XjXj41...X;A1A2...Agi-1 and 
XjXj-1...Xj;A,Ag...Agi-1. The sum of their lengths is 2k + 41+ 1, so one of 
them is even. This gives us the desired contradiction, completing the proof. 


Problem 7.32. For a positive integer n, let S be a set of 2” + 1 elements. Let 
f be a function from the set of two-element subsets of S to {0,...,2"~* — 1}. 
Assume that for any elements z, y, z of S, one of f({z, y}), f({y, z}), f({z, z}) 
is equal to the sum of the other two. Prove that there exist a,b,c in S such 


that f({a, b}), f({b, c}), f({e, a}) are all equal to 0. 


Solution. We can reformulate the problem in a more comfortable language: 
the edges of a complete graph on 2” + 1 vertices are assigned numbers from 
the set {0,1,...,2”~1 — 1} such that in every triangle, the sum of numbers 
assigned to two edges of a triangle equals the sum of numbers assigned to the 
third. We must prove there is a triangle with all edges null. We shall do this 
by induction on n > 1. The base case n = 1 is immediate. 
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To use the induction hypothesis, we would like to find a subgraph with 
2-141 vertices whose all edges are assigned numbers from 0 to 2”~2 — 1. 
Unfortunately this approach fails. However, we can try another one: find a 
subgraph with 2”71 + 1 vertices whose all edges are assigned even numbers. 
Then we could apply the induction hypothesis to it, because the numbers 
assigned to its edges are twice a number from the set {0,1,...,2"-* — 1}. We 
can achieve this. 

Indeed, we see that every triangle contains an even number of edges which 
are assigned an odd number. Then so does any cycle, because the edges of the 
cycle A; Ag... Án can be split into the edges of n — 2 triangles 


A; Ap A3, Ai A3Az4,...,A1An—-1An 


(the edges A; A3, A3Ay4,...,A1An—1 are counted twice, so they do not affect 
the parity). In particular, there is no odd cycle such that the numbers assigned 
to its edges are all odd. Therefore, the graph obtained by joined two vertices 
if and only if the edge joining them in the original graph is assigned an odd 
number contains no odd cycle, hence it is bipartite by a famous graph theory 
result. Then one part contains at least 2”71 + 1 vertices, and it is our desired 
subgraph. 


Problem 7.33. Let G be a graph on n vertices such that there are no K4 
subgraphs in it. Prove that G contains at most (=) triangles. 


Solution. We prove the result by induction of step 3. For n = 2, n = 3, and 
n = 4, the result is clear. 

Assume now that the result holds for all integers less than some n > 5. Let 
G be a graph with n vertices, having no 4-clique. Observe that we can add 
edges to G until it contains a triangle ABC’. Let G \ AABC be the subgraph 
formed by the remaining n — 3 vertices. 

Using Turan’s Theorem, since G \ AABC contains no K4 subgraphs, it 


has at mos edges. From the induction hypothesis, we also know that 


it contains at most ea triangles. The remaining triangles in G are formed 
as a union of one vertex belonging to ABC and an edge from G \ AABC, or 
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by a union of one edge from ABC and one vertex belonging to G \ AABC, or 
ABC itself. 

Every edge from G \ AABC forms a triangle with at most one vertex 
belonging to ABC. Each vertex from G \ AABC can form a triangle with at 
most one pair of vertices that belongs to ABC’. Otherwise, in both cases, we 
get a K4 subgraph formed. Hence the total number of triangles is at most 


(252) + PEF sma are (P3341) =) 








and our induction is complete. The equality case holds in the case of a 3-partite 
graph Anan. 


Problem 7.34. (Moscow 2000) In a country, there is at least one road 
going out of each city (each road connects exactly two cities). We call a city 
marginalized if there is only one road going out of it. It is known that it is 
not possible to get out of one city and then to get back into it using a closed 
circuit. ‘The cities were split into two sets so that no two cities belonging to the 
same set are connected by a road. Assuming that there are at least as many 
cities in the first set as in the second, show that the first set must contain a 
marginalized city. 


Solution. We begin by showing that there is a marginalized city in the 
country. Indeed, considering the route which contains the largest number of 
cities and which passes through each of its cities exactly once, it is clear that 
the first and the last city of this route are marginalized. 

We now prove the statement of the question by induction on the number 
n of the cities in the country. For n = 2, the conclusion is clear. 

Assume now that we proved the statement for all values n < m — 1. We 
shall prove it for n = m as well. Consider a marginalized city. If it belongs to 
the first set, then we are done. Otherwise, it must be in the second set. If we 
remove this city, in the country we obtain, there are two possible cases: 


Case 1. The city we removed is connected to a city which is not marginalized 
in the country we obtain. Then in the country we obtain, in the second set 
there must be fewer cities than in the first set. From the induction hypothesis, 
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there is a marginalized city in the first set. This is the marginalized city in 
the original country. 


Case 2. The city we removed is connected to a city A, which is marginalized 
in the country we obtain. Then the city A is connected only to cities in the 
second set. We now also remove the city A. By this procedure, we removed 
a city from each set, hence the induction hypothesis applies to the country 
we obtain by doing these removals, so it must be that there is a marginalized 
city in the first set. But this city will also be marginalized in the country we 
started with. Therefore the induction step is proved in this case as well. 


Problem 7.35. (Moscow 2001) There are 20 teams each belonging to a 
different city that play some football games among themselves, such that each 
team plays a home game and at most two away games. Prove that we can 
schedule the games in such a way that each team does not play more than one 
game per day and all games are played in three days. 


Solution. We prove the statement by induction on the number n of the teams. 
If n = 2, everything is clear. 

Assume first that there is a team A which only plays a home game, say 
against B. Then the hypotheses of the question are still true for the rest of the 
teams, if we remove the team A and its game against B. Therefore using the 
induction hypothesis, for the rest of the teams we can schedule the games so 
that they take only 3 days. From our assumption, team B could only play two 
games in the reduced schedule, so we can schedule the game between A and 
B for the day when B is not scheduled to play. So we proved the induction 
step for this case. 

Assume now that every team played at least one away game. So it must 
be that each team played exactly one home game and one away game. This 
implies that we can partition the teams into groups such that if a group has 
k teams Aj, Ao,..., Ak, team A; plays at home against A2, A2 plays at home 
against A3,..., Az, plays at home against A, and A, plays at home against 
Aı. Then for each group, we schedule the game between A; and Ag in the 
first day, the game between A» and A3 in the second day, the game between 
Ag and Ay, in the first day and so on. If k is even, then all games can be 
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scheduled in two days and if k is odd, then the last game between A; and Aj, 
is scheduled for the third day. This completes the proof in this case. 


Problem 7.36. (Five color theorem) Prove that the vertices of every planar 
graph can be colored with 5 colors such that each edge has its corresponding 
vertices of different colors. 


Solution. To solve this problem we will need two corollaries of Euler’s formula 
(Example 7.12) which states that if a connected planar graph with V vertices 
and E edges divides the plane into F' faces, then V — E + F = 2. The first fact 
we will need is that any planar graph must have a vertex of degree at most 5. 
Clearly, it suffices to prove this for connected planar graphs. Since each face 
is bounded by at least 3 edges and each edge is counted in at most 2 faces, we 
have 3F < 2E. Thus from Euler’s formula we deduce that EF < 3V —6. If every 
vertex has degree at least 6, by the handshaking lemma ( vo) deg(v) = 2E) 
vEV 


we would obtain Æ > 3V. This is impossible, so there must be a vertex of 
degree at most 5. The second fact we will need is that the complete graph Ks 
with 5 vertices cannot be planar. This follows from the bounds above since 
Ks has 10 edges and 5 vertices, and these violate the inequality above since 
10>3-5-6=9. 

Note that as soon as we showed that there was a vertex of degree at most 
5, we have an easy inductive proof of the six color theorem. We induct over 
the number of vertices. The base case is trivial. For the inductive step, we 
simply delete a vertex of degree at most 5. This results in a graph with fewer 
vertices, so by the induction hypothesis we can color it with six colors. Since 
the neighbors of the deleted vertex use only five of these colors, there is a color 
available for it. 

The proof of the five color theorem is similar, but we will have to work a 
little to make sure a color is available. Again we proceed by induction on the 
number of vertices and the base case is trivial. Pick a vertex v with degree 
at most 5. If it has degree 4 or less, then we simply delete v. The resulting 
planar graph has fewer vertices, and hence can be colored with our five colors. 
Since v has at most 4 neighbors, there must be a color not used by any of its 
neighbors and we may color v this color. 
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Thus we may assume v has degree 5, say with neighbors A, B, C, D, and E 
in clockwise order. Note that we can draw an edge from A to B which closely 
follows the edges Av and vB and hence doesn’t cross any other edges. Thus 
we may assume A and B are adjacent, and similarly for the other consecutive 
pairs. If the remaining pairs (A, C), (B,D),...,(£,B) were all adjacent, we 
would have a copy of the complete graph Ks which we saw above is impossible. 
Thus without loss we may assume A and C are not adjacent. Note that after 
we delete v, we can join A and C by a rubber band that follows the edges Av 
and vC and hence misses all the other edges. Pulling this rubber band tight, 
we can collapse A and C into a single vertex, call it w. A vertex x is adjacent 
to w if and only if it was adjacent to either A or C in the original graph. 

This new planar graph has fewer vertices, hence by the inductive hypothesis 
we can color it with 5 colors. When we mentally cut the rubber band joining 
A and C, we will get a coloring of every vertex except v such that A and C 
(the two halves of w) have the same color. Note that since A and C are not 
adjacent, this is a valid coloring of the graph with v removed. Since A and 
C have the same color, the neighbors of v use at most four of the five colors, 
hence there is a color available to color v. This completes the inductive step. 


Problem 7.37. In asimple graph with a finite number of vertices, each vertex 
has degree at least three. Prove that the graph contains a cycle whose length 
is not divisible by 3. 


Solution. We prove the result by induction on the number of vertices of a 
graph. The minimal possible number of vertices is 4 for a complete graph on 
four vertices, in which we have a cycle of length four. 

Now assume we have proven the assertion for all graphs with less than 
k vertices (where k > 5), and let us prove it for all graphs with k vertices. 
Assume we do have a counter-example with k vertices. Pick up a minimal 
cycle X;.X9...Xm (we do have such a cycle because we have at least > 
k — 1 edges). Then m is divisible by 3. Also no two vertices X; and X; are 
connected unless they are consecutive on the cycle, because otherwise they 
would split the cycle into two smaller cycles. Furthermore, no other vertex 
Y is connected with two different vertices X;, X; because then one of the 
cycles Y.X;Xj41...Xj, YXjXj41...X; would have length not divisible by 3, 
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as the sum of their lengths is m + 4, which is not divisible by 3. Collapse 
X1: X2,..., Xm into one vertex X and join X with other vertex Y from the 
original graph if and only if Y is connected with (only) one of X1, Xo,...,Xm. 
In this new graph, every vertex except X will maintain its degree, while X 
will have degree at least m (as from X1, X2,..., Xm there are at least m 
more edges emerging outside the cycle) so also at least 3. Finally, if this new 
graph contains a cycle with length not divisible by 3, then it must contain 
X, otherwise it would be a cycle with length not divisible by 3 in the original 
graph. If we let the cycle be X A, A2...A,—1 where r is not divisible by 3, 
then A, is connected to some vertex X; in the original graph and A,_ is 
connected to some vertex X; in the original graph. Thus there are cycles 
Xj Xj41 ... X; A1 Á»... ÁÅr—1 and AGA ... Xi A1 A2... Ar—ı in the original 
graph. The sum of their length is r+m, not divisible by 3, so one of the cycles 
will have length not divisible by 3, which is a contradiction. We deduce that 
our newly constructed graph has less than k vertices and has no cycle whose 
length is divisible by 3. But this contradicts the induction hypothesis. Our 
proof is complete. 


Problem 7.38. (China 2000) A table tennis club wishes to organize a dou- 
bles tournament, a series of matches where in each match one pair of players 
competes against a pair of two different players. Let a player’s match number 
for a tournament be the number of matches he or she participates in. We are 
given a set A = {a1,a2,...,ak} of distinct positive integers all divisible by 6. 
Find with proof the minimal number of players among whom we can schedule 
a doubles tournament such that 


i) each participant belongs to at most 2 pairs; 
ii) any two different pairs have at most 1 match against each other; 


iii) if two participants belong to the same pair, they never compete against 
each other; 


iv) the set of the participants’ match numbers is exactly A. 


Solution. We begin by proving the following auxiliary result: 
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Lemma. Suppose that k > 1 and 1 < bı < bo < ... < by. Then there exists a 
graph of bg +1 vertices such that the set {bj, b2,...,6,} consists of the degrees 
of the bg + 1 vertices. 


Proof. We prove the lemma by strong induction on k. If k = 1, the complete 
graph on bı vertices suffices. If k = 2, then take b2 + 1 vertices, distinguish bı 
of these vertices, and connect two vertices by an edge if and only if one of the 
vertices is distinguished. 

We now prove that the claim is true when k = 7 > 3 assuming that it is 
true when k < i. We construct a graph G of b; + 1 vertices, forming the edges 
in two steps and thus “changing” the degrees of the vertices in each step. Take 
bi + 1 vertices and partition them into three sets S1, S2, S3 with |S;| = by, 
|So| = b;-1 — bı +1 and |S3| = b; — (b;_1 +1). By the induction hypothesis, we 
can construct edges between the vertices in S2 such that the degrees of those 
vertices form the set {b2 — bj,...,b;-1 — b1}. Further, construct every edge 
which has some vertex in S; as an endpoint. Each vertex in Sı now has degree 
bi, each vertex in S3 has degree bı and the degrees of the vertices in S_ form 
the set {bo,...,b;-1}. Hence, altogether, the degrees of the b; +1 vertices in G 
form the set {b1, b2, ..., bi}. This completes the inductive step and the proof. 

Back to our original problem, suppose that we have a doubles tournament 
among n players satisfying the given conditions. At least one player, call 
him/her X, plays in the maximal number of matches which we will denote 
by max(A). Let m be the number of different pairs of players X has played 
against. Each of X’s matches involves two opponents for a total count of 2m. 
Any player is counted at most twice in this manner, as any player belongs 
to at most two pairs. Hence, player X must have played against at least m 
different players. If X is in j pairs (with j = 1 or j = 2), then there are at 
least m + j + 1 players in total (X, the j players who played with X, and at 
least m players who played against X). Also, X plays in at most jm matches, 
implying that jm > max(A). Hence, 


n>m+j+1>max(A)/j +7+1 > min{max(A) + 2,max(A)/2 + 3}. 


Since max(A) > 6, we have max(A) + 2 > max(A)/2 + 3, implying that 
n > max(A)/2 + 3. 
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We now prove that n = max(A)/2-+ 3 is attainable. From the lemma, 
we can construct a graph G of max(4) + 1 vertices whose degrees form the set 
a, 2,...,&}. Partition the n players into max(A)/6+1 triples, and let two 
players be in a pair if and only if they are in the same triple. Assign each triple 
(and, at the same time, the three pairs formed by the corresponding players) 
to a vertex in G, and let two pairs compete if and only if their corresponding 
vertices are adjacent. Suppose that we have a pair assigned to a vertex v of 
degree @. For each of the 4 vertices w adjacent to w, that pair competes 
against the three pairs assigned to w, for a total of % matches. Each player 
assigned to v is in two pairs and hence has match number 2% = a;. Therefore, 


the set of participants’ match numbers is {a1,a@2,...,a,}, as we wanted. 


Problem 7.39. (Poland 2000) Given a natural number n > 2, find the 
smallest integer k with the following property: Every set consisting of k cells 
of an n x n table contains a non-empty subset S such that in every row and 
in every column of the table there are an even number of cells belonging to S. 


Solution. ‘The answer is 2n. To see that 2n — 1 cells do not suffice, consider 
the “staircase” of cells consisting of the main diagonal and the diagonal imme- 
diately below it. Number these cells from upper-left to lower-right. For any 
subset S of the staircase, consider its lowest-numbered cell; this cell is either 
the only cell of S in its row or the only cell of S in its column, so S cannot 
have the desired property. 

To see that 2n suffices, we use the following lemma: 


Lemma. If a graph is drawn such that its vertices are the cells of an m x n 
grid, where two vertices are connected by an edge if and only if they lie in 
the same row or the same column, then any set T' of at least m + n vertices 
includes the vertices of some cycle whose edges alternate between horizontal 
and vertical. 


Proof. We induct on m+n. If m = 1 or n = 1, the statement is clearly 
true. Otherwise, we construct a trail as follows. We arbitrarily pick a starting 
vertex in T' and, if possible, proceed horizontally to another vertex of T. We 
then continue vertically to another vertex of T. We continue this process, 
alternating between horizontal and vertical travel. Eventually, we must either 
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(a) be unable to proceed further, or (b) return to a previously visited vertex. 
In case (a), we must have arrived at a vertex which is the only element of T in 
its row or its column; then remove this row or column from the grid, remove 
the appropriate vertex from T, and apply the induction hypothesis. In case 
(b), we have formed a cycle. If there are two consecutive horizontal edges 
(resp. vertical edges), as is the case if our cycle contains an odd number of 
vertices, then we replace these two edges by a single horizontal (resp. vertical) 
edge. We thus obtain a cycle which alternates between horizontal and vertical 
edges. By construction, our cycle does not visit any vertex twice. 

To see that the result of the lemma solves our original problem, suppose 
that we have a set of 2n cells from our n x n grid. It then contains a cycle: 
let S be the set of vertices of this cycle. Consider any row of the grid. Every 
square of S in this row belongs to exactly one horizontal edge, so if the row 
contains m horizontal edges, then it contains 2m cells of S. Thus, every row 
(and similarly, every column) contains an even number of cells of S. 


Problem 7.40. (Austrian-Polish MO 2000) We are given a set of 27 
distinct points in the plane, no three collinear. Four points from this set are 
vertices of a unit square; the other 23 points lie inside this square. Prove that 
there exist three distinct points X,Y, Z in this set such that [XYZ] < mt 


Solution. We prove by induction on n that, given n > 1 points inside the 
square (with no three collinear), the square may be partitioned into 2n + 2 
triangles, where each vertex of these triangles is either one of the n points 
or one of the vertices of the square. For the base case n = 1, because the 
Square is convex, we may partition the square into 4 triangles by drawing line 
segments from the interior point to the vertices of the square. 

For the induction step, assume that the claim holds for some n > 1. Then 
for n +1 points, take n of the points and partition the square into 2n + 2 
triangles whose vertices are either vertices of the square or are among the n 
chosen points. Call the remaining point P. Because no three of the points 
in the set are collinear, P lies inside one of the 2n + 2 partitioned triangles 
ABC. We may further divide this into the triangles APB, BPC and CPA. 
This yields a partition of the square into 2(n + 1) + 2 = 2n + 4, completing 
the induction. 
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For the special case n = 23, we may divide the square into 48 triangles 
with total area 1. One of the triangles has area at most mt as desired. 


Problem 7.41. (Moscow 1999) We consider in the plane a convex polygon 
such that each of its sides is a segment which is colored towards the outside 
of the polygon (i.e. we regard a part of the segment as colored, and the other 
one not). Inside the polygon we draw some diagonals which again, have a side 
that is colored and one which is not. Prove that one of the polygons that was 
formed while partitioning the initial polygon must also have its sides colored 
towards the outside. 


Solution. We prove the result by induction on the number n of diagonals 
that were drawn. For n = 0, the statement holds from the hypothesis. 

We now assume the statement for some n > 0. Before we draw the (n+1)- 
st diagonal, there is a polygon P which is colored towards the exterior from 
the induction hypothesis. When we draw the last diagonal, it either intersects 
P or not. If it does not intersect P, then in the final configuration, P is still 
colored towards the exterior. If it intersects P, then it partitions P into two 
convex polygons, and the one situated on the uncolored side of the diagonal 
is the one which will now be colored towards the exterior. This completes the 
induction step. 


Problem 7.42. (USSR 1989) A fly and a spider are on a 1 x 1 meter square 
ceiling. In one second, the spider can jump from its position to the middle of 
any of the four segments which join it to the vertices of the ceiling. The fly 


does not move. Prove that in eight moves the spider can be within 1 centimeter 
of the fly. 


Solution. We are going to prove a more general statement. Let us first 
introduce a rectangular system of coordinates of the ceiling, with the origin at 
one of its corners and the axes going along the corresponding edges. We take 
1 meter as the unit of the length. 

Let (x,y) be the coordinates of the initial position of the spider. Consider 
the set of points 


etiytq\.. be 
An = ¥( zk PZI) FEZ, 0515 <0}, 
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This set gives us a network of cells whose sides have length equal to 27%. 
Obviously Ap consists of just the single point (x,y) and the four points in A; 
are shown in the diagram below. 


(0,1) (1,1) 
(y +1)/2 

y/2 

(0,0) xe /2 (x+1)/2 (1,0) 


We see that when jumping from a point (x,y), the spider can change the 
first coordinate x of its location to either x/2 or (x +1)/2 and independently, 
it can change the second coordinate to either y/2 or (y+ 1)/2. We prove by 
induction on k that the spider can jump to any point of the set A; after k 
jumps. 

For k = 0, this is clear. Suppose that the spider can jump on any point of 
A, after k jumps. Take an arbitrary point 


rti y+j 
M = (a | 


of Az41. We have to find a point N = (21,y1) of A, from which the spider 
can jump to M. Take 


ott if i < 2% 
pe ed. Abt 2 


vyg ije" 


and similarl = ! 
= i ae if i> 2 
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The point N which has these coordinates lies in A; and the spider can jump 
from it to M. | 

Observe now that for any point P on the ceiling there exists a point in A, 
whose distance from P is not greater than /2-27*. In particular, for k = 8 
we have v2 -278 < a: which solves the original problem. 


Problem 7.43. Prove that if the plane is divided into parts (“countries”) by 
lines and circles, then the obtained map can be painted in two colors so that 
the parts separated by an arc or a segment are of distinct colors. 


Solution. We prove the statement by induction on the total number of lines 
and circles. For one line or circle, the statement is obvious. 

Now suppose that it is possible to paint any map given by n lines and 
circles in the required way and we want to show how to paint a map given 
by n+ 1 lines and circles. Let us delete one of these lines (or circles) and 
paint the map given by the remaining n lines and circles using our inductive 
hypothesis. Then we retain the colors of all the parts lying on one side of the 
deleted line (or circle) and replace the colors of all the parts lying on the other 
side of the deleted line (or circle) with opposite ones. In this way we achieve 
a coloring for n + 1 lines and circles, which finishes our induction and hence 
the question. 


Problem 7.44. (IMO 2006 shortlist) Let S be a finite set of points in the 
plane such that no three of them are on a line. For each convex polygon P 
whose vertices are in S, let a(P) be the number of vertices of P, and let b(P) 
be the number of points of S which are outside P. A line segment, a point 
and the empty set are considered as convex polygons of 2, 1 and O vertices, 
respectively. Prove that for every real number zx we have 


Soe) (1 = PCP) = 1, 
P 


where the sum is taken over all convex polygons with vertices in S. 


Solution. We use strong induction on |S|, where the base case |S| = 0 is 
clear. 
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Consider the convex hull of S, and say it has n points Q1, Q2,..., Qn- 
Then by the inductive hypothesis (letting S = S — {Q;,, Qi- -Qu }), 


(SoS Se a 1, 
PES 


Using the Inclusion-Exclusion Principle to sum up xP) (1 — x)’s) over 
all convex polygons P € S excluding at least one point on the convex hull 
QiQ2...Qn (note that the k points excluded are outside P), we obtain 


f(S)—2" “Ee De(z)a- )*#(S") = —((1-(1—2))"— (1—2)°) 


and thus f(S) = 1, as desired. 


Problem 7.45. (IMO 2006 shortlist) A holey triangle is an upward equi- 
lateral triangle of side length n with n upward unit triangular holes cut out. 
A diamond is a 60° — 120° unit rhombus. Prove that a holey triangle T can 
be tiled with diamonds if and only if the following condition holds: Every 
upward equilateral triangle of side length k in T contains at most k holes, for 
1<k<n. 


Solution. Every diamond contains an upward and a downward triangle with a 
common edge. Now in every upward triangle T with sidelength k we have ke a 


upward triangles and kok downward triangles. The downward triangles are 
adjacent only with upward triangles from 7’, so if more than k upward triangles 
are removed, there are not enough of them to match with the downward ones. 
This proves the easier part of the problem. Now let us prove the converse by 
induction on n: 

Call a sequence 2k + 1 of consecutive upward and downward triangles 
(starting and ending with upward triangles) from the same row a “block”. 
The block above it of 2k — 1 triangles is called the “above block”. We wish 
to cover all the triangles in the last row of the big triangle T with diamonds. 
There can be horizontal diamonds, but there also can be vertical ones, and for 
them we will need to borrow upward triangles from the above row. When we 
finish, it is easy to conclude there will be n — 1 holes in the remaining triangle 
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T’ of side n — 1. We just need to pick the diamonds in such a way that the 
induction hypothesis is respected. Call a triangle which contains a part of the 
base a “base” triangle. Call a triangle which contains as many holes as its 
sidelength “full”, and one which contains more than its sidelength “deadly”. 
We must not create “deadly” triangles after cutting the last row. It is clear a 
deadly triangle may appear only asa “base” triangle for T”. 

We claim that if a block from the base contained r holes, at most r holes are 
added to the block above it after removing the last row. We do the following 
procedure: the space between two consecutive holes in the last row can be filed 
in with diamonds except one downward triangle which has to be connected 
with a triangle above (clearly at least one of the downward triangles can be 
matched otherwise there would be too many holes breaking the condition). 
It is is easy to verify the claim after such a conclusion. Moreover, it is clear 
that any arrangement is of the above type, as otherwise we would create too 
many holes in T’ (between any two consecutive holes we must create a hole 
in T’, and if we somewhere create more it would be over). Now we claim a 
“deadly” triangle arises from a full triangle. Indeed, if we have a base deadly 
triangle with sidelength j an 7 + / holes we can extend it one unit downward. 
This triangle has sidelength 7 + 1 and had originally also at least j + l holes 
according to our claim. So l = 1 and this triangle was full at the beginning. 
It only remains to manage the full base triangles, thus. 

If two full triangles of sidelength k,l intersect in a triangle of sidelength m, 
we deduce this small triangle is also full and the big triangle of length k+l— m 
is too. So we may do such unions unless k +l — m is not n. When we finish, 
we have two possible cases: 


a) we have some non-intersecting full triangles. Then every full base tri- 
angle is contained in one of them otherwise we could still unite it with one. 
Applying the induction hypothesis for them we can tile the bottom rows of 
them with diamonds without not making them full. Completing the tiling we 
achieve the goal. 


b) We have intersecting triangles, but uniting them would form the big 
triangle T for which we can not apply the induction step. It is easy to see 
this is possible only when there are two such triangles of sidelength k,l which 
intersect in a triangle of sidelength m and k+1—m = n. Then we have at 
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most m holes in the common part. So at least k +l — m = n holes in the 
union of these two triangles. It means the remaining parallelogram at the top 
contains no hole and then it can be tiled with diamonds. The two triangles 
can also be tiled. Moreover any tiling tiles also the common part of sidelength 
m completely. So we may tile one triangle, and tile the remaining part of the 
second. This is the desired tiling of T. 


Problem 7.46. (IMO 2005 shortlist) Let n > 3 be a given positive integer. 
We wish to label each side and each diagonal of a regular n-gon P,...P, with 
a positive integer less than or equal to r so that: 


i) every integer between 1 and r occurs as a label; 


ii) in each triangle P;P;P,, two of the labels are equal and greater than the 
third. 


Given these conditions: 
a) Determine the largest positive integer r for which this can be done. 
b) For that value of r, how many such labellings are there? 


Solution. Let [XY] denote the label of the segment XY, where X and Y are 
vertices of the polygon. Consider any segment MN with the maximum label 
[MN] =r. By the condition (ii), for any P; Æ M, N, exactly one of P;M and 
P;N is labelled by r. Thus the set of all vertices of the n-gon splits into two 
complementary groups: A= {P; : |[P;M] = r} and B={P, : [RN] =r}. 

We claim that a segment XY is labelled by r if and only if it joins two 
points with one in A and the other in 5. Assume without loss of generality 
that X € A. If Y € A, then [XM] = [YM] = r, so [XY] <r. If Y € B, then 
[XM] =r and [YM] <r, so [XY] =r, by (ii), as claimed. 

We conclude that a labelling satisfying (ii) is uniquely determined by 
groups A and B and labellings satisfying (ii) within A and B. 


(a) We prove by induction on n that the greatest possible value of r is 
n—1. The degenerate cases n = 1 and n = 2 are trivial. If n > 3, the number 
of different labels of segments joining vertices in A (respectively B) does not 
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exceed |A| — 1 (respectively |B] — 1), while all segments joining a vertex in A 
and a vertex in B are labelled by r. Therefore 


r<(jAJ—1)4+((B)-1)+1l=n-1. 


The equality is attained if all the mentioned labels are different. 


(b) Let an be the number of labellings attained with r = n — 1. We prove 
by induction that a, = ni This is trivial for n = 1, so let n > 2. If 


n 


|A| = k is fixed, the groups A and B can be chosen in (%) ways. The set of 
labels used within A can be selected among 1, 2,...,n— 2 in (ae) ways. Now 
the segments within groups A and B can be labelled so as to satisfy (ii) in ax 
and an-k ways, respectively. This way every labelling has been counted twice, 


since choosing A is equivalent to choosing B. It follows that 


1° (n\ (n-2 
am => Na) Aa — 1) eon 


k=1 
o n(n —1)! | a Anak 
2(n—1) & klk- 1)! (n k)i(n- k- 1)! 





o nl(n—1)! > 1 i n\(n—1)! 
E 2(n — 1) = Qk-1 9gn—-k-1 E on—1 i 
Problem 7.47. In a convex n-gon (n > 403), there are 200n diagonals drawn. 
Prove that one of them intersects at least 10000 others. 


Solution. More generally, we prove that if n > 150 and if no diagonal inter- 
sects more than 10000 others, we have drawn at most 200(n — 51) diagonals. 
We do this by induction on n. 

If n < 343, we have AU, < 200(n — 51) and it is clear. 

For the induction step, assume that we have proved the result for all in- 
tegers less than n and n > 343. Suppose that we have drawn more than 
200(n — 51) diagonals. Then we have a vertex from which exit at least 343 
diagonals. Take the 170th diagonal. This divides the polygon into two smaller 
polygons. Let the polygons have sides k,l, with k+l =n +2. We note that 
k,l > 150. Then by the induction hypothesis, the number of diagonals in 
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the first polygon is at most 200(k — 51) and in second at most 200(/ — 51). 
Summing, since we have at least 200(n — 51) diagonals, we get at least 10000 
diagonals intersecting the 170-th diagonal, which is contradiction. 


Problem 7.48. Consider a convex n-gon such that no three of its diagonals 
are concurrent. In how many parts do the diagonals divide the n-gon? 


Solution. Let us prove that diagonals divide our n-gon into 


(n — 1)(n — 2)(n? — 3n + 12) 
24 


parts. The base case n = 3 is clear. Assume that the statement is true 
for all n-gons and let us prove it for n + 1-gons. Consider an n + 1-gon 
A; Ag...An+i that is divided by the diagonal A;A, into n-gon A,Ao...An 
and triangle A;A,An4ii1. The diagonals in the n-gon A,A2...A, divide it 
into F(n) regions. When we add back the triangle Ay An An+1 we gain 1 more 
region. Now consider adding the diagonals A, Ani for 2 < k < n— 1 one at a 
time. If we add a diagonal which is cut by m other diagonals, then that means 
it splits m+1 regions. Since Ay An+1 meets every diagonal A; A; with 1 < i < k 
and k < j < n, we see that AkAn+ı cuts (k — 1)(n — k) other diagonals and 
hence adds (k — 1)(n — k) + 1 regions. For the triangle A; AnAn+1 and these 
n — 2 diagonal we get a total of n — 1 contributions of +1, so we obtain the 
following recursive formula 


F(n+1) = F(n)+(n—1)+1.(n—2)+-2(n—-3)+...+(n—3)-2+(n-2)-1. 


This can be reduced to 


nS 2 


4 
Fin+1)= Fin) +5- +5 - 


l, 
3 


which gives us the desired result after direct calculation. 


Problem 7.49. We are given some unit squares which are translations of each 
other in the plane, such that from any n+1, at least two intersect. Prove that 
we can place at most 2n — 1 needles in the plane, such that every square is 
stabbed by at least one needle. 
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Solution. Introduce a system of coordinates with axes parallel to the sides 
of the squares. The proof is by induction on n. For n = 1, any two squares 
intersect. To see this, consider the leftmost of the squares (pick one if there 
is more than one leftmost squares), then every other square must intersect 
it. We conclude that every other square must meet the line through its right 
hand side. Intersecting each square with this line, we get a collection of unit 
intervals such that any two intersect. Take an uppermost one. Then any of 
our unit intervals contains the lowest point in this interval. Thus a needle 
placed at this point meets every square. 

Now let us prove the result for n = k + 1 using the result for n = k, where 
k > 1. Let ABCD be the leftmost square, such that A and B are the lower-left 
and upper-left vertices of the square. It is clear that all squares intersecting 
ABCD must contain either C or D, so we can place two needles near them such 
that all squares intersecting ABCD are stabbed (including ABCD). Next, the 
squares not intersecting ABCD must satisfy the conditions in the hypothesis: 
if we take k + 1 of them and ABCD, then two squares must intersect. Since 
ABCD does not intersect the other squares, we conclude that two of the 
k + 1 squares intersect. So applying the induction hypothesis, we can stab all 
the squares not intersecting ABCD by 2k — 1 needles. Together with the two 
previously placed needles, we get 2k +1 = 2(k+1)—1 needles. This completes 
our proof. 


380 Chapter 10. Solutions 


8 Games 


Problem 8.1. Three players play the following game. There are 54 candies 
on the table. Players play by turns (one after another). In each turn it is 
allowed to take either one, three, or five candies, such that the same number 
of candies cannot be taken in two consecutive turns. The winner is the person 
who takes the last set of candies. Given perfect play of all the players, who 
will win? 


Solution. Let us prove, by mathematical induction, that if the number of 
candies is of the form 9n, where n € N*, then the third player wins. 

If n = 1, then the third player can take all the candies left and win. 

Assume now that the statement holds true for some n > 1 and we prove 
that it holds true for n+ 1. We have 9(n +1) candies; if the first player takes 
a candies and the second player takes 6 candies, then the third player takes 
9 — a — b candies (that is, whichever of 1,3,5 is neither a nor b). We are now 
left with 9n candies and from the induction hypothesis we obtain that the 
third player wins. As 9 | 54, the third player will win the game we are given 
in the problem. 


Problem 8.2. Let ag, a1, a2,..., a2016 be distinct positive numbers. Consider 
the following two-player game: players take turns to write the numbers ao, ao, 
Qi, 42,-.-., G201g instead of x in the polynomial xr016 4 g5 4 4 (one 


number in each turn). If the polynomial obtained in the end has an integer 
root, then the second player wins; otherwise, the first player wins. Given 
perfect play by both sides, who will win? 


Solution. We shall prove that the first player wins. We begin by proving the 
following result: 


Lemma. If max(|bz|, |bo|, ..., |bn|) = |bn| and |k| > 2, n > 2, then 
brnk "T= byak | eb balk 
Proof. We proceed by induction on n. The base case is n = 2, for which we 


have: 
|b2k| — |by| > 2|b2| — [bi] > [bo]. 
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Assume that the statement holds true for some n > 2 and we prove that 
it holds true for n+ 1. 
We have that 


lbm41k™| — omk”? =... — [bi] 2 2[bmal|k™ "| — [blk] — .- = lbi 
> |Pmi||R"-*| — [bm—a ||] — -.. [bal 
> [bm+1l. 


It follows that 
lom-+1||K| — bml] kt] — ... — [bi] > bml: 


This completes the proof of our lemma. 

Back to our original problem, without loss of generality, we can assume 
that max(ao, Q1,- . - , 2016) = 42016- 

If the first player in his first turn writes a2ọ16 as the coefficient of x 
then the obtained polynomial does not have a root which is less than or equal 
to —2. Indeed, if |k| > 2 and 


2016 
’ 


asojgek 016 + Qi, 2018 Pet Opoi6-= 0, 
then, according to the above lemma, we have 
|@iz015 | E lazgigk**? Fee Qizora | |k] 7 2(|az016k ">| wee IQisoral) > 2|a2016|. 


Therefore, a2016 > Qiz15 Z 2a2016, which leads to a contradiction. 

Notice that since the numbers aọo,aı,...a20ọ1 are positive integers, the 
polynomial we obtain at the end of the game cannot have a root which is 
greater than or equal to 0. 

By the work we have done so far, we know that the first player can with 
his first move ensure that only —1 could be a root of our polynomial. Split 
the remaining coefficients into two groups those which are coefficients of x* 
for k even and those which have k odd. We will call this choice of groups the 
parity of the coefficient (since at x = —1 the even group coefficients will get 
multiplied by +1 and the odd group by —1). For his next 1006 moves, the 
first player always writes a coefficient of the opposite parity to the previous 
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move by the second player. Thus when we get to the last 4 turns there will 
be two coefficients of each parity left. 

Suppose at the fourth turn from the end, the second player assigns a co- 
efficient with parity p. Then the first player is left with three numbers, one 
of which will be assigned parity p and the other two the opposite parity. The 
first thing to note is that whichever value gets assigned to the sole remaining 
coefficient with parity p will determine the value of the polynomial at —1. The 
second thing to note is that the different assignments give different values for 
the polynomial at —1. Since at most one assignment can make the value 0, 
the first player can make this assignment in a way that guarantees that —1 is 
not a root of the polynomial. This completes our proof. 


Problem 8.3. A regular pack of 52 cards (with 26 red cards and 26 black 
cards) is shuffled and dealt out to you one card at a time. At any moment, 
based on what you have seen so far, you can say “I predict that the next card 
will be red”. You can only make this prediction once. Which strategy gives 
you the greatest chance of being right? 


Solution. Let us introduce some terminology first: by strategy, we will un- 
derstand the following: for every possible shuffling of the deck, we construct a 
corresponding word on 26 R (red) and 26 B (black) letters and denote by W 
the set of all such words. By a strategy, we mean a set S of words on R and B 
of length between 0 and 51 such that every word in W has exactly one element 
in S as its ‘head’, i.e. it begins with that word. Moreover, every element in 
S has to be the head of some element in W. This will determine, based on 
the cards that you have seen (which is basically a word, w) if you choose to 
predict (w € S) or to wait (w ¢ S) at each step. We also naturally assume 
that all possible configurations of cards have the same probability. With this 
understanding of the problem, we can prove that every strategy gives us a 
winning chance of 50%. 

Let us use induction in the more general context of x red and y black 
cards in order to show that every strategy gives the probability aor We run 
our induction on x + y. For xz + y = 2, assume x = y = 1, as the other 
cases are trivially checked. Then we can predict red from the beginning, or 
alternatively we have to shout red after we see the first revealed card. Clearly, 
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all possibilities are ‘RB’ or 'BR’. The first strategy prevails only for the first 
case, while the second strategy only for the second. Hence, both strategies 
have a 50% probability. 

Now assume that the probability we achieve for xz + y cards is aa Let us 
prove that for X red cards and Y black cards with X + Y = z + y + 1, the 
corresponding probability is Sey: If a strategy S contains the empty word 


and hence no other, it has winning probability ay: Otherwise, the player 
would see the first card. In this case, partition S into two subsets: the set 
SR of words that start with R and the set SB of words that start with B. 
Conditioning on the event that the first card in the deck is red, SR becomes a 
strategy in its own right for a deck with X —1 red and Y black cards-provided 
we ignore the first letter of every word in SR. By induction, SR has winning 
probability ro: Similarly, SB has winning probability TCL Therefore, 
the overall winning probability of S is 


XY Meaty .. Reavy 
KIYAR- D Ara Y D) arn 
X 
= X47 


as required. This completes the proof in the case of deterministic strategies, 
in which the player makes a prediction at any step before the last card. 


Problem 8.4. On an infinite chessboard consisting of unit squares (x, y) with 
x,y > 0 two players play the following game: initially a king is positioned 
somewhere on the board, but not on (0,0), and they alternatively move it 
either down or left or down-left. The player who loses is the one who moves 
the king into the (0,0) square. Find the initial position of the king for which 
the first player wins. 


Solution. We will prove by induction on x+y > 1 that the first player has 
a winning strategy if and only if either x = 0 and y is even or y = 0 and = is 
even or x,y > 1 and not both x and y are even. 

Clearly for x+y = 1, the first player is forced to move into (0,0) and lose. 
Since the pairs (0,1) and (1,0) are not of the form above, this proves the base 
case. 
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For x+y > 1, if one of x and y is 0, then without loss of generality x = 0. 
The first player has to move into (0,y — 1) so, by induction, he wins if and 
only if y is even. 

If x = 1 or y = 1, then without loss of generality x = 1, so the first player 
can move into one of (0,y¥) and (0, y — 1) which gives him a winning strategy. 

Suppose z,y > 2. If x and y are both even, the first player has to move 
into one of (x — 1,y),(x — 1,y — 1) or (x,y — 1), all of which have positive 
coordinates that are not both even, so, by induction, he loses. Else, one of 
(x —1,y),(« —1,y—1) and (x,y — 1) has even, non-negative coordinates, so 
he can move into that one, winning by induction. 


Problem 8.5. (TOT 2003) In a game, Boris has 1000 cards numbered 
2,4,...,2000, while Anna has 1001 cards numbered 1,3,...,2001. The game 
lasts 1000 rounds. In an odd-numbered round, Boris plays any card of his. 
Anna sees it and plays a card of hers. The player whose card has the larger 
number wins the round, and both cards are discarded. An even-numbered 
round is played in the same manner, except that Anna plays first. At the end 
of the game, Anna discards her unused card. What is the maximal number 
of rounds each player can guarantee to win, regardless of how the opponent 
plays? 


Solution. We will show by induction on n that if there are 4n +1 cards, then 
with optimal play Anna will win n+ 1 rounds and Boris will win n — 1. 

We will use two observations repeatedly. First, the game does not depend 
on the exact values of the cards, only that the cards from highest to lowest 
alternate between Anna and Boris with Anna having the highest and lowest. 
Second, suppose the player going second in a round has the option of playing 
two cards both of which result in the same winner for that round. Then 
playing the smaller of those two cards is always at least as good for that 
player as playing the larger. This is clear since the result of that round will 
be the same and at later rounds he will have a better card in his hand. 

Now we first prove by induction on n that Anna can guarantee to win at 
least n +1 rounds. For the base case suppose n = 1, that is, there are 5 cards. 
Whatever card k Boris plays first, Anna responds with card k+ 1 winning the 
first round. She then plays her highest card (which is the highest unplayed 
card) and wins the second round. 
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For the induction step, suppose Boris plays card k first. Then Anna plays 
card k+1 and wins the round. She then plays card 1. Since Boris will definitely 
win this round, by the second observation above he should play his lowest card 
(either card 2, if k Æ 2, or card 4 is k = 2). After these plays we are left with 
4(n — 1) +1 cards which alternate between Anna and Boris. Hence by the 
first observation above and the induction hypothesis, Anna can win n of the 
remaining rounds and n + 1 rounds in total. 

Next, we prove that Boris can guarantee to win at least n—1 rounds. Boris 
will play card 2 first. By the second observation above, Anna should either 
play card 1 (losing) or 3 (winning with the smallest possible card). Since either 
way she is left with the lowest unplayed card, we may assume she plays card 3 
and wins. Thus after this first round, we are left with 4n — 1 cards alternating 
between Anna and Boris, but now Anna goes first. 

We will prove by induction on n that in this slightly modified game, Boris 
can guarantee to win n — 1 rounds. The base case n = 1 is trivial since of 
course Boris can guarantee to win at least 0 rounds. 

For the induction step, first assume Anna plays a card k < 4n — 1, then 
Boris responds with card k + 1 winning this round and returns card 2. As 
above, we may assume Anna plays card 3 and wins. This reduces the game 
to one equivalent to the 4(n — 1) — 1 card game and hence by induction Boris 
can guarantee to win n — 2 of the remaining rounds, hence n — 1 total. 

Now assume Anna plays her top card 4n — 1. Then Boris plays card 2 
losing that round. He then plays card 4n — 2 in the next round. Since Anna 
will lose this round, we may assume she plays her lowest card 1. Thus again 
Boris has won one round and we are reduced to a game equivalent to the 
4(n — 1) — 1 card game. Hence by induction Boris can guarantee to win n — 2 
of the remaining rounds, hence n — 1 total. 

Since Anna can guarantee to win n + 1 rounds and Boris can guarantee to 
win n — 1 rounds (and this adds to the total number 2n of rounds), this must 
be optimal play for both players. 


Problem 8.6. There are n > 1 balls in a box. Now two players A and B 
are going to play a game. At first, A can take out 1 < k < n ball(s). When 
one player takes out m ball(s), then the next player can take out 1 < £ < 2m 
ball(s). The person who takes out the last ball wins. Find all positive integers 
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n such that B has a winning strategy. 


Solution. Let Fo = 0, Fi = 1 and F, = Fp_1 + Fn- for n > 2. The answer 
is that the second player wins if and only if n is of the form Fy, for k > 3. 

Let (n, m) denote the position where there are n balls left and the last move 
took m of them. Let n = Fj, + Fj, +---+ Fj, be the Zeckendorf representation 
of n, with 71 > i2 >--- > îr > 2 and no two 7; are consecutive. We will prove 
by strong induction on n that (n,m) is losing for the first player if and only 
m< F ip J 2: 

The base case n = 1 is obvious. Suppose it is true for all values up to n, 
and consider (n,m). Write n = F; + Fj, +- + Fj, as above. If m > F;,/2, 
then we take F;„ balls away. Because ip—1 > tr + 1, we have Fj, > 2Fi,, 
so this leaves our opponent in a losing position by the inductive hypothesis. 
Therefore the original position is a winning one. 

It remains to show we cannot leave out opponent in a losing position if 
m < F; /2. Suppose we move taking z balls. Let 


(C Ty Se Bg ed a a gas 


The Zeckendorf representation guarantees we can write all numbers 
1,2,...F;,-1 — 1 using only terms from Fb, f3,...Fj,-2. So n— z + 1,n — 
x£ +2,... n — gx + Fj,—ı —1 all have a representation starting with the terms 
that n— gx has. This is not true of n, so therefore n > n—2+ F;,-1 — 1, which 
is equivalent to x > F;,-1. But this is greater than F}, /2, so this is a winning 
position by the inductive hypothesis and the induction is complete. 

To finish the problem, note that the starting position is as though we have 
m= n, It is straightforward to see that uel < Fi. /2 means that n = F; 
giving us the answer we claimed in the first paragraph. 


r? 


Problem 8.7. (Russia 2002) We are given one red and k > 1 blue cells, and 
a pack of 2n cards, numbered from 1 to 2n. Initially, the pack is situated on 
the red cell and arranged in an arbitrary order. In each move, we are allowed 
to take the top card from one of the cells and place it either onto the top of 
another cell on which the number on the top card is greater by 1, or onto an 
empty cell. Given k, what is the maximal n for which it is always possible to 
move all the cards onto a single blue cell? 
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Solution. We shall prove that the answer isn = k — 1. First, let us give a 
counterexample when n = k: 

Assume that initially on the red cell, the cards are in the order (from top 
to bottom) 1,3,...,2k —1,2k and then the rest of the cards are in arbitrary 
order. Following the rules of the game, none of the odd numbers from 1 to 
2k — 1 can be placed on top of each other. So it must be that after k moves, 
each of the k blue cells contain one of the odd numbers from 1 to 2k — 1. But 
then we are left with the card with number 2k which cannot be placed in any 
of the cells. 

Now we show that when n = k — 1, we can always achieve our goal. We 
will do this by induction on k. 

First, we call a position of the process good if the cards from 1 to k—1 are 
located in once cell and the cards from k to 2k — 2 are in another cell. Once 
we have a good position, we move the cards 1,2,...,k — 2 successively in the 
k — 2 remaining empty cell, so that each occupies one of these cells. ‘Then in 
the cell with the cards from k to 2k — 2, we place k —1 on top, then k — 2, and 
so on, until we obtain we have all the cards in one stack, which completes the 
game. 

Therefore, it suffices to prove by induction that we can obtain a good 
position for any k and n = k — 1. The base case is k = 1, when we only have 
two cards, and we put them in separate cells, no matter what their order is. 
Then we place 1 on top of 2 and we are done. 

Assume now that the result holds for some k > 1 and we prove it for k+1. 
We prove that we can obtain a position where the cards 2k — 1 and 2k are 
in one cell, without disturbing the process which leads to a good position for 
n = k — 1 for the remaining k cells. To do this, we simply do the process from 
the induction hypothesis to get a good position for n = k — 1 and whenever 
we meet the cards 2k — 1 and 2k we put them separately in the extra cell 
available. The only situation when we cannot do this is when the card 2k — 1 
comes before the card 2k, and by the time we reached the card 2k, all the k 
blue cells are occupied. If this is the case, we proceed as follows: 

When we reach the card with number 2k, we look at the k cells (as we 
exclude the one containing 2k — 1) which are now full and consider the top 
card on each of them. There are 2k — 2 possible card numbers and k cells, so 
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by the Pigeonhole Principle, two of these card numbers must be consecutive. 
Say our consecutive card numbers are l and l + 1. Since l could only have 
gone on top of l+ 1 or on an empty cell, it must be that l is the only number 
in its cell. So we place l on top of l + 1, then we place 2k in the cell where | 
was, put 2k — 1 on top of it, and now we put / in the cell where 2k — 1 was. 
With this sequence of moves, we obtained a cell with 2k — 1 and 2k and the 
configuration for the rest of the cards is the same as when we reached the card 
2k, so we have not disturbed the process for the remaining 2k — 2 cards. 

This shows that we can achieve the position where the cards 2k — 1 and 2k 
are in one cell, cards from 1 to k—1 in another, and the cards from k to 2k — 2 
in a third separate cell. To finish the induction step, we must prove that this 
_ configuration leads to a good position. We place the cards from k to 2k — 3 
successively in the remaining k — 2 empty cells. Now 2k — 2 is on its own in 
a cell, and we place it on top of the cell with the cards 2k and 2k — 1. Then 
we successively place the cards from 2k — 3 to k +1 in the same pile. Now we 
have a pile with cards from k + 1 to 2k, one with cards from 1 to k — 1, a cell 
containing k and the rest of the cells empty. We now successively place each 
of the cards from 1 to k — 2 in the k — 2 empty cells. Finally, we successively 
place the cards from k — 1 to 1 on the pile containing the card with number 
k. In this manner, we obtained a good position, completing our induction. 


Problem 8.8. (Mathematical Reflections) A and B play the following 
game on a 2n +1 x 2m + 1 board: A has a pawn in the bottom left corner 
(square (1, 1)) and wants to get to the top right corner (square (2n+1,2m-+1)). 
At each turn, A moves the pawn in an adjacent square (having a common edge) 
and B either does nothing or blocks a square for the rest of the game, but 
in such a way that A can still get to the top right corner. Prove that B can 
force A to do at least (2n+1)(2m-+1)—1 moves before reaching the top right 
corner. 


Solution. We shall prove this by induction on m+n. For m = 0 orn = 0 
the result is clear. 

Now assume m > 1 andn> 1. 

B can apply the following strategy: block (in order) the following squares: 


(252); (32); (215.2) (20,3) wdc gl 2s 2m): 
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Note that it would require k + 1 moves for player A to get to the k-th of 
these squares. Therefore player B can block these squares without interfering 
with A. Also not that this gives the first 2n + 2m — 3 moves for B. Once B 
blocks these squares A can only win by passing through one of the two squares 
(2n+1,2m—1) or (2n— 1,2m + 1). It will take A at least 2n + 2m — 2 moves 
for A to reach one of these squares, so he cannot be there yet. 

We then have two cases depending on which of these two squares A reaches 
first: 


Case 1. A first gets to (2n + 1,2m — 1) after at least 2n + 2m — 2 moves. 
B can block the square (2n + 1,2m) and then A will have to take the way 
back up to (1,1) in at least 2n + 2m — 2 moves, then to (1,3) in at least 2 
moves. ‘Then, the game has essentially reduced to the analogous game on a 
(2n — 1) x (2m — 1) board. By induction B can make A go from (1,3) to 
(2n — 1,2m + 1) in at least (2n — 1)(2m — 1) — 1 moves, and then in another 
2 moves to (2n + 1,2m + 1). Thus, the total number of moves is at least 


(2n+2m—2)+(2n+2m—2)+2+(2n—1)(2m—1)—1+2 = (2n+1)(2m+4+1)-1. 


Case 2. A first gets to (2n—1,2m-+1) after at least 2n-+2m—2 moves. B can 
block the square (2n,2m+1). Now to get to the top right corner, A must first 
return to square (1,3). This is again the same game on a (2n — 1) x (2m — 1) 
board. By induction, B can make A do at least (2n — 1)(2m — 1) — 1 moves 
to get to (1,3). Then A will do at least 2 moves to get to (1,1) and then at 
least 2n + 2m to get to (2n + 1,2m + 1). Thus we have a total of at least 


(2n+2m—2)+(2n—1)(2m—1)—14+2+(2n4+2m) = (2n4+1)(2m4+1)—1 moves. 
This completes our induction and thus the proof of the result. 


Problem 8.9. (44th tournament of Ural, 4th tour). Consider the fol- 
lowing two-player game: there are given two piles of stones, one consisting of 
1914 stones and the other of 2014. In his turn, a player is allowed to remove 
either two stones from the bigger pile or one stone from the smaller pile; if 
at some stage the piles are equal, then he is allowed to remove from one of 
the piles either one or two stones. A player loses when cannot play his turn 
anymore. Given perfect play by both sides, who will win? 
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Solution. Let us prove that the second player wins. If the first player takes 
one stone, then the second player takes two stones. Otherwise, if the first 
player takes two stones, the second player takes one stone. In this manner, 
after each series of two turns, the larger pile decreases by 2 and the smaller 
pile decreases by 1. Thus after every pair of turns the total number of stones 
will always be 1 modulo 3. Also, after 99 pairs of turns, in one of the piles we 
will have 1816 stones and in the other one 1815 stones. 

Now let us prove by mathematical induction that from this point onward 
after every turn of the second player, the difference between the number of 
stones in the piles is less than or equal to 3. We use downwards induction on 
a+ b, where a and b represent the number of stones in the two piles. 

Note that the statement holds true for (1816, 1815), which is the base case. 

For the induction step, assume the result for a + b = 1 (mod 3), a+b < 
1816 + 1815 and we prove it for a + b — 3. Note that from the configuration 
(n,n) we obtain (n — 1,n — 2). From (n,n +1) we obtain either (n — 1,n — 1) 
or (n,n — 2). From (n,n + 2) we obtain (n—1,n). Finally, from (n,n +3) we 
obtain (n — 1,n + 1). By symmetry, this covers all the possible cases. 

At some point, the number of stones in the smaller pile will be equal to 
one of 0, 1 or 2. Moreover, we will end up with one of the following cases: 
(0,1), (1,3), (2,2) or (2,5). For the case (2,5), after one pair of turns we can 
obtain (1,3). In all of the remaining situations it is easy to see that the second 
player wins. 
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9 Miscellaneous Topics 


9.1 Geometry 


Problem 9.1.1. a) Prove that any n-gon can be cut into triangles by non- 
intersecting diagonals. 


b) Prove that the sum of the inner angles of any n-gon is equal to 
(n — 2)180°. Hence prove that the number of triangles into which an n-gon is 
cut by non-intersecting diagonals is equal to n — 2. 


Solution. We will first prove the following: 


Lemma. Any n-gon (n > 4) has at least one diagonal that completely lies 
inside it. 


Proof. If the polygon is convex, there is nothing to prove. Otherwise, the 
exterior angle of the polygon at some vertex P is greater than 180°. The 
visible part of any side subtends an angle smaller than 180° from a vertex at 
point P, therefore, parts of at least two sides subtend an angle with vertex at 
P. Consequently, there exist rays exiting point P such that on these rays, the 
change of (parts of) sides visible from P occurs (see the figure below). Each 
of such rays determines a diagonal that lies entirely inside the polygon. 
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a) We prove the statement by induction on n. For n = 3, things are clear. 

Suppose now that we proved the statement for all k-gons, where k < n 
(some n > 4) and let us prove it for an n-gon. By the lemma that we just 
proved, any n-gon can be divided by a diagonal into two polygons and the 
number of vertices of every of the smaller polygons is strictly less than n. By 
the induction hypothesis, both smaller polygons can be divided into triangles 
and hence we are done. 

b) We proceed by induction on n. For n = 3, the result is immediate. 

Suppose we proved the statement for all k-gons, where k < n (some n > 4) 
and let us prove it for an n-gon. Again, by the lemma, any n-gon can be divided 
by a diagonal into two polygons. If the number of sides of one of the smaller 
polygons is equal to k+1, then the number of sides of the other one is equal to 
n—k-+1 and both numbers are smaller than n. Therefore, the sum of the angles 
of these polygons are equal to (k—1)-180° and (n—k—1)-180°, respectively. It 
is also clear that the sum of the angles of the n-gon is equal to the sum of the 
angles of these polygons, i.e. it is equal to (k—1+n—k—1)-180° = (n—2)-180°. 


Problem 9.1.2. For any positive integer n > 1, prove that there exist 2” 
points in the plane, no three collinear, such that no 2n of them form a convex 


polygon. 


Solution. We use mathematical induction. For n = 2 we can take a tri- 
angle and a point inside the triangle. These 4 points do not form a convex 
quadrilateral. 

For the induction step, suppose we found such a set Sn for some n > 2. 
Draw all segments among points in Sn and now choose a vector v with a 
sufficiently small magnitude such that the line joining any point of Sn with 
its translate by v does not intersect any of the segments drawn. Denote this 
translation by T. We will prove that the set Sn+1 consisting of points of Sn 
and their translates (S),) is an example for n +1. Indeed, suppose that we 
have found a (2n + 2)-sided convex polygon. We may replace each vertex 
that is in S), by the corresponding vertex in Sn, preserving the convexity of 
the polygon. At most two points from S’, can occur among the vertices of 
the polygon together with their pre-images from Sn, since a convex polygon 
cannot have three parallel sides. Hence the new convex polygon has at least 
2n+2—2 = 2n vertices among Sn, which contradicts the induction hypothesis. 


9. Miscellaneous Topics 393 


Problem 9.1.3. Let A,...A, be a convex polygon inscribed in a circle such 
that among its vertices, there are no two which form a diameter. Prove that 
if among the triangles A,A,A,, as p,q,r range over 1,...,n, there is at least 
one acute triangle, then there are at least n — 2 such acute triangles. 


Solution. We prove the result by induction on n. For n = 3, the statement 
is clear. Now let n > 4. Fix one acute triangle A,A,A, and remove from 
the n-gon Aı ... Án a vertex A, distinct from Ap, A, and A,. The induction 
hypothesis applies to the obtained (n — 1)-gon. Moreover, if for example the 
point A, lies on the arc ApA, and ZA,A,A, < ZA,A,A,, then the triangle 
A, ApAr is acute, since ZA,A,A, = ZApA gA,, ZApArAp < ZApA,Ag and 
L Ak ÅpAr < 90° (and thus LAAk AÅpAr < 90°). 


Problem 9.1.4. a) Prove that the projection of a point P of the circumscribed 
circle of a cyclic quadrilateral ABCD onto the Simson lines of this point with 
respect to triangles BCD, CDA, DAB and BAC lie on one line. (This line 
is called the Simson line of P with respect to the inscribed quadrilateral). 

b) Prove by induction that we can similarly define the Simson line of a point 
P with respect to an inscribed n-gon as the line that contains the projections 
of point P on the Simson lines of all (n — 1)-gons obtained by deleting one of 
the vertices of the n-gon. 


Solution. Notice that part a) of the question will be the base case for the proof 
by induction that we will do for b). So we start by proving this statement. Let 
Bı, C1, Dı be the projections of point P to lines AB, AC and AD, respectively. 
Points By, C1, Dı lie on the circle with diameter AP. Lines BıCı, C1 Dı and 
D; Bı are the Simson lines of point P with respect to triangles ABC’, ACD and 
ADB, respectively. Therefore, the projections of the point P to the Simson 
lines of these triangles lie on one line, which is the Simson line of the triangle 
ABıCı Dı. Arguing symmetrically, we see that the projections of P onto any 
three of the four Simson lines are collinear. Hence all four are collinear. 


b) Let P be a point of the circumscribed circle of the n-gon A ,...An. 
Let Bo, B3,..., Bn be the projections of P to the lines A; Ao,...,A An, re- 
spectively. Notice that the points B2,..., Bn lie on the circle with diameter 
AP. 
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Let us prove by induction that the Simson line of P with respect to the 
n-gon A,...A, coincides with the Simson line of point P with respect to 
(n —1)-gon B2... Bn. The base case n = 4 was proved in part a). 

By the induction hypothesis, the Simson line of the (n—1)-gon A; A3...An 
coincides with the Simson line of the (n—2)-gon B3...B,. Hence, the projec- 
tions of P to the Simson line of the (n — 1)-gons whose vertices are obtained 
by consecutively deleting the points A2, ... An, from the collection Aj,..., An 
lie on the Simson line of the (n — 1)-gon B2... Bn. The projection of the point 
P to the Simson line of the (n — 1)-gon Ag... An lies on the same line, because 
our arguments show that any n — 1 of the considered n points of projections 
lie on one line. 


Problem 9.1.5. On the circle of radius 1 with center O there are given 2n+1 
points P;,...Pon+41 which lie on one side of a diameter. Prove that 


——> ———> 
IOP, te eves OPon+1| > 1. 


Solution. We prove the statement by induction on n. For n = 0, the result 
is clear. 

Assume now that the statement is proved for 2n + 1 vectors. In a system 
of 2n + 3 vectors, consider two vectors for which the angle between them is 
maximal. Without loss of generality, suppose that these vectors are OP; and 
OPon+3. By the induction hypothesis, the length of 


OR=0P, Fart ORG 


is not shorter than 1. The vector OR belongs to the interior of the angle 
ZP,OPon+3 and therefore it forms an acute angle with the vector 


OŠ = OP, + OPon+3 
which bisects LP O Pən+3. Hence 
[OS + OŘ] > |OR| > 1. 


Problem 9.1.6. Let lı and lə be two parallel lines and A,B € h, A Æ B. 
Using only a ruler, divide the segment AB into n equal parts, where n > 2. 
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Solution. We prove the result by induction on n. Notice that in order to 
obtain the required configuration, it suffices to find a point P, on the segment 
AB such that AP, = + AB . Then applying the same algorithm to the segment 
P,,B we find the next division point PY), then the next point by working with 
the segment PB. etc. 

For n = 2, let S be a an arbitrary point which lies in the half plane 
determined by l2 and not containing lı. Let {C} = AS N l2, {D} = BSN le. 
Also, let AD N BC = {To} and STe A 1, = {Po}. We claim that P> is the 
midpoint of AB: 

Let STo N l2 = {Q2}. Then Ah PaB ~ ADQ2C, AABT ~ ADCT, 
ASAP, ~ ASCQ2 and ASAB {~ ASC D, hence 


PB TB AB PA SA AB 


QC TO Cp ~= Q0 sc QD 
This gives that 
PB PRA 
QC QC 


so P2 A = PoB, as required. 

Assume now that for some n > 2 we have constructed a point P, on 
the segment AB such that AP, = 1 AB. Let S,C,D be as above and let 
{Tna} = SP, N AD, {Qn} = SP, No. Let Tra. = ADNCP,. Also, let 
{Qn+1} = Silmsi N lo, {Pri} = STrt1 N l. We claim that APnii = TAB: 
We have AC Ona lass a Afa adi rti ACTn+1 D v APrIn41A, SO 


PrtiPn = Prtnsi = AP, 


We also have ASAPni1 “~ ASCQn41 and ASAB {~ ASCD, which gives 


AFnt1 _ SA _ AB 
COns1 SC CD’ 














Combining the two derived equalities, we get 


PniiPn — APn 


AP, AB’ 
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Now, Pa+1Pn = APp—APn+1 and AP, = AB, which gives APh+1 = -H AB, 
as required. 


Problem 9.1.7. Given 2n + 1 points in the plane such that no three of them 
are collinear, construct a (2n + 1)-gon (self-intersecting polygons are allowed) 
for which the given points serve as the midpoints of its sides. 


Solution. We prove the result by induction on n. 

When n = 1, we need to construct a triangle, knowing the midpoints of 
its sides. We accomplish this by drawing through each of the three points a 
parallel to the line joining the other two points. 

For the induction step, assume that we have established the result for 
2n — 1 points and we shall prove it for 2n + 1 points. Let the 2n + 1 points 
be Mı,..., Mən+1. Let us call the (2n + 1)-gon that we want to construct 
A, Ag... Aan41.- 

Consider the quadrilateral A1 Á2n-1Á2nÁ2n+1. We must have that 
Mon—-1, Mon and Mon11 are the midpoints of the sides Aon_1 Aan, Aon Aon+1 
and Aon11Ai, respectively. Let M be the midpoint of AjAon-1. Then 
Mon—1MonMon+iM is a parallelogram. Since Man_1, Man and Moni1 are 
given, M is uniquely determined by this condition. 

Now My, Mo,...,Mon-2,M are the midpoints of the (2n — 1)-gon 
A, A g...Agn—1, which can be constructed from the induction hypothesis. To 
finish the induction step, we construct the segments A1 A2n+1 and Agn_1Ao2n 
(where A; and Agn_-1 were already determined) such that Mən+ı and Mon-1 
are their corresponding midpoints. By the way we constructed M, the remain- 
ing point Mən will be the midpoint of Agn Aen+1, as required. 


Problem 9.1.8. We are given a convex polygon in the plane. Show that we 
can pick a triangle formed by three of its vertices such that the sum of squares 
of its side lengths is at least the sum of squares of the side lengths of the 


polygon. 


Solution. We prove the result by induction on the number n > 3 of sides. If 
the polygon is a triangle, we have nothing to prove. 

If n > 3, the polygon has n angles with sum (n — 2)m > n5, so it con- 
tains an angle which is obtuse. Without loss of generality, let the polygon 
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be A, Ag...Ay and let ZAn—-1AnAi be obtuse. Therefore, (An—1A1)? > 
(A, An)? + (AnAn—1)”, so the polygon A; Ao... An—1 has the sum of squares 
of its side lengths at least as big as the sum of squares of the side lengths 
of A,Ao...An. We are now done using the induction hypothesis for 


Ay Ao... An-1. 


Problem 9.1.9. (TOT 2001) Prove that there exist 2001 convex polyhedra 
such that any three of them do not have any common points, but any two of 
them touch each other (i.e. they have at least one common boundary point 
but no common inner points). 


Solution. We shall describe the more general situation of constructing n 
convex polyhedra satisfying the hypotheses of the problem (in our case n = 
2001). 

We begin by considering a system of 3-dimensional coordinates, with the 
standard Oz, Oy and Oz axes. In this system we consider an infinite straight 
circular cone K with the vertex at the origin and the axis directed along Oz. 
Let C(t) be a circle with the center O(t) = (0,0,t) obtained by intersecting 
K with the plane z = t. Now consider a regular n-gon inscribed in C(1) 
and label its vertices by Aj,...A,. Let B; be the middle points of the arcs 
A;Aj41, where 2 = 1,...,n and we consider the indices modulo n. Further, let 
At, By € C(t) be the points of the intersection of the lines OA;, OB; with the 
plane z = t, where t > 0 andi =1,2,...,n. 

To proceed further with our construction we need a little lemma: 


Lemma. For any to > 0 and any 2, 1 <i < n, there exists T > tọ such that 


—> 
for all t > T, the parallel translation of C(to) by the vector B;° BE lies inside 
the segment the region S;(t) = A%B! A; bounded by an arc and a straight 
segment. 


Proof. This follows immediately from the fact that the distance from B£ to 
A‘ At, is proportional to t. 

We now proceed to construct the polyhedra satisfying the conditions of 
the problem by induction. We start with any t; > 0. We choose any convex 
polygon M; inside a circle C(t;) and form an infinite “up prism” P} with base 
My, and the lateral edges parallel to OB,. 
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Assume now that n > 1 and that we have already defined the numbers 
0 < tı <... <tn, we constructed the convex polygons M,,...M, contained 
in circles C(t;),...,C(t,) and formed the infinite prisms P,,...P,, with bases 
M,,...,M, and lateral edges parallel to OB),...,OBn,, satisfying the condi- 
tions of the problem. 

Using the Lemma that we stated above, there exists tpi; > tn such that 
Mn (tn41) lies inside the region Sn(tn+1) and all the previous polygons remain 
within their areas. To define Mn+1, we proceed as follows: 

Since it has to touch each of the previous prisms, in order to find the points 
of tangency, we make a parallel translation of every segment A; t! Att" until 
it touches the polygon M;(tn41), where 1 <i < n. If we connect the tangent 
points (we choose just one, if there are several for one tangency), we obtain a 
convex M41 (tn41). 

To make the forthcoming arguments easier, we introduce the translated 
lines l;(tn+1), which separate the points M; and My41. 

Now we can form an infinite “up prism” P,41 with base M,41(tn41) and 
lateral edges parallel to OB,. Now we cut the prism by the plane z = T > 
er 

We have to show that the obtained prisms satisfy the hypotheses of the 
question. From the inductive hypothesis, it suffices to check that P,41 inter- 
sects P;, 1 < i < n only at the plane z = t,41. Assume by contradiction that 
this is not the case. This means that there exists a common point C € z=t 
plane for all these prisms, where t > tn+1. Consider the straight lines parallel 
to OBn+ı and OB; passing through C. Denote the points of intersection of 
these lines with the plane z = tn+1 by C and Te respectively. No- 


tice that CF E Mn+1ı(tn+1) and g € Milta). Moreover, the vectors 


Cyc) and Bi"t' Bt have opposite directions and are not 0. But this 
cannot happen, as C;"** and B,"*? lie on one side of l;(tn+1), while C;"** and 
Bo lie on the other side. This gives our desired contradiction and finishes 
the induction and the proof. 


Problem 9.1.10. (IMO 1992) Let S be a finite set of points in three- 
dimensional space. Let Sz, Sy, Sz be the sets consisting of the orthogonal 
projections of the points of S onto the yz-plane, zx-plane and xy-plane, re- 
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spectively. Prove that 
S|? < [Sz] - [Syl |Szl, 


where |A| denotes the number of elements in the finite set A. 
(Note: the orthogonal projection of a point onto a plane is the foot of the 
perpendicular from that point to the plane). 


Solution. We shall prove the statement by induction on |S]. Let |Sz| = a, 
|Sy| = b, |Sy| = c. For a set S consisting of just one point, the statement is 
true. 

Suppose that the statement is true for all sets with fewer than n points. 
Consider now a set S with |S| = n. Choose a plane parallel to one of the 
coordinate planes, which contains no points of S and divides S into two non- 
empty subsets Sı and S2. Then n = |S;|+ |S2|, where |S;| < n and |S2| < n. 
By the induction hypothesis, 


|S] < aibier, |S2|? < azb2c2, 


where a;, bi, c; are the number of elements in the projections of S;, i = 1,2 onto 
the coordinate planes yz, zx and xy, respectively. Without loss of generality, 
we may assume that the dividing plane is parallel to the coordinate plane xy. 
Then 

Qj, +ag=a, bı +bo=6, cı < C, C2 < C, 


and by the Cauchy-Schwarz inequality 


L51? = ([S1l + |S9|)° < (v a1b1C1 sray azb2c2) 
< (varbive + VagbaVe) < c(ar + a2) (bı + b2) 


= abc. 


Problem 9.1.11. Prove that any convex n-gon which is not a parallelogram 
can be enclosed by a triangle whose sides lie along three sides of the given 
n-gon. 


Solution. We first prove the following weaker statement: 


Lemma. Any convex n-gon can be enclosed by a triangle or by a parallelogram 
whose sides lie along three (or four sides, respectively) of the given n-gon. 
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Proof. We shall prove the result by induction on n > 3. For n = 3, there 
is nothing to prove. When n = 4, either the quadrilateral is a parallelogram, 
or it has two non-parallel opposite sides. In the latter case, these two sides, 
together with the side farther from their intersection of the remaining two 
form a triangle whose interior contains the quadrilateral. 

Assume now that n > 5 and we have proved the result for all k-gons, with 
k <n. Let M be a convex n-gon and let AB be an arbitrary side of M. Since 
n > 5, there exists another side which is neither adjacent nor parallel to AB. 
Call this side CD. Now we extend both AB and CD until they intersect at 
a point O. Without loss of generality, assume that BC lies in the interior of 
triangle AOD (the other case being the same). Since n > 5, the polygonal line 
between B and C in M has length at least 2. So if we replace this polygonal 
line by the polygonal line BOC we obtain another polygon Mı having fewer 
than n sides and containing the polygon M inside it, al the sides of Mı being 
simultaneously the sides of M. 

From the induction hypothesis, there exists a triangle or a parallelogram 
formed by the sides of Mı which contains My, within its interior. Since Mı 
contains the M and the sides of Mı are simultaneously the sides of M, this 
shows that the assertion holds for M as well. 

This completes the induction step and hence the proof of our lemma. 

Having proved the above lemma, we need to consider two situations. If 
the polygon which contains M inside itself is a triangle, there is nothing to 
prove. So let us assume that the polygon is a parallelogram ABCD and that 
M is not a parallelogram itself. 

Without loss of generality, let A be the vertex of the parallelogram which 
is not a vertex of M. Let P be the vertex of M nearest to A lying on the side 
AB of the parallelogram. From our construction, there is a side PQ of M 
which lies inside the parallelogram. M is convex, so M lies completely in the 
half plane bounded by PQ and containing the points B, C, D. So it must be 
that M lies completely inside the triangle determined by the lines PQ, BC 
and CD. This completes the proof of our statement. 


Problem 9.1.12. Given a circle and n points in the plane, construct an n-gon 
(self-intersecting polygons are allowed) which is inscribed in the given circle 
and such that the lines determined by its sides pass through the given points. 
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Solution. We start with the following, more general problem: 

Given a circle in the plane, one can construct an n-gon inscribed in the 
circle such that the k lines determined by k consecutive sides of it (1 < k < n) 
pass through k given points in the plane and the remaining n — k sides are 
parallel to some given lines. 

Notice that this result implies our question when k = n. 

We prove the above result by induction on k. We shall adjust the statement 
of the above problem as we go along, imposing some restrictions on given n— k 
lines so that our induction works (Notice that even with further restrictions 
on the n — k given lines, the statement of our problem will still hold, as we 
are interested in the case k = n). When k = 1, we need to construct an 
n-gon A;A2...Apn inscribed in a given circle, such that the line A; A, passes 
through a given point P and the n—1 remaining sides A; A2, Ag A3,...An—1An 
are parallel to the given lines l4, l2,...ln-1- 

Let Bı be an arbitrary point on the circle. Construct an inscribed 
polygon BıB2... Bn whose sides B,Bo, BoB3,...,Bn—1Bn are parallel to 
the lines 11,lo,...,ln_1. Basic geometry shows that that the polygon 
AA»... An we need to construct should then satisfy the following: The arcs 
A, Bi, A2 Ba, ae AnBn are all equal and moreover, the pairs of arcs 4 Bı and 
A>2B2, A2B2 and A3B3,... have opposite directions (e.g. if A Bı is directed 
clockwise, then Az Bo is directed anti-clockwise). 


This implies that when n is even, AiBi and AnBn should be oppositely di- 
rected and A; B,B,, Ay is an isosceles trapezoid having bases A; A, and B,B,. 
Hence A;A, should be parallel to ByB,. Moreover, it should pass through 
the point P, which determines A; and A, uniquely (For this construction to 
be possible, we would need that P lies inside the strip determined by the two 
tangents to the circle which are parallel to B,B, The same argument we used 
above to show that A; A, is parallel to B1 Bn, shows that B,B, will be parallel 
to the same fixed direction, regardless of the choice of Bı. So to make our 
argument work, we need to choose a configuration for the lines /1,...,l,-1 so 
that P lies in the required strip). Once we have determined A; and An, the 
rest of the points Ag,...,An—1 are uniquely determined by the conditions we 
specified. 

When n is odd, Ai Bı and A, B, have the same direction, and the quadri- 
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lateral A1 B1 Án Bn is an isosceles trapezoid with bases A; Bn and B, Ay. Since 
the diagonals A, A, and B;B, are equal, we need to draw through the point 
P a straight line on which the given circle cuts off a chord A;A,, equal to the 
known chord B,B,. This is a a straight line which is tangent to the circle 
which has the same center as the given circle and is tangent to B,B,. (Again, 
we impose the appropriate conditions on the lines l1,...,ln—1 so that this 
construction is possible). 

Assume now that we have solved the problem for some 1 < k < n. We want 
to inscribe in a given circle an n-gon A;... An, whose k + 1 consecutive sides 
A; A2, A2A3,...,Api1Ak+2 pass through k + 1 given points Pi, Po,..., Presi 
and the remaining n—k—1 sides are parallel to some n—k—1 given lines. Again, 
we shall assume that the n — k — 1 lines are such that all the constructions we 
are making are possible. 

Similarly as in the case k = 1, we seek for some conditions which would 
determine the points Aj,..., An uniquely. If A; ... A, is the required polygon, 
consider the following: 

We draw a line through A, which is parallel to P,P) and we denote its 
intersection with the circle by Aj. We also denote the intersection of the 
lines As A3 and P,P» by P}. Then Z Ao P; Po = ZA2A,1A5 = ZA A3P> and 
ZA2P2P, = ZP5P2A3. So the triangles P,A2P2 and P3P2Az3 are similar and 


we have 


Pi Pp AP. A3P 2+ AP. 
142 aP he 3ta Aada 


A3 Pə P; P> P; P2 


Now, the product A3P- A gP2 depends only on Pz and the circle (and 
not on A» and A3, by the power of the point property), so it can be explic- 
itly determined. So the length of PP can be explicitly found and so P; 
can be constructed. Now the k consecutive sides A343, A3Aq4,..., Ak+1 4k42 
of the n-gon A; A5A3...An pass through the k points P3, P3,..., Px41, while 
the remaining n — k sides are parallel to the known lines. From the induc- 
tion hypothesis, we can construct the polygon A;A,A3...A, satisfying these 
properties and then the above conditions determine the point Ag uniquely, 
establishing the induction step. 
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9.2 Induction in Calculus 


Problem 9.2.1. Let f : R —> (—4, 4), f(z) = arctan(x). Show that if n is a 
positive integer, we have that 


E PEE (° ftn = 2k; 
f o= ron ifn=2k+1, 


where f) denotes the n-th derivative of f. 


Solution. We have that 
—2r 
f(x) = 


(1 + x7)?’ 


so the result holds for n = 1 and n = 2, as f’(0) = 1 and f”(0) = 0. 

We prove the result of the question by induction of step 2. The base cases 
n = 1 and n = 2 were checked above. To perform the induction step, we 
look for a recursion which relates f‘"+") (0) to the lower order derivatives. To 
derive such a recursion, notice from the above that we have 





ETE and f”(x) = 


Pa +) =1, 


We differentiate this equality n times and we use Leibniz’s formula to get 


4 fr) (x)(1 + x°) + a f™ (x) - 2a + (z) Pe) -2=0, 


which gives f®+8(0) = —n(n — 1) f7} (0). 
Assuming now that f‘)(0) = 0 for some even n > 2, we have that 


f(*)(0) = —(n + 1)nf™ (0) = 0. 


If we assume now that f(?*-0)(0) = (—1)*-! . (2k — 2)!, for some k > 1, from 
the above recurrence we obtain 


FD (0) = —(2k) (2k — 1) f-Y(0) = (—1)* - (28). 


Therefore, the induction step is proved in both cases and we are done. 
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Problem 9.2.2. Let f : [—1,1] > (—4, 4), f(z) = arcsin(x). Prove that 


(1-3-5...-(2k-1)) ifn=2k4+1, 


where f‘™) denotes the n-th derivative of f. 


Solution. We have that 


1 T 


fi(x) = Via and f"(x) = O-z) 7 = Tol); 


so the result is verified for n = 1 and n = 2, as f’(0) = 1 and f”(0) = 0. 
Moreover, by differentiating the relation f”(x)(1 — z?) = f'(x) -x n times 
and using Leibniz’s formula we have 


(o) FD (1 x?) j (TRO) + (3) An (x)(—2) 


= (o) fOr (2) 2 + (") f(z). 


This shows that f"+?)(0) = n? f™ (0). Using this recursion relation and 
the base cases f’(0) = 1 and f”(0) = 0, we immediately obtain by induction 


that 
(1-3-5... (2k—1)? ifn=2k+1, 
as required. 


Problem 9.2.3. Let f : [0, o0) — R be given by 


f(z) = | l ete dt., 
0 


Prove that for any non-negative integer n we have 


n 
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Solution. We prove the result by induction on n. For n = 0 we have 
1 1 1 

1)= | etdt=e" =1--, 

fl) = fet dt= e=- 


so the identity holds for n = 0. 
Assume now that the relation holds for some n > 0. To perform the 
induction step, we need to find a suitable relation between f(x + 1) and f(z): 


1 


1 
Tatrthsie l dt= (e t” dt 
feaj 


et?! dt using integration by parts 





+ 
la 
none 


This gives f(n +1) =—4+7n- f(n). 
Assume now that 


eee n! 
f(n+1) =n! 29 (Gey) 
Then 


f(n +2) =—= +(n+1)-f(n+1) 


= -> aA) (x 7 a3 P w) 


n 


1 1 n! 
SS ate a) a 
e ( ) a ars 


= (n+ t= 2 (n+) +e eee): = 


k=0 





7 1 (n+1)! 
ier Te er) 


which proves the induction step. 
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Problem 9.2.4. Prove that for any n € Z, n > 1, one has 


lim niz” — sin(x) sin(2z) ...sin(nz) _ n(2n +1) ai 
r0 gn+2 36 


Solution. We shall prove that the limit is well defined for each n > 1 while 
we are finding the suitable recurrence relation. 
Let Ln be the corresponding limit ton > 1. For n = 1, we have by repeated 
application of L’Hôpital’s rule that 
. x—sin(x) 1 
ey ae 
Also, one has 
AN ee nz sin(x)...sin (x(n — 1)) — sin(x) sin(2z)...sin(nz) 
xz—0 grt 
= sin(x) sin(2z)  sin((n — 1)z) lim 
230 -T £ T x—0 L 
_ n—n-cos(nz) 
— — 1)! ee OEA 
EY, bast 3n? 
nsin(nz) 


ng — sin(nx) 


= n! lim 
r—>0 6n 


Therefore we have Ln = nLn-1 +n! - sd 
We now prove by induction the statement 


2 1 
POS b= Wet), (n+ 1)!. 
36 
For n = 1 we proved the result above, since 132 = L, 
Assume now that P(n — 1) is true. From the above recurrence we have 


(n-—1)(2n—1)-n! n°-n! nln 





Lyn 36 F = -zg (ln — 1)(2n — 1) + 6n) 
nenw tn aln FI) 
aad” annncr ——ga (n+ 1). 


This establishes the induction step and completes our proof. 
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Problem 9.2.5. Prove that if m, n are non-negative integers with m > n, 
then 7 
/ cos” (x) cos(mx) dx = 0. 
0 


Using this, deduce the value of 
T 
I= | cos” (x) cos(nx) dz, for all non-negative integers n. 
0 


Solution. Let I„ = {> cos"(x) cos(mz) dx and let P(n) be the mathematical 
statement 
P(n): I,n=0 forany m>n>0. 


For n = 0 we have 


sin(mz) |" = 





h= f cos(mz) dz = 
0 





0 


Assume now that P(n) holds for some n > 0. Then 
T 
Inrs j cos”! (x) cos(mx) dx 
= sf cos” (x) (cos ((m + 1)x) + cos ((m — 1)x)) dz 
= =; f cos” (x) cos ((m + 1)x) dz + = aa cos”(x) cos ((m —1)x) dz 
0 
= 0 using the induction hypothesis, as m >n+1>m-—-1>n. 


So P(n + 1) is true, and by the principle of induction, P(n) holds for all 
non-negative integers n, which is what we wanted. 
For the second part of the question, notice that 


n= ARER 
0 


T T 2 
J, = J cos? (x) dx = a dx = : (x +sin(2z))|5 = 
0 0 


and 


E 
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We prove by induction on n that Jn = sn, for all n > 0. We have just verified 
the base cases and assuming the result for some n > 0, we have 


Jn+1 — = Jr = [ cos” (x) (cos ((n + 1)xz) cos(x) — = cos(n) ) dx 


1 T 
= >| cos”(z)cos((n+2)x) dz. 
0 
From the first part of the question we know that 
| cos” (x) cos ((n + 2)xr) dz = 0, 
0 


so we have that Jn+1 = iJn, which proves the induction step. 


Problem 9.2.6. Let aj, a2,...,@2091 be non-zero real numbers. Prove that 
there exists a real number z, such that 


sin(a,;x) + sin(agx) +... +sin(ag0012) < 0. 


Solution. We begin by proving the following general result: 


Lemma. Let fi(z),...,fn(z) be periodic functions defined on R, such that 
f(x) = fila) +...+fn(xz) has a limit when z > +00. Then f(x) is a constant 
function. 


Proof. We prove the lemma by induction on n. The base case is n = 1. 
Assume that T; is a period for the function fı(x). If the function f(x) = fi (a) 
is not a constant function, then there are x; and z2, such that f(x1) ~ f (x2). 
Hence, it follows that f(z; +771) = f(z) > f(x), i = 1,2, for n EN, 
n — +oo. Therefore, if x — +00, the function f(x) has no limit, which leads 
to a contradiction. 

Assume now that the statement holds for n = k > 1, k € N, and we show 
that it also holds for n = k +1. 

Let f(x) = filz) +... + fk+ı(x) and let T; be a period for fi(z), i = 
1,...,k +1. Consider the following function 


eri) fea ie 1 a) Se) FF eae a) See: 
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Note that T; is a period for the function fi(x +Tk+1)— fi(z), i=1,...,k. On 
the other hand, f(z + Tk+1) — f(x) —> 0, when x — +00. From the induction 
hypothesis, f(x + Tk+1) — f(x) will be a constant function. Obviously, if the 
limit of that constant function is equal to 0, then the function is equal to 
0. Therefore, we have obtained that the function f(x) is a periodic function. 
Thus, according to the statement for the case n = 1, we have that f(x) is a 
constant function. This completes the proof of the lemma. 
Back to the original question, we assume by contradiction that for any 
x > 0 we have 
sin(a,x) + sin(a2xr) + .. + sin(a2q01r) > 0 


Note that this implies that the function 





a) = ae cos(a 4x) — = cos(agz) —...— cos(a20012) 


ai a2 42001 


is non-decreasing. Indeed, we have that 


f'(x) =sin(a xz) + sin(agxr) +... + sin(a2991x2) > 0 


On the other hand, the function f(x) is bounded. As f(x) is bounded and 
non-decreasing, it has a limit when x — +00. So f(x) satisfies the hypotheses 
of the above lemma. Thus, f(x) is a constant function. 

We deduce that 


f(x) = a; cos(a12) + a2 cos(a2x) + . . . + a2001 cos(a20012) = O. 


Therefore, 
ai + a2 +... + 42901 = f” (0) = 0; 


In a similar way, we obtain that 
n n n n= n+1 
ay +ag +... +a%01 =(—1) 7 -f7 (0) = 0, 


where n is any odd positive integer. Without loss of generality, one can assume 
that 
jai] < |a2| <... < |a2001l. 
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Hence, we deduce that, when n — +00, (and n is odd) 


0 = Gol £ o T Basi o Eis eer 








Now, if x € (0,1), then z” — 0 when n —> +oo. So if all of a1,...,@2009 were 
strictly less than a2991, then we would have 


ee i tie ee 

22001 22001 22001 

contradicting the previous relation. As n is odd, this shows that one of the 
numbers aj, d2,...,@2009 will be equal to —a2001. Deleting a2001 and the num- 
ber having the opposite sign, we obtain in the same manner that among the 
rest of the numbers there are also numbers with opposite signs. Continu- 
ing these steps, we deduce that one of the numbers is equal to 0 (since we 


started with 2001 numbers, and 2001 is odd). This gives a contradiction and 
establishes the result that we wanted. 





Problem 9.2.7. Let f : R — R be a function defined by 


1 
e = ifx +0; 
L) = 
ii k if = 0. 


Prove that f is infinitely differentiable at 0 and f™ (0) = 0, where f™) repre- 
sents the n-th derivative of f. 


Solution. First notice that f is infinitely differentiable on (—oo, 0) and (0, oo), 
respectively. For x Æ 0 we have 





D xii 6r? +4 _1 
/ NN 2 
f(x) = =e a4. J2) = -6 e z2, 
We first prove by induction that for x Æ 0, 
Pirie- 22 


fg) S Bn 
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where P(x) is a polynomial with real coefficients of degree 2n — 2. The base 
cases for n = 1 and n = 2 were derived above. 
Assume now that the result holds for some n > 1. Then 
4 _1 2 = 

fh) (2) = P! (x) e z2 — 3n. Pise te oe 4+ P,,(x)\x~*" ec e z 

1 
— Panle 7 
= r3n+3 ) 


where 
Prot (x) = P! (£) - 2° — 3n - P,(x)- £? + 2P,(z). 


Since P(x) has degree 2n — 2 from the induction hypothesis, Pa+1ı has degree 
2n, establishing the induction step. 
We now prove that for any positive integer m we have 


e «x2 


= 0. 





lim 
23-0 ym 


When m = 2k, by substituting y = x~? we have 


1 








e` 22 yf k k—1 
lim = lim — = lim using L’H6pital’s rule 
270 gm yoo eY yoo e 
k(k — 1)y*-? 
= lim ( )y = 
yoo eY 
k! 
= lim — = 0 
yoo eY 


For m = 2k — 1 we have 


_ 1 -acd 
0 e€ 22 oE ee 
lim = lim z- lim Jk 
r=>0 g™ xr—0 z-0 T 








= 0. 


Now we can compute that f‘~)(0) = 0 by induction on n. For the base case 
we have 
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by the m = 1 case of the previous limit. For the induction step, we compute 
that 

JOWO _ | Fh) _ 5, Pa(h)e™ 

f°) (0) = in E e a ie — 


= lim ——— = lim 


= 0 
h—0 h h>0 h h=0  hôn+1 i 


where the limit is a linear combination of the limits computed above. 


Problem 9.2.8. Let n > 1 be a positive integer, 0 < aj < ... < an and 
let ci,...,Cn be non-zero real numbers. Prove that the number of roots of the 
equation 

cy:apt+...tcn-ar =0 


is not larger than the number of negative elements of the sequence c1C2, c2¢3, 
e.g Cn—1Cn- 


Solution. We prove the statement by induction on n. 
We begin by treating the base case n = 2: 
If cycg < 0, then the equation cı -af +c2-a5 = 0 has only one root, namely 


C1 
x = log az E 
ay C2 

If cyco > 0, then the equation cı : af + c2- a5 = 0 does not have any roots. 

We now show that if the statement holds for n = k, k € Z, k > 1, then it 
also holds for n = k + 1. We do this via a proof by contradiction: 

Assume that the number of roots of cı -af +...+Cr41-az,, = 0 is larger 
than the number of negative elements of the sequence c1C2, C2C3, ..-, CkCk41- 

Consider the function 


x T 
Qj Ak 
fe) =a-( ) tate bias 
Qk+1 Qk+1 


Note that the number of zeroes of the function 


T £ 
f'(x) = c ln = ( a ) totora St ( zs 


Ak+1 Ak+1 Qk+1 

















is bigger than the number of negative elements of the sequence c1C2, C2¢3, ..., 
Ck—-1Ck (Here we used the fact that between any two zeroes of the function 
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there is at least one zero of the derivative, so if f has m zeroes, then f’ has 
at least m — 1 zeroes). On the other hand, from the induction hypothesis, 
the number of roots of f'(x) = 0 is not larger than the number of negative 
elements of the sequence 


ai a2 Ak—-1 Qk 
cı In - | coln ,---; | Ck—1 In — |- | cln s 
Ak+1 Ak+1 Qk+1 Ak+1 


which is equal to the number of negative elements of the sequence 











7e 
C1C2, C2C3, ...,Ck—1Ck, aS In —— < 0, i = 1,...,k. This leads to a contra- 
k+1 

diction and completes the proof of our induction step, establishing the result 
of the question. 
Problem 9.2.9. Prove that for any |z| < 1 and any positive integer k one 
has 

= n+1 eo 

D x" = k+l’ 

peer! k (1 — zx) 


Solution. We will prove by induction on k that for k > 0 


3 n+1 grti—-k — 1 
k E (1 — x)kt1? 


n=k—1 
which implies the desired identity by a simple rearrangement. 
The base case k = 0 is just the infinite geometric series 


OO : 1 
a ace, 


where we have substituted r = n + 1. 
For the inductive step, we differentiate the formula for k to get 





OO 


n+l k+1 
1 _ n+1—k-1 = 


Since the n = k — 1 term in the sum vanishes we may drop it. Hence we get 


3 n+l pei oy ties MEV tied 1 
k+1 k+1 k (keg ere: 


n=k n=k 


This completes the inductive step and the proof. 
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9.3 Induction in Algebra 


Problem 9.3.1. (Iran 1985) Let a be an angle such that cos(a) = ai where 
p and q are two integers. Prove that the number q” cos(nq@) is an integer, for 
any n € N*. 


Solution. From the addition formula for the cosine we have 
cos((n + 1)a) = cos(a) cos(na) F sin(a) sin(na). 
Hence adding these two formulas 
cos((n + 1)a) = 2 cos(a) cos(na) — cos((n — 1)a). 


From this formula, the problem follows by an easy induction. For the base 
cases n = 1 and n = 2 we have qcos(a) = p € Z and 
q? cos(2a) = q?(2.cos*(a) — 1) = 2p* — ° € Z. 
For the inductive step, we have 
g’*  cos((n + 1)a) = 2 - q cos(a) - q” cos(na) — q? - q7} cos((n — 1)a) € Z. 


Problem 9.3.2. Prove that there is a monic polynomial P € Z[X] of degree 


1 1 
n, such that P(2 cosx) = 2cosnz and P (« + =) =g" + a 


Solution. We use the identity 
2cosnz-2cosz = 2cos (n + 1)x + 2cos (n — 1)x 


derived from cos(x + y) + cos(x — y) = 2 cos x cos y and also the identity 


1 1 1 1 
r +1 —1 
(+=) (e+=) =(2" +o) t (e +=). 


Note that the identities are analogous, since setting x = e” gives r+ł = 2 cost. 
Therefore, we can define 








polz) = 1,pı(x) =x and pn41ı(£) = zpn(£) — pn-1(2). 


An immediate induction on n shows that the relations pp(2 cos gz) = 2cosng 
and pn(x£ + +) si + hold. Another induction on n shows that pn are 
monic polynomials of degree n. 
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Problem 9.3.3. Prove that there is no polynomial P € R[X] of degree n > 1 
such that P(x) € Q for all z € R\Q. 


Solution. We will prove the statement of problem using induction on the 
degree n > 1. 

The base case is n = 1. Suppose that P(x) = ax + b, where a,b € R and 
a #0, such that P(x) € Q, for all x € R\ Q. For x € R \ Q we also have that 


2+1,5 € R \ Q, and so P(x), P(x +1),P (2) € Q. Then 


s=P TE EET, b= 2P (5) P(a)eQ 


P (x) 


— b 
—>— € Q and that contradicts that xz € R \ Q. 


Let n > 2. Suppose that the statement of problem holds for polynomials of 
degree m € {1,2,...,n — 1} and we prove that there is no polynomial P € R |X] 
of degree n such that P (x) € Q for all z € R\ Q. Assume the contrary, so 
P(x) = aoz” + aix”! +- + 4an_1x2 + Gn, where ap Æ 0, and P (x) € Q for all 
xr ER\Q. 

Since x+1 € R\Q, then P (x +1) € Q. Setting Pı (x) := P (x + 1)—P (x) 
we have deg Pı (x) =n— 1 < n and P; (x) € Q, for any x € R \ Q. Thus we 
get a contradiction to the induction hypothesis. This completes our proof. 


Hence, xz = 


Problem 9.3.4. Let F(X) and G(X) be two polynomials with real coefficients 
such that the points 


(F(1),G(1)),(F(2),G(2)),...,(F(2011), G(2011)) 


are vertices of a regular 2011-gon. 
Prove that deg(F’) > 2010 or deg(G) > 2010. 


Solution. Without loss of generality, we can assume that the center of the 
2011-gon is located at the origin, (0,0). Therefore, we have 


F(k) = cos (a + r) , G(k) = sin (a E5 u 


(1) 
2011 2011 


416 Chapter 10. Solutions 


for all 1 < k < 2011 and some fixed a € R. We now prove by induction on 
n > 1 that if F(X) and G(X) satisfy (1) for k = 1,2,...,n, then at least one 
of them has degree at least n—1 (so taking n = 2011 will prove our statement). 
The base case n = 1 is clear. 

Assume now that the result holds for all integers less than some n > 2 
(with n < 2011) and F(X) and G(X) satisfy (1) for all k = 1,2,...,n. Define 


_ F(X +1) - F(X) 


F*(X 
(x) —2sin 5577 
= G(X +1) - G(X 
2 sin 5977 
Now for all k = 1,2,...,n — 1 we have 


reyasin(ar EED), eefa ANF) 


Notice now that deg(F*) < deg(F)— 1 and deg(G*) < deg(G) — 1 and F*, 
G* satisfy the hypotheses of our question. By the induction hypothesis, one 
of them has degree at least n — 2, which shows that at least one of F or G has 
degree at least n — 1. 


Problem 9.3.5. Is cos 1° rational? 


Solution. To answer this question, we combine two strategies: proof by 
contradiction and induction. Namely, we will prove that if cos(1°) is rational, 


then so is cos(n°) for n € N. As cos(30°) = v3 is irrational, this gives a 
contradiction. 
The base cases are n = 1, which is true from our assumption and n = 2, for 
which we have 


cos 2° = 2cos71° — 1 € Q. 


Assume now that we have proved the result for some n > 2. We use the 
following identity: 


cos((k + 1)°) + cos((k — 1)°) = 2 cos(k°) cos(1°). 
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This shows that if cos(1°), cos((n—1)°), cos(k°) are rational, then cos((k+1)°) 
is also rational. 
By induction, cos(30°) would be rational, which we know is false. 


Problem 9.3.6. (Poland 2000) Let P be a polynomial of odd degree satis- 
fying the identity 
P(x* — 1) = P(x)? —1. 


Prove that P(x) = zx for all real z. 


Solution. Setting x = y and x = —y in the given equation, we find that 
P(y)? = P(—y)* for all y. Thus, one of the polynomials P(x) — P(—2) or 
P(x) + P(—2) vanishes for infinitely many z, and hence for all x. Because P 
has odd degree, the latter must be the case, which shows that P is an odd 
polynomial. In particular, P(0) = 0, which in turn implies that 


P(-1) = P(0* — 1) = P(0)? — 1 = —1, andhence P(1) =1. 


Set ag = 1 and let an = Van_1 +1 for all n > 1. Note that a, > 1 when 
n > 1. We prove by induction on n that P(an) = an for all n > 0. The base 
case n = 0 was done above. 

Assuming the result for some n > 0, we have 


P(an41)* = P(ae,,-—1)+1= Plan) +1 = an +1, 
which implies that P(an+41) = +an41. If P(an41) = —@n41, then 
P(an+2)? = P(an+41 + 1) Ses An+1 < 0, 


giving a contradiction. Therefore, P(an+1) = an+1 and the induction is com- 
plete. 
To finish the question, notice that for 1 < x < D, we havez < vse +1 < 


e. Hence an easy induction shows that ag = 1 < aj < ag <---. This 


proves that all the a,’s are distinct, so P(x) = x for infinitely many values of 
xz, hence P(x) = = for all z. 


Problem 9.3.7. (Bulgaria) Prove that there exists a quadratic polynomial 
f(X) such that f(f(X)) has 4 non-positive real roots and f"(X) has 2” real 
roots, where f” denotes the composite of f with itself n times. 
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Solution. Replacing f(X) with —f(X) if necessary, we can assume that f(X) 
has positive leading coefficient (notice that this does not affect the location 
of the roots). For f(f(X)) to have 4 real roots, it is clear that f(X) must 
itself have two real roots, say 71 < x2. If x2 > 0, then one can show there 
exists a positive real s such that f(s) = x2 (as the sign of f between zı and 
rq is negative). But then we would get f(f(s)) = f(z2) = 0, so f(f(X)) 
would have a positive real root, which is a contradiction. Hence we must have 
Li < £2 <0. 

Now notice that the roots of f(f(X)) are the solutions of the equations 
f(x) = x; and f(x) = z2. Both equations must have 2 real roots. Let m 
be the minimal value which f attains on R (which exists, as f has positive 
leading term). Then we must have m < zı < x2 < 0. Notice that this 
implies that the roots of f(f(X)) lie in the interval (x1, £2). Examples of an 
f satisfying the criteria we mentioned so far are easy to construct, e.g. take 
f(X) = (X + 1)(X 4+ 9). 

We now prove that a quadratic polynomial constructed as above satisfies 
all the conditions of the problem, namely we show that f”(X) has all its roots 
in the interval (11,22). We do this by induction on n. The case n = 2 was 
treated above. For the induction step, assume that the result holds for some 
n > 1 and let yi,..., yon be the roots of f"(X). Now notice that the roots of 
f"*+(X) are the solutions to f(x) = yg, where 1 < k < 2”. Since m < 21, all 
equations of the form f(x) = yg will have two real roots which lie in (x, £2). 
Thus f"*!(X) has 2"** real roots in (x1, £2). This completes our proof. 


Problem 9.3.8. Prove that if a rational function which is not a polynomial 
takes rational values at all positive integers, then it is the quotient of two 
coprime polynomials, both having integer coefficients. 


Solution. Let the rational function be R(X) ï? where P and Q are 
relatively prime polynomials. We will prove a =: stronger statement, 
assuming only that R outputs rational values for all sufficiently large positive 
integers. Let r = deg(P) + deg(Q). We prove the result by induction on r. 
The base case r = 0 is immediate. 

For the induction step, consider if necessary RÜ instead of R(X), so that 





we ensure that deg(P) > deg(Q). Also, let a be a positive integer for which 
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Q(a) # 0. Then aa is rational and the rational function 
1 acy) P(X) 
R(X) - = 
ra (20-a) = Gow 
outputs rational values for all positive integers x > a. Notice also that 


OC aOR) 
Q(a)(X — a) 


is a polynomial whose degree is less than that of P(X). So 


deg(P,) + deg(Q) < deg(P) + deg(Q), 











P(X) 


and by induction, we are done. 


Problem 9.3.9. (IMO 2007 shortlist) Let n > 1 be an integer. In the 
space, consider the set 


eA E 101 re ae 0). 


Find the smallest number of planes that jointly contain all (n + 1)’ — 1 points 
of S but none of them passes through the origin. 


Solution. The answer to the question is 3n planes. ‘To find 3n planes sat- 

isfying the requirements, one can take the planes z = i y= 27 or 2 = 2 

(i = 1,2,...,n) which cover the set S but none of them contains the origin. 

Another such collection consists of all planes x+y +z = k fork =1,2,...,3n. 
We show that 3n is the smallest possible number. 


Lemma. Consider a non-zero polynomial P(2,,...,2,) in k variables. 
Suppose that P vanishes at all points (71,...,2,) such that z1,...,£k € 
{0,1,...,n} and z1 +... +£k > 0, while P(0,0,...,0) #0. Then deg P > kn. 


Proof. We use induction on k. The base case k = 0 is clear, since P Æ 0. 
Denote for clarity y = £k. 
Let R(x1,...,£z-1, y) be the residue of P modulo 


Qu) =yly- 1)... (y-n). 
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Polynomial Q(y) vanishes at each y = 0,1,...,n, hence 
P(t, e.. Any) ae ye Gap cee paisa) 


for all x1,...,2~-1,y E€ {0,1,...,n}. Therefore, R also satisfies the condition 
of the Lemma. Moreover, as a polynomial in y, R has degree at most n. 
Clearly, deg R < deg P, so it suffices to prove that deg R > nk. 

Now, expand the polynomial y in the powers of y: 


R(x, ve iy) = R,(21, TE ,Lk—-1)y” + Fee ein Seg tpg" +... 
ho EEE E 


We show that the polynomial R,(21,...,2,_1) satisfies the condition of 
the inductive hypothesis: 

Consider the polynomial T(y) = R(0,...,0,y) of degree at most n. This 
polynomial has n roots: y = 1,...,n. On the other hand T(y) Æ 0 since 
T(0) £40. Hence deg T = n, and its leading coefficient is R,(0,...,0) #0. In 
particular, in the case k = 1 we obtain that the coefficient of R, is non-zero. 

Similarly, take any numbers aj,...,az%-1 € {0,1,...,n} with ay +... + 
ak—ı > 0. Substituting z; = a; into R(z1,...,£k-1,Y), we get a polynomial in 
y which vanishes at all points y = 0,...,n and has degree at most n. Therefore, 
this polynomial is null, hence R;(a1,...,ax-1) = 0 for all i = 0,1,...,n. In 
particular, Rn(a1,...,a@ķ-1) = 0. 

Thus, the polynomial R,(x1,...,2£,—1) satisfies the condition of the induc- 
tion hypothesis. So we have that deg Rn > (k —1)n and deg P > deg R > 
deg Rn +n > kn. This establishes the lemma. 

Now we can finish the solution of the problem. Suppose that there are 
N planes covering all the points of S but not covering the origin. Let their 
equations be a,x + biy + ciz + di = 0. Consider the polynomial 


N 
P Daey = J [(azx + biy + ciz + di). 
i=1 
This polynomial has total degree N and has the property that 
P(zo, yo, 20) = 0 for any (20, Y0,z0) € S, while P(0,0,0) 4 0. Hence by 
the above lemma we get that N = deg P > 3n, as desired. 
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Problem 9.3.10. Prove that for every positive integer n there exists a poly- 
nomial p(x) with integer coefficients such that p(1), p(2),..., p(n) are distinct 
powers of 2. 


Solution. We prove the result by induction on n. For n = 1 we can take for 
example p(x) = z. 

Now assume we have found a polynomial p such that p(1), p(2), ..., p(n) 
are distinct powers of 2. We now look for a polynomial Q(z) of the form 


Q(x) = 2p (z) + A(z — 1)(x — 2)... (£ — n), 


where a is such that 2° does not divide (n + 1)!. Notice that Q(1) = p(1), 
Q(2) = p(2), --, Q(n) = p(n). 

So to have Q satisfy the induction step, we want Q(n + 1) to be a power 
of 2 distinct from p(1), p(2), ..., p(n). Let B = p(n +1). We must have 
that 2°BJ + An! is a power of 2 different from p(1), p(2), ..., p(n). Let 2° 
be the largest power dividing B and 2° be the largest power dividing n!, so 
that n! = ŽK with K odd. Now (K,B) = 1 because if a prime number q 
divides both K and B, then q < n and q | (p(n + 1)— p(n + 1 -— q)), hence 
q | p(n+1-—q), which is impossible since p(n + 1 -— q) is a power of 2. So there 
exists j such that BJ = 1 (mod K). 

We know that there exist infinitely many numbers m such that 2” = 1 
(mod K). Thus 2™+9 — 29 BÍ is divisible by K and also by 2% hence by n!. So 
we may take : | 

Qe DF D 
A= — r 
Then the polynomial 


Q(x) = 2p (x) + A(x — 1)(x — 2)... (£= n) 
satisfies 
Q(1) = rp OE2 a Alpa Q(n + 1) = 27°. 


Since there are infinitely many m to satisfy our condition, we can take m such 
that 2+ is different from all 2%p(1)!, 2%p(2)’,...,2%p(n)2. This Q(z) is the 
required polynomial for our induction step. 
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Problem 9.3.11. (Moscow 2013) Let f : R — R be a function such that 
f(z) € Z for all x € Z. For every prime p, there exists a polynomial Q(X) 
of degree less than 2013, with integer coefficients such that f(n) — Q,(n) is 
divisible by p for all positive integers n. Prove that there exists a polynomial 
g(x) € R[X] such that for all positive integers we have f(n) = g(n). 


Solution. We replace the 2013 by k and we prove by induction on k that if 
deg(Q,(X)) < k, then the polynomial g exists. For k = 0, Q,(X) must be a 
constant c and so f(n) — Q,(n) = f(n) — c. so p | f(n) — c, which shows that 
for all m,n € N*, f(m) — f(n) is divisible by p. This is true for all primes 
p, so by fixing m,n and taking p large enough, we conclude that f must be 
constant integer. This establishes the base case. 

Before we perform the induction step, we need to establish some prelimi- 
nary results. Firstly, notice that if h(X) is a polynomial of degree d > 1, then 
Ah = h(X +1) — h(X) is a polynomial of degree d — 1. We now prove the 
following: 


Lemma. If for all positive integer n, we have Ah(n) = P(n), for some 
polynomial P of degree less than or equal to d—1, then for all positive integers 
x we have h(x) = h(x), for some polynomial hı of degree less than or equal 
to d. 


Proof. We prove the lemma by induction on d. For d = 1, we know that 
h(x) = h(0) + ca, for all positive integers x. Now assume that 


Ah(z) =a%+..., 


and define 


Me 


ho(x) = h(x) x(a —1)...(4—d). 





a 
“gis 
Then 

Aho = Ah(x) — az(z — 1) ...(x— d + 2). 


Then deg(Ahg) < d—1, so by the induction hypothesis, for all positive integers 
x we have ho(x) = R(x), for some polynomial R of degree less than or equal to 
d. Now from ho(z) = h(x)—gf;2(x—1)...(z—d), we have that deg(h) < d+1, 
whence for all positive integers x, h(x) = Rı(x), for some polynomial R, of 
degree at most d+ 1. This completes the proof of the lemma. 


9. Miscellaneous Topics 423 


Going back to our original problem, for the induction step k — 1 > k, 
notice that Af satisfies the hypotheses of our question (as Af (xz) — AQ,(z) is 
divisible by p whenever z is a positive integer). Moreover, AQ,(zx) has degree 
at most k — 1, so by the induction hypothesis, Af (x) takes polynomial values 
at all positive integers. Applying the above lemma, we obtain the conclusion. 


Notations and Abbreviations 


Notations 


We assume familiarity with the standard mathematical terminology. Most 
of the notations used throughout the book were introduced in the Theory 
section of the relevant chapters. We list below some of the essential notations. 


e N, Z, Q, R, C, stand for the set of non-negative integers, integers, ratio- 
nals, reals and complex numbers, respectively. For A € {N,Z,Q,R, C}, 
A* denotes the set A \ {0}. Similarly, Aco or A_ denote the negative 
elements of A, Ayo or A; stand for the positive elements of A, Aso 
represents the set of non-negative elements of A, and A<o is the set of 
non-positive elements of A. 


e For S a finite set, |S| denotes the number of elements in S. If S is infinite, 
|S| may also stand for the cardinality of S (as defined in Chapter 1). 


e For a real number z, both |x] and |z] denote the largest integer which is 
less than or equal to x, while [x] represents the smallest integer greater 
than or equal to xz. {zx} is the fractional part of x, defined as {x} = 


z— |z]. 


e e denotes the Euler’s constant e = lim (n + 1)” zx 2.71828. 
n— Oo 


e For F = Z,Q,R,C or Z/nZ, we denote by FX] the set of polynomials 
in the variable X with coefficients in F, and F(X) the set of rational 
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functions in X with coefficients in F. A rational function is the ratio of 
two polynomials. 


e For A,B points in the plane or space, AB denotes the line through A 
and B, the segment through A and B, or the distance between A and 
B, depending on the context. 


e For S a plane figure, [S] denotes the area of S. If S is a solid, [S] denotes 
the volume of S. 


Abbreviations 


We indicated the sources of the problems where possible. The meaning of 
the abbreviations is explained below. 

e AMM - American Mathematical Monthly 

e AoPS - Art of Problem Solving 

e APMO - Asia Pacific Mathematics Olympiad 

e BMO - Balkan Mathematical Olympiad . 

e ELMO - An annual Mathematical Olympiad which takes place at MOP 

e GMA - Graduate Mathematics Association 

e GMB - Gazeta Matematica, Seria B 

e IMC - International Mathematics Competition 

e IMO - International Mathematical Olympiad 

e INMO - Indian National Mathematical Olympiad 

e JBMO - Junior Balkan Mathematical Olympiad 

e OMM - Mexican Mathematical Olympiad 

e MO - Mathematical Olympiad 

e MOSP - Mathematical Olympiad Summer Program 

e MR - Mathematical Reflections 

e RMM - Romanian Master of Mathematics 

e TOT - Tournament of ‘Towns 

e TST - Team Selection Test 

e USAMO - United States of America Mathematical Olympiad 

e USSR - Union of Soviet Socialist Republics 
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